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to black holes in string theory and M-theory, and the microscopic origin 
of black-hole entropy. The book concludes by presenting matrix theory, 
AdS/CFT duality and its generalizations. 
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This is the first comprehensive textbook on string theory to also offer an up-to- 
date picture of the most important theoretical developments of the last decade, 
including the AdS/CFT correspondence and flux compactifications, which 
have played a crucial role in modern efforts to make contact with experiment. 
An excellent resource for graduate students as well as researchers in high- 
energy physics and cosmology. 

Nima Arkani-Hamed, Harvard University 

An exceptional introduction to string theory that contains a comprehensive 
treatment of all aspects of the theory, including recent developments. The clear 
pedagogical style and the many excellent exercises should provide the interested 
student or researcher a straightforward path to the frontiers of current research. 
David Gross, Director of the Kavli Institute for Theoretical Physics, University of 
California, Santa Barbara and winner of the Nobel Prize for Physics in 2004 

Masterfully written by pioneers of the subject, comprehensive, up-to-date and 
replete with illuminating problem sets and their solutions, String Theory and 
M-theory: A Modern Introduction provides an ideal preparation for research 
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become the standard textbook in the subject. 
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students without any knowledge of string theory and at the same time it 
includes the very latest developments of the field, all presented in a very fluid 
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An Ode to the Unity of Time and Space 

Time, ah, time, 
how you go off like this! 

Physical things, ah, things, 
so abundant you are! 

The Ruo’s waters are three thousand, 
how can they not have the same source? 

Time and space are one body, 
mind and things sustain each other. 

Time, o time, 
does not time come again? 

Heaven, o heaven, 

how many are the appearances of heaven! 

From ancient days constantly shifting on, 
black holes flaring up. 

Time and space are one body, 
is it without end? 

Great indeed 

is the riddle of the universe. 

Beautiful indeed 
is the source of truth. 

To quantize space and time 
the smartest are nothing. 

To measure the Great Universe with a long thin tube 
the learning is vast. 



Shing-Tung Yau 
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Preface 



String theory is one of the most exciting and challenging areas of modern 
theoretical physics. It was developed in the late 1960s for the purpose of de- 
scribing the strong nuclear force. Problems were encountered that prevented 
this program from attaining complete success. In particular, it was realized 
that the spectrum of a fundamental string contains an undesired massless 
spin- two particle. Quantum chromodynamics eventually proved to be the 
correct theory for describing the strong force and the properties of hadrons. 
New doors opened for string theory when in 1974 it was proposed to identify 
the massless spin-two particle in the string’s spectrum with the graviton, the 
quantum of gravitation. String theory became then the most promising can- 
didate for a quantum theory of gravity unified with the other forces and has 
developed into one of the most fascinating theories of high-energy physics. 

The understanding of string theory has evolved enormously over the years 
thanks to the efforts of many very clever people. In some periods progress 
was much more rapid than in others. In particular, the theory has experi- 
enced two major revolutions. The one in the mid-1980s led to the subject 
achieving widespread acceptance. In the mid-1990s a second superstring 
revolution took place that featured the discovery of nonperturbative duali- 
ties that provided convincing evidence of the uniqueness of the underlying 
theory. It also led to the recognition of an eleven-dimensional manifesta- 
tion, called M-theory. Subsequent developments have made the connection 
between string theory, particle physics phenomenology, cosmology, and pure 
mathematics closer than ever before. As a result, string theory is becoming 
a mainstream research field at many universities in the US and elsewhere. 

Due to the mathematically challenging nature of the subject and the 
above-mentioned rapid development of the field, it is often difficult for some- 
one new to the subject to cope with the large amount of material that needs 
to be learned before doing actual string-theory research. One could spend 
several years studying the requisite background mathematics and physics, 
but by the end of that time, much more would have already been developed, 
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and one still wouldn’t be up to date. An alternative approach is to shorten 
the learning process so that the student can jump into research more quickly. 
In this spirit, the aim of this book is to guide the student through the fasci- 
nating subject of string theory in one academic year. This book starts with 
the basics of string theory in the first few chapters and then introduces the 
reader to some of the main topics of modern research. Since the subject is 
enormous, it is only possible to introduce selected topics. Nevertheless, we 
hope that it will provide a stimulating introduction to this beautiful subject 
and that the dedicated student will want to explore further. 

The reader is assumed to have some familiarity with quantum field theory 
and general relativity. It is also very useful to have a broad mathematical 
background. Group theory is essential, and some knowledge of differential 
geometry and basics concepts of topology is very desirable. Some topics in 
geometry and topology that are required in the later chapters are summa- 
rized in an appendix. 

The three main string-theory textbooks that precede this one are by 
Green, Schwarz and Witten (1987), by Polchinski (1998) and by Zwiebach 
(2004). Each of these was also published by Cambridge University Press. 
This book is somewhat shorter and more up-to-date than the first two, and 
it is more advanced than the third one. By the same token, those books 
contain much material that is not repeated here, so the serious student will 
want to refer to them, as well. Another distinguishing feature of this book 
is that it contains many exercises with worked out solutions. These are in- 
tended to be helpful to students who want problems that can be used to 
practice and assimilate the material. 

This book would not have been possible without the assistance of many 
people. We have received many valuable suggestions and comments about 
the entire manuscript from Rob Myers, and we have greatly benefited from 
the assistance of Yu-Chieh Chung and Guangyu Guo, who have worked 
diligently on many of the exercises and homework problems and have care- 
fully read the whole manuscript. Moreover, we have received extremely 
useful feedback from many colleagues including Keshav Dasgupta, Andrew 
Frey, Davide Gaiotto, Sergei Gukov, Michael Haack, Axel Krause, Hong Lu, 
Juan Maldacena, Lubos Motl, Hirosi Ooguri, Patricia Schwarz, Eric Sharpe, 
James Sparks, Andy Strominger, Ian Swanson, Xi Yin and especially Cum- 
run Vafa. We have further received great comments and suggestions from 
many graduate students at Caltech and Harvard University. We thank Ram 
Sriharsha for his assistance with some of the homework problems and Re- 
tail Vyas for writing up solutions to the homework problems, which will be 
made available to instructors. We thank Sharlene Cartier and Carol Silber- 
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stein of Caltech for their help in preparing parts of the manuscript, Simon 
Capelin of Cambridge U. Press, whose help in coordinating the different 
aspects of the publishing process has been indispensable, Elisabeth Krause 
for help preparing some of the figures and Kovid Goyal for his assistance 
with computer-related issues. We thank Steven Owen for translating from 
Chinese the poem that precedes the preface. 

During the preparation of the manuscript KB and MB have enjoyed the 
warm hospitality of the Radcliffe Institute for Advanced Studies at Harvard 
University, the physics department at Harvard University and the Perimeter 
Institute for theoretical physics. They would like to thank the Radcliffe In- 
stitute for Advanced Study at Harvard University, which through its Fellow- 
ship program made the completion of this project possible. Special thanks 
go to the Dean of Science, Barbara Grosz. Moreover, KB would also like 
to thank the University of Utah for awarding a teaching grant to support 
the work on this book. JHS is grateful to the Rutgers high-energy theory 
group, the Aspen Center for Physics and the Kavli Institute for Theoretical 
Physics for hospitality while he was working on the manuscript. 

KB and MB would like to give their special thanks to their mother, Ingrid 
Becker, for her support and encouragement, which has always been invalu- 
able, especially during the long journey of completing this manuscript. Her 
artistic talents made the design of the cover of this book possible. JHS 
thanks his wife Patricia for love and support while he was preoccupied with 
this project. 



Katrin Becker 
Melanie Becker 
John H. Schwarz 
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Introduction 



There were two major breakthroughs that revolutionized theoretical physics 
in the twentieth century: general relativity and quantum mechanics. Gen- 
eral relativity is central to our current understanding of the large-scale ex- 
pansion of the Universe. It gives small corrections to the predictions of 
Newtonian gravity for the motion of planets and the deflection of light rays, 
and it predicts the existence of gravitational radiation and black holes. Its 
description of the gravitational force in terms of the curvature of space- 
time has fundamentally changed our view of space and time: they are now 
viewed as dynamical. Quantum mechanics, on the other hand, is the essen- 
tial tool for understanding microscopic physics. The evidence continues to 
build that it is an exact property of Nature. Certainly, its exact validity is 
a basic assumption in all string theory research. 

The understanding of the fundamental laws of Nature is surely incomplete 
until general relativity and quantum mechanics are successfully reconciled 
and unified. That this is very challenging can be seen from many differ- 
ent viewpoints. The concepts, observables and types of calculations that 
characterize the two subjects are strikingly different. Moreover, until about 
1980 the two fields developed almost independently of one another. Very 
few physicists were experts in both. With the goal of unifying both subjects, 
string theory has dramatically altered the sociology as well as the science. 

In relativistic quantum mechanics, called quantum field theory, one re- 
quires that two fields that are defined at space-time points with a space-like 
separation should commute (or anticommute if they are fermionic). In the 
gravitational context one doesn’t know whether or not two space-time points 
have a space-like separation until the metric has been computed, which is 
part of the dynamical problem. Worse yet, the metric is subject to quan- 
tum fluctuations just like other quantum fields. Clearly, these are rather 
challenging issues. Another set of challenges is associated with the quantum 
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description of black holes and the description of the Universe in the very 
early stages of its history. 

The most straightforward attempts to combine quantum mechanics and 
general relativity, in the framework of perturbative quantum field theory, 
run into problems due to uncontrollable infinities. Ultraviolet divergences 
are a characteristic feature of radiative corrections to gravitational processes, 
and they become worse at each order in perturbation theory. Because New- 
ton’s constant is proportional to (length) 2 in four dimensions, simple power- 
counting arguments show that it is not possible to remove these infinities by 
the conventional renormalization methods of quantum field theory. Detailed 
calculations demonstrate that there is no miracle that invalidates this simple 
dimensional analysis. 1 

String theory purports to overcome these difficulties and to provide a 
consistent quantum theory of gravity. How the theory does this is not yet 
understood in full detail. As we have learned time and time again, string 
theory contains many deep truths that are there to be discovered. Gradually 
a consistent picture is emerging of how this remarkable and fascinating the- 
ory deals with the many challenges that need to be addressed for a successful 
unification of quantum mechanics and general relativity. 



1.1 Historical origins 

String theory arose in the late 1960s in an attempt to understand the strong 
nuclear force. This is the force that is responsible for holding protons and 
neutrons together inside the nucleus of an atom as well as quarks together 
inside the protons and neutrons. A theory based on fundamental one- 
dimensional extended objects, called strings, rather than point-like particles, 
can account qualitatively for various features of the strong nuclear force and 
the strongly interacting particles (or hadrons). 

The basic idea in the string description of the strong interactions is that 
specific particles correspond to specific oscillation modes (or quantum states) 
of the string. This proposal gives a very satisfying unified picture in that it 
postulates a single fundamental object (namely, the string) to explain the 
myriad of different observed hadrons, as indicated in Fig. 1.1. 

In the early 1970s another theory of the strong nuclear force - called 
quantum chromodynamics (or QCD) - was developed. As a result of this, 
as well as various technical problems in the string theory approach, string 

1 Some physicists believe that perturbative renormalizability is not a fundamental requirement 
and try to “quantize” pure general relativity despite its nonrenormalizability. Loop quantum 
gravity is an example of this approach. Whatever one thinks of the logic, it is fair to say that 
despite a considerable amount of effort such attempts have not yet been very fruitful. 
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theory fell out of favor. The current viewpoint is that this program made 
good sense, and so it has again become an active area of research. The 
concrete string theory that describes the strong interaction is still not known, 
though one now has a much better understanding of how to approach the 
problem. 

String theory turned out to be well suited for an even more ambitious 
purpose: the construction of a quantum theory that unifies the description 
of gravity and the other fundamental forces of nature. In principle, it has 
the potential to provide a complete understanding of particle physics and of 
cosmology. Even though this is still a distant dream, it is clear that in this 
fascinating theory surprises arise over and over. 



1.2 General features 

Even though string theory is not yet fully formulated, and we cannot yet 
give a detailed description of how the standard model of elementary particles 
should emerge at low energies, or how the Universe originated, there are 
some general features of the theory that have been well understood. These 
are features that seem to be quite generic irrespective of what the final 
formulation of string theory might be. 



Gravity 

The first general feature of string theory, and perhaps the most important, 
is that general relativity is naturally incorporated in the theory. The theory 
gets modified at very short distances/high energies but at ordinary distances 
and energies it is present in exactly the form as proposed by Einstein. This 
is significant, because general relativity is arising within the framework of a 





Fig. 1.1. Different particles are different vibrational modes of a string. 
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consistent quantum theory. Ordinary quantum field theory does not allow 
gravity to exist; string theory requires it. 



Yang-Mills gauge theory 

In order to fulfill the goal of describing all of elementary particle physics, the 
presence of a graviton in the string spectrum is not enough. One also needs 
to account for the standard model, which is a Yang-Mills theory based on 
the gauge group SU (3) x SU (2) x 1/(1) . The appearance of Yang-Mills gauge 
theories of the sort that comprise the standard model is a general feature 
of string theory. Moreover, matter can appear in complex chiral representa- 
tions, which is an essential feature of the standard model. However, it is not 
yet understood why the specific SU( 3) x SU( 2) x 17(1) gauge theory with 
three generations of quarks and leptons is singled out in nature. 



Supersymmetry 

The third general feature of string theory is that its consistency requires 
supersymmetry, which is a symmetry that relates bosons to fermions is re- 
quired. There exist nonsupersymmetric bosonic string theories (discussed 
in Chapters 2 and 3), but lacking fermions, they are completely unrealis- 
tic. The mathematical consistency of string theories with fermions depends 
crucially on local supersymmetry. Supersymmetry is a generic feature of all 
potentially realistic string theories. The fact that this symmetry has not yet 
been discovered is an indication that the characteristic energy scale of su- 
persymmetry breaking and the masses of supersymmetry partners of known 
particles are above experimentally determined lower bounds. 

Space-time supersymmetry is one of the major predictions of superstring 
theory that could be confirmed experimentally at accessible energies. A vari- 
ety of arguments, not specific to string theory, suggest that the characteristic 
energy scale associated with supersymmetry breaking should be related to 
the electroweak scale, in other words in the range 100 GeV to a few TeV. 
If this is correct, superpartners should be observable at the CERN Large 
Hadron Collider (LHC), which is scheduled to begin operating in 2007. 



Extra dimensions of space 

In contrast to many theories in physics, superstring theories are able to 
predict the dimension of the space-time in which they live. The theory 
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is only consistent in a ten-dimensional space-time and in some cases an 
eleventh dimension is also possible. 

To make contact between string theory and the four-dimensional world of 
everyday experience, the most straightforward possibility is that six or seven 
of the dimensions are compactified on an internal manifold, whose size is 
sufficiently small to have escaped detection. For purposes of particle physics, 
the other four dimensions should give our four-dimensional space-time. Of 
course, for purposes of cosmology, other (time-dependent) geometries may 
also arise. 




Fig. 1.2. From far away a two-dimensional cylinder looks one-dimensional. 

The idea of an extra compact dimension was first discussed by Kaluza 
and Klein in the 1920s. Their goal was to construct a unified description 
of electromagnetism and gravity in four dimensions by compactifying five- 
dimensional general relativity on a circle. Even though we now know that 
this is not how electromagnetism arises, the essence of this beautiful ap- 
proach reappears in string theory. The Kaluza-Klein idea, nowadays re- 
ferred to as compactification, can be illustrated in terms of the two cylinders 
of Fig. 1.2. The surface of the first cylinder is two-dimensional. However, 
if the radius of the circle becomes extremely small, or equivalently if the 
cylinder is viewed from a large distance, the cylinder looks effectively one- 
dimensional. One now imagines that the long dimension of the cylinder is 
replaced by our four-dimensional space-time and the short dimension by an 
appropriate six, or seven-dimensional compact manifold. At large distances 
or low energies the compact internal space cannot be seen and the world 
looks effectively four-dimensional. As discussed in Chapters 9 and 10, even 
if the internal manifolds are invisible, their topological properties determine 
the particle content and structure of the four- dimensional theory. In the 
mid-1980s Calabi-Yau manifolds were first considered for compactifying six 
extra dimensions, and they were shown to be phenomenologically rather 
promising, even though some serious drawbacks (such as the moduli space 
problem discussed in Chapter 10) posed a problem for the predictive power 
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of string theory. In contrast to the circle, Calabi-Yau manifolds do not have 
isometries, and part of their role is to break symmetries rather than to make 
them. 



The size of strings 

In conventional quantum field theory the elementary particles are mathemat- 
ical points, whereas in perturbative string theory the fundamental objects 
are one-dimensional loops (of zero thickness). Strings have a characteristic 
length scale, denoted l s , which can be estimated by dimensional analysis. 
Since string theory is a relativistic quantum theory that includes gravity it 
must involve the fundamental constants c (the speed of light), h (Planck’s 
constant divided by 2i r), and G (Newton’s gravitational constant). From 
these one can form a length, known as the Planck length 

i p= ^y /2 =L6x 10-33 cm 

Similarly, the Planck mass is 

m p = (^j ' = 1.2 x 10 19 GeV/c 2 . 

The Planck scale is the natural first guess for a rough estimate of the fun- 
damental string length scale as well as the characteristic size of compact 
extra dimensions. Experiments at energies far below the Planck energy can- 
not resolve distances as short as the Planck length. Thus, at such energies, 
strings can be accurately approximated by point particles. This explains 
why quantum field theory has been so successful in describing our world. 



1.3 Basic string theory 

As a string evolves in time it sweeps out a two-dimensional surface in space- 
time, which is called the string world sheet of the string. This is the string 
counterpart of the world line for a point particle. In quantum field theory, 
analyzed in perturbation theory, contributions to amplitudes are associated 
with Feynman diagrams, which depict possible configurations of world lines. 
In particular, interactions correspond to junctions of world lines. Similarly, 
perturbation expansions in string theory involve string world sheets of var- 
ious topologies. 

The existence of interactions in string theory can be understood as a con- 
sequence of world-sheet topology rather than of a local singularity on the 
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world sheet. This difference from point-particle theories has two important 
implications. First, in string theory the structure of interactions is uniquely 
determined by the free theory. There are no arbitrary interactions to be cho- 
sen. Second, since string interactions are not associated with short-distance 
singularities, string theory amplitudes have no ultraviolet divergences. The 
string scale l/l s acts as a UV cutoff. 



World-volume actions and the critical dimension 

A string can be regarded as a special case of a p-brane, which is an object 
withp spatial dimensions and tension (or energy density) T p . In fact, various 
p-branes do appear in superstring theory as nonperturbative excitations. 
The classical motion of a p-brane extremizes the (p + l)-dimensional volume 
V that it sweeps out in space-time. Thus there is a p-brane action that 
is given by S p = —T p V. In the case of the fundamental string, which has 
p = 1, V is the area of the string world sheet and the action is called the 
Nambu-Goto action. 

Classically, the Nambu-Goto action is equivalent to the string sigma- 
model action 

Sa = ~ J V^hh af3 r hM ,d a X»d l3 X l 'dodT, 

where h a p(a,r) is an auxiliary world-sheet metric, h = det h a g, and h a ^ is 
the inverse of h a g. The functions AT(<r, r) describe the space-time embed- 
ding of the string world sheet. The Euler-Lagrange equation for h a ‘ 9 can be 
used to eliminate it from the action and recover the Nambu-Goto action. 

Quantum mechanically, the story is more subtle. Instead of eliminating h 
via its classical field equations, one should perform a Feynman path integral, 
using standard machinery to deal with the local symmetries and gauge fixing. 
When this is done correctly, one finds that there is a conformal anomaly 
unless the space-time dimension is D = 26. These matters are explored in 
Chapters 2 and 3. An analogous analysis for superstrings gives the critical 
dimension D = 10. 



Closed strings and open strings 

The parameter r in the embedding functions X^(a, t) is the world-sheet time 
coordinate and a parametrizes the string at a given world-sheet time. For a 
closed string, which is topologically a circle, one should impose periodicity 
in the spatial parameter a. Choosing its range to be n one identifies both 
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ends of the string X tl (a 1 r) = X^ l (a + 7 r,r). All string theories contain 
closed strings, and the graviton always appears as a massless mode in the 
closed-string spectrum of critical string theories. 

For an open string, which is topologically a line interval, each end can 
be required to satisfy either Neumann or Dirichlet boundary conditions (for 
each value of /i). The Dirichlet condition specifies a space-time hypersurface 
on which the string ends. The only way this makes sense is if the open string 
ends on a physical object, which is called a D-brane. (D stands for Dirichlet.) 
If all the open-string boundary conditions are Neumann, then the ends of 
the string can be anywhere in the space-time. The modern interpretation is 
that this means that space-time- filling D-branes are present. 



Perturbation theory 

Perturbation theory is useful in a quantum theory that has a small dimen- 
sionless coupling constant, such as quantum electrodynamics (QED), since it 
allows one to compute physical quantities as expansions in the small param- 
eter. In QED the small parameter is the fine-structure constant a ~ 1/137. 
For a physical quantity T(a), one computes (using Feynman diagrams) 

T(cr) = To + aT\ + ck^T/i + . . . 

Perturbation series are usually asymptotic expansions with zero radius of 
convergence. Still, they can be useful, if the expansion parameter is small, 
because the first terms in the expansion provide an accurate approximation. 

The heterotic and type II superstring theories contain oriented closed 
strings only. As a result, the only world sheets in their perturbation expan- 
sions are closed oriented Riemann surfaces. There is a unique world-sheet 
topology at each order of the perturbation expansion, and its contribution 
is UV finite. The fact that there is just one string theory Feynman diagram 
at each order in the perturbation expansion is in striking contrast to the 
large number of Feynman diagrams that appear in quantum field theory. In 
the case of string theory there is no particular reason to expect the coupling 
constant g s to be small. So it is unlikely that a realistic vacuum could be 
analyzed accurately using only perturbation theory. For this reason, it is 
important to understand nonperturbative effects in string theory. 



Superstrings 

The first superstring revolution began in 1984 with the discovery that quan- 
tum mechanical consistency of a ten-dimensional theory with J\f = 1 super- 
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symmetry requires a local Yang-Mills gauge symmetry based on one of two 
possible Lie algebras: 50(32) or Eg x Eg. As is explained in Chapter 5, only 
for these two choices do certain quantum mechanical anomalies cancel. The 
fact that only these two groups are possible suggested that string theory has 
a very constrained structure, and therefore it might be very predictive. 2 

When one uses the superstring formalism for both left-moving modes and 
right-moving modes, the supersymmetries associated with the left-movers 
and the right-movers can have either opposite handedness or the same hand- 
edness. These two possibilities give different theories called the type II A and 
type IIB superstring theories, respectively. A third possibility, called type I 
superstring theory, can be derived from the type IIB theory by modding out 
by its left-right symmetry, a procedure called orientifold projection. The 
strings that survive this projection are unoriented. The type I and type 
II superstring theories are described in Chapters 4 and 5 using formalisms 
with world-sheet and space-time supersymmetry, respectively. 

A more surprising possibility is to use the formalism of the 26-dimensional 
bosonic string for the left-movers and the formalism of the 10-dimensional 
superstring for the right-movers. The string theories constructed in this 
way are called “heterotic.” Heterotic string theory is discussed in Chap- 
ter 7. The mismatch in space-time dimensions may sound strange, but it is 
actually exactly what is needed. The extra 16 left-moving dimensions must 
describe a torus with very special properties to give a consistent theory. 
There are precisely two distinct tori that have the required properties, and 
they correspond to the Lie algebras 50(32) and Eg x Eg. 

Altogether, there are five distinct superstring theories, each in ten dimen- 
sions. Three of them, the type I theory and the two heterotic theories, have 
J\f = 1 supersymmetry in the ten-dimensional sense. The minimal spinor 
in ten dimensions has 16 real components, so these theories have 16 con- 
served supercharges. The type I superstring theory has the gauge group 
50(32), whereas the heterotic theories realize both 50(32) and Eg x Eg. 
The other two theories, type IIA and type IIB, have N = 2 supersymmetry 
or equivalently 32 supercharges. 



1.4 Modern developments in superstring theory 

The realization that there are five different superstring theories was some- 
what puzzling. Certainly, there is only one Universe, so it would be most 
satisfying if there were only one possible theory. In the late 1980s it was 

2 Anomaly analysis alone also allows [/( l) 496 and Eg X t/(l) 248 . However, there are no string 
theories with these gauge groups. 
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realized that there is a property known as T-duality that relates the two 
type II theories and the two heterotic theories, so that they shouldn’t really 
be regarded as distinct theories. 

Progress in understanding nonperturbative phenomena was achieved in 
the 1990s. Nonperturbative S-dualities and the opening up of an eleventh 
dimension at strong coupling in certain cases led to new identifications. Once 
all of these correspondences are taken into account, one ends up with the 
best possible conclusion: there is a unique underlying theory. Some of these 
developments are summarized below and are discussed in detail in the later 
chapters. 



T-duality 

String theory exhibits many surprising properties. One of them, called T- 
duality, is discussed in Chapter 6. T-duality implies that in many cases two 
different geometries for the extra dimensions are physically equivalent! In 
the simplest example, a circle of radius R is equivalent to a circle of radius 
£s/R, where (as before) £ s is the fundamental string length scale. 

T-duality typically relates two different theories. For example, it relates 
the two type II and the two heterotic theories. Therefore, the type IIA and 
type IIB theories (also the two heterotic theories) should be regarded as a 
single theory. More precisely, they represent opposite ends of a continuum 
of geometries as one varies the radius of a circular dimension. This radius is 
not a parameter of the underlying theory. Rather, it arises as the vacuum 
expectation value of a scalar held, and it is determined dynamically. 

There are also fancier examples of duality equivalences. For example, 
there is an equivalence of type IIA superstring theory compactihed on a 
Calabi-Yau manifold and type IIB compactihed on the “mirror” Calabi-Yau 
manifold. This mirror pairing of topologically distinct Calabi-Yau manifolds 
is discussed in Chapter 9. A surprising connection to T-duality will emerge. 



S- duality 

Another kind of duality - called S-duality - was discovered as part of the 
second superstring revolution in the mid-1990s. It is discussed in Chapter 8. 
S-duality relates the string coupling constant g s to 1 / g s in the same way 
that T-duality relates R to £g /R. The two basic examples relate the type 
I superstring theory to the 50(32) heterotic string theory and the type 
IIB superstring theory to itself. Thus, given our knowledge of the small 
g s behavior of these theories, given by perturbation theory, we learn how 
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these three theories behave when g s 3> 1 . For example, strongly coupled 
type I theory is equivalent to weakly coupled 50(32) heterotic theory. In 
the type IIB case the theory is related to itself, so one is actually dealing 
with a symmetry. The string coupling constant g s is given by the vacuum 
expectation value of exp (j>, where <j> is the dilaton field. S-duality, like T- 
duality, is actually a field transformation, cj) — ► — </>, and not just a statement 
about vacuum expectation values. 



D-branes 

When studied nonperturbatively, one discovers that superstring theory con- 
tains various p-branes, objects with p spatial dimensions, in addition to the 
fundamental strings. All of the p-branes, with the single exception of the 
fundamental string (which is a 1-brane), become infinitely heavy as g s 0, 
and therefore they do not appear in perturbation theory. On the other 
hand, when the coupling g s is not small, this distinction is no longer signifi- 
cant. When that is the case, all of the p-branes are just as important as the 
fundamental strings, so there is p-brane democracy. 

The type I and II superstring theories contain a class of p-branes called D- 
branes, whose tension is proportional 1 / g s . As was mentioned earlier, their 
defining property is that they are objects on which fundamental strings can 
end. The fact that fundamental strings can end on D-branes implies that 
quantum held theories of the Yang-Mills type, like the standard model, 
reside on the world volumes of D-branes. The Yang-Mills fields arise as 
the massless modes of open strings attached to the D-branes. The fact 
that theories resembling the standard model reside on D-branes has many 
interesting implications. For example, it has led to the speculation that the 
reason we experience four space-time dimensions is because we are confined 
to live on three-dimensional D-branes (D3-branes), which are embedded in a 
higher-dimensional space-time. Model-building along these lines, sometimes 
called the brane-world approach or scenario, is discussed in Chapter 10. 



What is M-theory? 

S-duality explains how three of the five original superstring theories behave 
at strong coupling. This raises the question: What happens to the other 
two superstring theories - type IIA and E$ x Eg heterotic - when g s is large? 
The answer, which came as quite a surprise, is that they grow an eleventh 
dimension of size g s £ s . This new dimension is a circle in the type IIA case 
and a line interval in the heterotic case. When the eleventh dimension is 
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large, one is outside the regime of perturbative string theory, and new tech- 
niques are required. Most importantly, a new type of quantum theory in 11 
dimensions, called M-theory, emerges. At low energies it is approximated 
by a classical field theory called 11-dimensional supergravity, but M-theory 
is much more than that. The relation between M-theory and the two super- 
string theories previously mentioned, together with the T and S dualities 
discussed above, imply that the five superstring theories are connected by 
a web of dualities, as depicted in Fig. 1.3. They can be viewed as different 
corners of a single theory. 




Fig. 1.3. Different string theories are connected through a web of dualities. 

There are techniques for identifying large classes of superstring and M- 
theory vacua, and describing them exactly, but there is not yet a succinct 
and compelling formulation of the underlying theory that gives rise to these 
vacua. Such a formulation should be completely unique, with no adjustable 
dimensionless parameters or other arbitrariness. Many things that we usu- 
ally take for granted, such as the existence of a space-time manifold, are 
likely to be understood as emergent properties of specific vacua rather than 
identifiable features of the underlying theory. If this is correct, then the 
missing formulation of the theory must be quite unlike any previous theory. 
Usual approaches based on quantum fields depend on the existence of an 
ambient space-time manifold. It is not clear what the basic degrees of free- 
dom should be in a theory that does not assume a space-time manifold at 
the outset. 

There is an interesting proposal for an exact quantum mechanical descrip- 
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tion of M-theory, applicable to certain space-time backgrounds, that goes 
by the name of Matrix theory. Matrix theory gives a dual description of M- 
theory in flat 11-dimensional space-time in terms of the quantum mechanics 
of N x N matrices in the large N limit. When n of the spatial dimensions 
are compactified on a torus, the dual Matrix theory becomes a quantum 
field theory in n spatial dimensions (plus time). There is evidence that this 
conjecture is correct when n is not too large. However, it is unclear how to 
generalize it to other compactification geometries, so Matrix theory provides 
only pieces of a more complete description of M-theory. 



F -theory 

As previously discussed, the type IIA and heterotic Eg x Eg theories can be 
viewed as arising from a more fundamental eleven-dimensional theory, M- 
theory. One may wonder if the other superstring theories can be derived in 
a similar fashion. An approach, called F-theory, is described in Chapter 9. 
It utilizes the fact that ten-dimensional type IIB superstring theory has a 
nonperturbative SL(2, Z) symmetry. Moreover, this is the modular group 
of a torus and the type IIB theory contains a complex scalar field r that 
transforms under SL( 2, Z) as the complex structure of a torus. Therefore, 
this symmetry can be given a geometric interpretation if the type IIB theory 
is viewed as having an auxiliary two-torus T 2 with complex structure r. The 
SL( 2, Z) symmetry then has a natural interpretation as the symmetry of the 
torus. 



Flux compactifications 

One question that already bothered Kaluza and Klein is why should the 
fifth dimension curl up? Another puzzle in those early days was the size of 
the circle, and what stabilizes it at a particular value. These questions have 
analogs in string theory, where they are part of what is called the moduli- 
space problem. In string theory the shape and size of the internal manifold 
is dynamically determined by the vacuum expectation values of scalar fields. 
String theorists have recently been able to provide answers to these questions 
in the context of flux compactifications , which is a rapidly developing area 
of modern string theory research. This is discussed in Chapter 10. 

Even though the underlying theory (M-theory) is unique, it admits an 
enormous number of different solutions (or quantum vacua). One of these 
solutions should consist of four-dimensional Minkowski space-time times a 
compact manifold and accurately describes the world of particle physics. 
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One of the major challenges of modern string theory research is to find this 
solution. 

It would be marvelous to identify the correct vacuum, and at the same 
time to understand why it is the right one. Is it picked out by some spe- 
cial mathematical property, or is it just an environmental accident of our 
particular corner of the Universe? The way this question plays out will be 
important in determining the extent to which the observed world of particle 
physics can be deduced from first principles. 



Black-hole entropy 

It follows from general relativity that macroscopic black holes behave like 
thermodynamic objects with a well-defined temperature and entropy. The 
entropy is given (in gravitational units) by 1/4 the area of the event horizon, 
which is the Bekenstein- Hawking entropy formula. In quantum theory, an 
entropy S ordinarily implies that there are a large number of quantum states 
(namely, exp S of them) that contribute to the corresponding microscopic 
description. So a natural question is whether this rule also applies to black 
holes and their higher- dimensional generalizations, which are called black p- 
branes. D-branes provide a set-up in which this question can be investigated. 

In the early work on this subject, reliable techniques for counting mi- 
crostates only existed for very special types of black holes having a large 
amount of supersymmetry. In those cases one found agreement with the 
entropy formula. More recently, one has learned how to analyze a much 
larger class of black holes and black p-branes, and even how to compute 
corrections to the area formula. This subject is described in Chapter 11. 
Many examples have been studied and no discrepancies have been found, 
aside from corrections that are expected. It is fair to say that these studies 
have led to a much deeper understanding of the thermodynamic properties 
of black holes in terms of string-theory microphysics, a fact that is one of 
the most striking successes of string theory so far. 



AdS/CFT duality 

A remarkable discovery made in the late 1990s is the exact equivalence (or 
duality) of conformally invariant quantum field theories and superstring the- 
ory or M-theory in special space-time geometries. A collection of coincident 
p-branes produces a space-time geometry with a horizon, like that of a black 
hole. In the vicinity of the horizon, this geometry can be approximated by a 
product of an anti-de Sitter space and a sphere. In the example that arises 




1.4 Modern developments in superstring theory 



15 



from considering N coincident D3-branes in the type IIB superstring the- 
ory, one obtains a duality between SU{N) Yang-Mills theory with J\f = 4 
supersymmetry in four dimensions and type IIB superstring theory in a 
ten-dimensional geometry given by a product of a five- dimensional anti-de 
Sitter space ( AdS 5) and a five-dimensional sphere (S' 5 ). There are N units of 
five-form flux threading the five sphere. There are also analogous M-theory 
dualities. 

These dualities are sometimes referred to as AdS/CFT dualities. AdS 
stands for anti-de Sitter space, a maximally symmetric space-time geom- 
etry with negative scalar curvature. CFT stands for conformal field the- 
ory, a quantum held theory that is invariant under the group of conformal 
transformations. This type of equivalence is an example of a holographic 
duality, since it is analogous to representing three-dimensional space on a 
two-dimensional emulsion. The study of these dualities is teaching us a 
great deal about string theory and M-theory as well as the dual quantum 
held theories. Chapter 12 gives an introduction to this vast subject. 



String and M-theory cosmology 

The held of superstring cosmology is emerging as a new and exciting dis- 
cipline. String theorists and string-theory considerations are injecting new 
ideas into the study of cosmology. This might be the arena in which predic- 
tions that are specihc to string theory first confront data. 

In a quantum theory that contains gravity, such as string theory, the cos- 
mological constant, A, which characterizes the energy density of the vacuum, 
is (at least in principle) a computable quantity. This energy (sometimes 
called dark energy) has recently been measured to fairly good accuracy, and 
found to account for about 70% of the total mass/energy in the present-day 
Universe. This fraction is an increasing function of time. The observed 
value of the cosmological constant/dark energy is important for cosmology, 
but it is extremely tiny when expressed in Planck units (about 10~ 120 ). 
The first attempts to account for A > 0 within string theory and M-theory, 
based on compactifying 11-dimensional supergravity on time-independent 
compact manifolds, were ruled out by “no-go” theorems. However, certain 
nonperturbative effects allow these no-go theorems to be circumvented. 

A viewpoint that has gained in popularity recently is that string theory 
can accommodate almost any value of A, but only solutions for which A is 
sufficiently small describe a Universe that can support life. So, if it were 
much larger, we wouldn’t be here to ask the question. This type of reasoning 
is called anthropic. While this may be correct, it would be satisfying to have 
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another explanation of why A is so small that does not require this type of 
reasoning. 

Another important issue in cosmology concerns the accelerated expansion 
of the very early Universe, which is referred to as inflation. The observa- 
tional case for inflation is quite strong, and it is an important question to 
understand how it arises from a fundamental theory. Before the period of 
inflation was the Big Bang, the origin of the observable Universe, and much 
effort is going into understanding that. Two radically different proposals 
are quantum tunneling from nothing and a collision of branes. 
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This chapter introduces the simplest string theory, called the bosonic string. 
Even though this theory is unrealistic and not suitable for phenomenology, 
it is the natural place to start. The reason is that the same structures 
and techniques, together with a number of additional ones, are required for 
the analysis of more realistic superstring theories. This chapter describes 
the free (noninteracting) theory both at the classical and quantum levels. 
The next chapter discusses various techniques for introducing and analyzing 
interactions. 

A string can be regarded as a special case of a p-brane, a p-dimensional 
extended object moving through space-time. In this notation a point particle 
corresponds to the p = 0 case, in other words to a zero-brane. Strings 
(whether fundamental or solitonic) correspond to the p = 1 case, so that they 
can also be called one-branes. Two-dimensional extended objects or two- 
branes are often called membranes. In fact, the name p-brane was chosen 
to suggest a generalization of a membrane. Even though strings share some 
properties with higher-dimensional extended objects at the classical level, 
they are very special in the sense that their two-dimensional world-volume 
quantum theories are renormalizable, something that is not the case for 
branes of higher dimension. This is a crucial property that makes it possible 
to base quantum theories on them. In this chapter we describe the string as 
a special case of p-branes and describe the properties that hold only for the 
special case p = 1. 



2.1 p-brane actions 

This section describes the free motion of p-branes in space-time using the 
principle of minimal action. Let us begin with a point particle or zero-brane. 
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Relativistic point particle 

The motion of a relativistic particle of mass m in a curved D-dimensional 
space-time can be formulated as a variational problem, that is, an action 
principle. Since the classical motion of a point particle is along geodesics, 
the action should be proportional to the invariant length of the particle’s 
trajectory 

Sq = —ol J ds, (2-1) 

where a is a constant and h = c = 1. This length is extremized in the 
classical theory, as is illustrated in Fig. 2.1. 




Fig. 2.1. The classical trajectory of a point particle minimizes the length of the 
world line. 

Requiring the action to be dimensionless, one learns that a has the di- 
mensions of inverse length, which is equivalent to mass in our units, and 
hence it must be proportional to m. As is demonstrated in Exercise 2.1, the 
action has the correct nonrelativistic limit if a = m, so the action becomes 




In this formula the line element is given by 

ds 2 = -g^(X)dX^dX v . (2.3) 

Here g flu (X), with p,, v = 0, . . . , D — 1, describes the background geome- 
try, which is chosen to have Minkowski signature ( — (-•••+). The minus 
sign has been introduced here so that ds is real for a time-like trajectory. 
The particle’s trajectory AT(r), also called the world line of the particle, is 
parametrized by a real parameter r, but the action is independent of the 
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choice of parametrization (see Exercise 2.2). The action (2.2) therefore takes 
the form 

S 0 = -mJ yj -g IIL/ (X)XnX"dT, (2.4) 

where the dot represents the derivative with respect to r. 

The action So has the disadvantage that it contains a square root, so that 
it is difficult to quantize. Furthermore, this action obviously cannot be used 
to describe a massless particle. These problems can be circumvented by 
introducing an action equivalent to the previous one at the classical level, 
which is formulated in terms of an auxiliary field e(r) 

So = t, j dr (e~ 1 X 2 - m 2 ej , (2.5) 

where X 2 = g^ v {X)X^X u . Reparametrization invariance of So requires that 
e(r) transforms in an appropriate fashion (see Exercise 2.3). The equation 
of motion of e(r), given by setting the variational derivative of this action 
with respect to e(r) equal to zero, is m 2 e 2 + X 2 = 0. Solving for e(r) and 
substituting back into So gives Sq. 



Generalization to the p-brane action 

The action (2.4) can be generalized to the case of a string sweeping out 
a two-dimensional world sheet in space-time and, in general, to a p-brane 
sweeping out a (p + l)-dimensional world volume in D-dimensional space- 
time. It is necessary, of course, that p < D. For example, a membrane or 
two-brane sweeps out a three-dimensional world volume as it moves through 
a higher-dimensional space-time. This is illustrated for a string in Fig. 2.2. 

The generalization of the action (2.4) to a p-brane naturally takes the 
form 

S p = -T p J d/i p . (2.6) 

Here T p is called the p-brane tension and dg p is the (p + l)-dimensional 
volume element given by 

d/ip = sj — det G a/ 3 d p+ 1 a, (2.7) 

where the induced metric is given by 

G a p = gp U (X)d Q X»d 0 X" a, P = 0, . . . ,p. ( 2 . 8 ) 

To write down this form of the action, one has taken into account that p- 
brane world volumes can be parametrized by the coordinates < 7 ° = r, which 
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is time-like, and a ®, which are p space-like coordinates. Since dp p has units 
of (length) p+1 the dimension of the p-brane tension is 

[TJ = (length)-- (2.9) 

or energy per unit /> volume. 

Exercises 

Exercise 2.1 

Show that the nonrelativistic limit of the action (2.1) in flat Minkowski 
space-time determines the value of the constant a to be the mass of the 
point particle. 

Solution 

In the nonrelativistic limit the action (2.1) becomes 

So = -“/' Aa2 -' iia = - a I dt 

Comparing the above expansion with the action of a nonrelativistic point 




Fig. 2.2. The classical trajectory of a string minimizes the area of the world sheet. 
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particle, namely 



S nr = 



dt-mv 2 , 



gives a = m. In the nonrelativistic limit an additional constant (the famous 
E = me 2 term) appears in the above expansion of So- This constant does 
not contribute to the classical equations of motion. □ 



Exercise 2.2 

One important requirement for the point-particle world-line action is that 
it should be invariant under reparametrizations of the parameter r. Show 
that the action So is invariant under reparametrizations of the world line by 
substituting t' = /(r). 



Solution 

The action 



Sq = — m 



dX^ 1 dX. 



dr 



dr dr 

can be written in terms of primed quantities by taking into account 

;/ df(r) it w ^ dX» dX^dr' dX * i( ^ 

dr = — — dr = /(r)dr and — — = -t-t-t- = —rr ' /( r ) 



dr 



dr 



dr' dr 



dr' 



This gives, 



S'q = —m. 



dXv dX M • dr' 



= — m 



dX' 1 dX M 



dr ' , 



which shows that the action S'q is invariant under reparametrizations. □ 



Exercise 2.3 

The action So in Eq. (2.5) is also invariant under reparametrizations of the 
particle world line. Even though it is not hard to consider finite transfor- 
mations, let us consider an infinitesimal change of parametrization 

T -» T = /(r) = T 

Verify the invariance of So under an infinitesimal reparametrization. 

Solution 

The field X ^ transforms as a world-line scalar, X 11 ' (t 1 ) = X^(t). Therefore, 
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the first-order shift in X ^ is 



8X» = X»'(t) - X^t) = Z(t)X». 

Notice that the fact that X ^ has a space-time vector index is irrelevant 
to this argument. The auxiliary field e(r) transforms at the same time 
according to 

e / (r / )dr / = e(r)dr. 



Infinitesimally, this leads to 

5e = e'(r) - e(r) = J^(£e). 

Let us analyze the special case of a flat space-time metric g flu (X) = 
even though the result is true without this restriction. In this case the vector 
index on X ^ can be raised and lowered inside derivatives. The expression 
So has the variation 



5Sb = 



1 

2 



dr 



2Xi J SX„ 







Here SX ^ is given by 

SX„ = ^sx fl = £x tl + ^x,,. 

Together with the expression for <5e, this yields 



SSq 




(W+eA) 



V A',. 




The last term can be dropped because it is a total derivative. The remaining 
terms can be written as 

This is a total derivative, so it too can be dropped (for suitable boundary 
conditions). Therefore, So is invariant under reparametrizations. □ 



Exercise 2.4 

The reparametrization invariance that was checked in the previous exercise 
allows one to choose a gauge in which e = 1. As usual, when doing this one 
should be careful to retain the e equation of motion (evaluated for e = 1). 
What is the form and interpretation of the equations of motion for e and 
X v resulting from So? 
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Solution 

The equation of motion for e derived from the action principle for So is given 
by the vanishing of the variational derivative 

f = -i + m»)=0. 

Choosing the gauge e(r) = 1, we obtain the equation 

X p X p + m 2 = 0 . 

Since p p = X p is the momentum conjugate to X**, this equation is simply 
the mass-shell condition p 2 + m 2 = 0, so that m is the mass of the particle, 
as was shown in Exercise 2.1. The variation with respect to X p gives the 
second equation of motion 

+ X x»x x 

= -{d p g pv )X p X v - 9p»X u + \d p g pX X p X x = 0. 

This can be brought to the form 

x p + r p x x p x x = o, (2.io) 

where 

r pA = l^idpgxu + d x g pu ~ d u g pX ) 

is the Christoffel connection (or Levi-Civita connection). Equation (2.10) 
is the geodesic equation. Note that, for a flat space-time, T^ A vanishes 
in Cartesian coordinates, and one recovers the familiar equation of motion 
for a point particle in flat space. Note also that the more conventional 
normalization (X p X p + 1 = 0) would have been obtained by choosing the 
gauge e = 1/m. □ 

Exercise 2.5 

The action of a p-brane is invariant under reparametrizations of the p + 1 
world-volume coordinates. Show this explicitly by checking that the action 
(2.6) is invariant under a change of variables a a — > a a (a). 

Solution 

Under this change of variables the induced metric in Eq. (2.8) transforms in 
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the following way: 



Gaft — 



dX ** dX v 
da a ~dcrP 



9 ^ = CT 1 ) 7 



dX p 



da'y 



(f-% 



dX p 

d ¥ 



9fivi 



where 



_ d ° a 



Dehning J to be the Jacobian of the world-volume coordinate transforma- 
tion, that is, J = det , the determinant appearing in the action becomes 

2 f dXi J dX p \ 

-J det (&*" Qa 7 (ftS ) ■ 

The measure of the integral transforms according to 

d p+ 1 a = Jd p+1 d, 

so that the Jacobian factors cancel, and the action becomes 



, ( dX^dX v \ 



s p = -T p / d p+1 d\ —det 



dXi 1 ' dX" \ 
9flP ~dd^~dd^ )' 



Therefore, the action is invariant under reparametrizations of the world- 
volume coordinates. □ 



2.2 The string action 

This section specializes the discussion to the case of a string (or one-brane) 
propagating in D- dimensional flat Minkowski space-time. The string sweeps 
out a two-dimensional surface as it moves through space-time, which is called 
the world sheet. The points on the world sheet are parametrized by the two 
coordinates cr 0 = r, which is time-like, and a 1 = a, which is space-like. If 
the variable a is periodic, it describes a closed string. If it covers a finite 
interval, the string is open. This is illustrated in Fig. 2.3. 

The Namhu-Goto action 

The space-time embedding of the string world sheet is described by functions 
X p (a,r), as shown in Fig. 2.4. The action describing a string propagating 
in a flat background geometry can be obtained as a special case of the 
more general p-brane action of the previous section. This action, called the 
Nambu-Goto action , takes the form 

J dadT\/{X ■ X’) 2 - X' 2 X' 2 , 



Sng = - T 



( 2 . 11 ) 
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where 



AT 



dx 

lh~ 



and 



AT' 



dX' 1 

~d V' 



( 2 . 12 ) 



and the scalar products are defined in the case of a flat space-time by A ■ B = 
The integral appearing in this action describes the area of the 
world sheet. As a result, the classical string motion minimizes (or at least 
extremizes) the world-sheet area, just as classical particle motion makes the 
length of the world line extremal by moving along a geodesic. 




Fig. 2.3. The world sheet for the free propagation of an open string is a rectangular 
surface, while the free propagation of a closed string sweeps out a cylinder. 




Fig. 2.4. The functions AT(<t, t) describe the embedding of the string world sheet 
in space-time. 
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The string sigma model action 



Even though the Nambu-Goto action has a nice physical interpretation as 
the area of the string world sheet, its quantization is again awkward due to 
the presence of the square root. An action that is equivalent to the Nambu- 
Goto action at the classical level, because it gives rise to the same equations 
of motion, is the string sigma model action . 1 

The string sigma-model action is expressed in terms of an auxiliary world- 
sheet metric h a g(a, r), which plays a role analogous to the auxiliary field 
e(r) introduced for the point particle. We shall use the notation h a p for the 
world-sheet metric, whereas g /iu denotes a space-time metric. Also, 

h = deth a 0 and h a,j = (h~ 1 ) af 3 , (2.13) 

as is customary in relativity. In this notation the string sigma-model action 
is 

S a = - \t J d 2 aV^hh a 0 d a X ■ d p X. (2.14) 

At the classical level the string sigma-model action is equivalent to the 
Nambu-Goto action. However, it is more convenient for quantization. 



Exercises 



Exercise 2.6 

Derive the equations of motion for the auxiliary metric h a p and the bosonic 
field X v in the string sigma-model action. Show that classically the string 
sigma-model action (2.14) is equivalent to the Nambu-Goto action ( 2 . 11 ). 



Solution 

As for the point-particle case discussed earlier, the auxiliary metric h a p ap- 
pearing in the string sigma-model action can be eliminated using its equa- 
tions of motion. Indeed, since there is no kinetic term for h a p, its equation 
of motion implies the vanishing of the world-sheet energy-momentum tensor 



1 This action, traditionally called the Polyakov action , was discovered by Brink, Di Vecchia and 

Howe and by Deser and Zumino several years before Polyakov skillfully used it for path-integral 
quantization of the string. 
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T a0 , that is, 



2 i 5S a 

Ta0 ~~f7Tf l 5h^ ~ 



To evaluate the variation of the action, the following formula is useful: 



8h = -hh a0 5h a0 , 



which implies that 

5^h, = -l^hh aP 8h a0 . (2.15) 

After taking the variation of the action, the result for the energy-momentum 
tensor takes the form 

T a0 = d a X ■ d 0 X - ^h a0 h? & d 7 X ■ d s X = 0. 

This is the equation of motion for h a0 , which can be used to eliminate 
h a0 from the string sigma-model action. The result is the Nambu-Goto 
action. The easiest way to see this is to take the square root of minus the 
determinant of both sides of the equation 

d a X ■ dpX = hi^h^d^X ■ d 5 X. 

This gives 

yj- det{d a X-d 0 X) = ^ \[^ h h^d^X ■ d s X. 



Finally, the equation of motion for AT, obtained from the Euler-Lagrange 
condition, is 



A AT 



1 

\J—h 



dn 



= 0 . 



□ 



Exercise 2.7 

Calculate the nonrelativistic limit of the Nambu-Goto action 

Sng = -T J drda %J— det G a0 , G a0 = 8 a X^d 0 X^ 

for a string in Minkowski space-time. Use the static gauge, which fixes 
the longitudinal directions A' 0 = r, X 1 = a, while leaving the transverse 
directions X 1 free. Show that the kinetic energy contains only the transverse 
velocity. Determine the mass per unit length of the string. 
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Solution 



In the static gauge 

det G a g = det 



d T X^d T X^ drXI'dvX,, \ 

d a x»d T x^ d a x^d a x^ ) 



= ( -i + d T x i d T x t d T x i d a x t \ 

C V d*X % d T X t 1 + daX^Xi ) ' 

Then, 

det Gap 1 + d T X' d T X l - d a X i d a X i + . . . 

Here the dots indicate higher-order terms that can be dropped in the non- 
relativistic limit for which the velocities are small. In this limit the action 
becomes (after a Taylor expansion) 



<Sng = ~T 

* T J* 

The first term in the parentheses gives — m f dr, if L is the length of the a 
interval and m = LT. This is the rest-mass contribution to the potential 
energy. Note that L is a distance in space, because of the choice of static 
gauge. Thus the tension T can be interpreted as the mass per unit length, or 
mass density, of the string. The last two terms of the above formula are the 
kinetic energy and the negative of the potential energy of a nonrelativistic 
string of tension T. □ 



J drda ^1 -1 + d T X>d T X t - d (J X l d rJ X t 

da f-1 + ^drX^rXi - ^d a x' l d a x^ . 



Exercise 2.8 

Show that if a cosmological constant term is added to the string sigma-model 
action, so that 

S* = -^ J d 2 a^hh a0 d a X ll dgX tl + A J d 2 a^h, 

it leads to inconsistent classical equations of motion. 

Solution 

The equation of motion for the world-sheet metric is 

= -Tid^dsX^ - Ihysih^daXVdpXn)} - A h 1& = 0, 
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where we have used Eq. (2.15). Contracting with hA s gives 

h lS h ? s A = T(^h lS h lS - l)h a0 d a X»d 0 X p . 

Since h^sh lS = 2, the right-hand side vanishes. Thus, assuming h / 0, 
consistency requires A = 0. In other words, adding a cosmological constant 
term gives inconsistent classical equations of motion. □ 

Exercise 2.9 

Show that the sigma- model form of the action of a p-brane, for p / 1, 
requires a cosmological constant term. 

Solution 

Consider a p-brane action of the form 

S a = J d p+1 a^hh a0 d a X ■ d 0 X + A p j d p+1 a^h. (2.16) 

The equation of motion for the world-volume metric is obtained exactly as 
in the previous exercise, with the result 

Tpid^x ■ d 5 x - l h lS (h ali d a x ■ d 0 x)\ + A p h. (S = o. 

This equation is not so easy to solve directly, so let us instead investigate 
whether it is solved by equating the world-volume metric to the induced 
metric 

h a0 = d a X-d 0 X. (2.17) 

Substituting this ansatz in the previous equation and dropping common 
factors gives 

t p (1 - \h a0 h a0 ) + A p = 0 . 

Substituting h a0 h a0 = p + 1, one learns that 

k p = l -{p-l)T p . (2.18) 

Thus, consistency requires this choice of A p . 2 This confirms the previous 
result that Ai = 0 and shows that A p / 0 for p / 1. Substituting the 
value of the metric in Eq. (2.17) and the value of A p in Eq. (2.18), one finds 
that Eq. (2.16) is equivalent classically to Eq. (2.6). For the special case of 

2 A different value is actually equivalent, if one makes a corresponding rescaling of h a p. However, 
this results in a multiplicative factor in the relation (2.17). 
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p = 0, this reproduces the result in Eq. (2.5) if one makes the identifications 
Tq = m and /too = —m 2 e 2 . □ 



2.3 String sigma-model action: the classical theory 

In this section we discuss the symmetries of the string sigma-model action in 
Eq. (2.14). This is helpful for writing the string action in a gauge in which 
quantization is particularly simple. 



Symmetries 

The string sigma-model action for the bosonic string in Minkowski space- 
time has a number of symmetries: 

• Poincare transformations. These are global symmetries under which the 
world-sheet fields transform as 

8X> i = a li v X v + V i and 5h af3 = 0. (2.19) 

Here the constants (dV (with a ^ = —a u/1 ) describe infinitesimal Lorentz 
transformations and 6^ describe space-time translations. 

• Reparametrizations. The string world sheet is parametrized by two coor- 
dinates r and a, but a change in the parametrization does not change the 
action. Indeed, the transformations 

o-“ -> f a (a) = o ,OL and Kffa) = ^^s /z "> <5 ^ cr/ ) ( 2 ' 2 °) 

leave the action invariant. These local symmetries are also called cliff eo- 
morphisms. Strictly speaking, this implies that the transformations and 
their inverses are infinitely differentiable. 

• Weyl transformations. The action is invariant under the rescaling 

h a p-+ e^ a ' T) h aft and 5X^ = 0, (2.21) 

since \J —h — » e^ff—h and h°^ — > e~^h a ^ give cancelling factors. This 
local symmetry is the reason that the energy-momentum tensor is trace- 
less. 

Poincare transformations are global symmetries, whereas reparametriza- 
tions and Weyl transformations are local symmetries. The local symmetries 
can be used to choose a gauge, such as the static gauge discussed earlier, or 
else one in which some of the components of the world-sheet metric h a g are 
of a particular form. 
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Gauge fixing 

The gauge-fixing procedure described earlier for the point particle can be 
generalized to the case of the string. In this case the auxiliary field has three 
independent components, namely 




( 2 . 22 ) 



where h \ o = hoi- Reparametrization invariance allows us to choose two of 
the components of h, so that only one independent component remains. But 
this remaining component can be gauged away by using the invariance of the 
action under Weyl rescalings. So in the case of the string there is sufficient 
symmetry to gauge fix h a g completely. As a result, the auxiliary field h a p 
can be chosen as 

h a (3 = Va0 = ^ q • (2.23) 



Actually such a flat world-sheet metric is only possible if there is no topo- 
logical obstruction. This is the case when the world sheet has vanishing 
Euler characteristic. Examples include a cylinder and a torus. When a flat 
world-sheet metric is an allowed gauge choice, the string action takes the 
simple form 

5 = ^ J d 2 a(X 2 - X' 2 ). (2.24) 

The string actions discussed so far describe propagation in flat Minkowski 
space-time. Keeping this requirement, one could consider the following two 
additional terms, both of which are renormalizable (or super-renormalizable) 
and compatible with Poincare invariance, 

Si = Ai J d 2 a\f^h and S 2 = X 2 J d 2 aV^hR {2) (h). (2.25) 

S\ is a cosmological constant term on the world sheet. This term is not 
allowed by the equations of motion (see Exercise 2.8). The term S 2 involves 
R( 2 \h), the scalar curvature of the two-dimensional world-sheet geometry. 
Such a contribution raises interesting issues, which are explored in the next 
chapter. For now, let us assume that it can be ignored. 



Equations of motion and boundary conditions 

Equations of motion 

Let us now suppose that the world-sheet topology allows a flat world-sheet 
metric to be chosen. For a freely propagating closed string a natural choice 
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is an infinite cylinder. Similarly, the natural choice for an open string is an 
infinite strip. In both cases, the motion of the string in Minkowski space is 
governed by the action in Eq. (2.24). This implies that the X ^ equation of 
motion is the wave equation 

= 0 or (^2 “ ^ 2 ) *" = °' P' 26 > 

Since the metric on the world sheet has been gauge fixed, the vanishing of the 
energy-momentum tensor, that is, T a g = 0 originating from the equation 
of motion of the world-sheet metric, must now be imposed as an additional 
constraint condition. In the gauge h a p = the components of this tensor 
are 

T 0 i = T 10 = X-X' and T 00 = T u = \(X 2 + X' 2 ). (2.27) 

Using Too = Tu, we see the vanishing of the trace of the energy-momentum 
tensor TrT = r] a/3 T a p = Tu — Too- This is a consequence of Weyl invariance, 
as was mentioned before. 



Boundary conditions 

In order to give a fully defined variational problem, boundary conditions 
need to be specified. A string can be either closed or open. For convenience, 
let us choose the coordinate a to have the range 0 < a < n. The stationary 
points of the action are determined by demanding invariance of the action 
under the shifts 

X» AT + (2.28) 

In addition to the equations of motion, there is the boundary term 

-T f dr [X'^X^ - X;<DT| ct= o] , (2.29) 

which must vanish. There are several different ways in which this can be 
achieved. For an open string these possibilities are illustrated in Fig. 2.5. 

• Closed string. In this case the embedding functions are periodic, 

t) = X fJ ’(a + 7T, r). (2.30) 

• Open string with Neumann boundary conditions. In this case the com- 
ponent of the momentum normal to the boundary of the world sheet 
vanishes, that is, 

^ = 0 



at 



a = 0, 7T. 



(2.31) 
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If this choice is made for all /j, these boundary conditions respect ZD- 
dimensional Poincare invariance. Physically, they mean that no momen- 
tum is flowing through the ends of the string. 

• Open string with Dirichlet boundary conditions. In this case the positions 
of the two string ends are fixed so that <5 AT = 0, and 

X^\ a=0 = X^ and X‘*\ a=n = X%, (2.32) 

where X[f and X% are constants and /j = 1, . . . , D — p — 1. Neumann 
boundary conditions are imposed for the other p + 1 coordinates. Dirich- 
let boundary conditions break Poincare invariance, and for this reason 
they were not considered for many years. But, as is discussed in Chap- 
ter 6, there are circumstances in which Dirichlet boundary conditions are 
unavoidable. The modern interpretation is that Xq and X% represent the 
positions of Dp-branes. A Dp-brane is a special type of p-brane on which a 
fundamental string can end. The presence of a Dp-brane breaks Poincare 
invariance unless it is space-time filling (p = D — 1). 

Solution to the equations of motion 

To find the solution to the equations of motion and constraint equations it 
is convenient to introduce world-sheet light.-cone coordinates , defined as 

u ± = t ± a. (2.33) 

In these coordinates the derivatives and the two-dimensional Lorentz metric 
take the form 

9 ± = i(9 r±8 „) and (J J) . (2.34) 

X \a,z) X W) 




G=0 G=7t G=0 G=7t 



Fig. 2.5. Illustration of Dirichlet (left) and Neumann (right) boundary conditions. 
The solid and dashed lines represent string positions at two different times. 
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In light-cone coordinates the wave equation for X M is 

d + d-X ^ = 0. (2.35) 

The vanishing of the energy-momentum tensor becomes 

T++ = 8+X^d+X^ = 0, (2.36) 

T = d-X^d-X^ = 0, (2.37) 

while T. \ = T (. = 0 expresses the vanishing of the trace, which is auto- 
matic. The general solution of the wave equation (2.35) is given by 

r) = X£(r - a) + X£(t + a), (2.38) 

which is a sum of right-movers and left-movers. To find the explicit form of 
Xr and Xl one should require X fl (a, r) to be real and impose the constraints 

(cLXr) 2 = (d + X L ) 2 = 0. (2.39) 

The quantum version of these constraints will be discussed in the next sec- 
tion. 



Closed-string mode expansion 

The most general solution of the wave equation satisfying the closed-string 
boundary condition is given by 



X K = + h Z sV(r - <r) + x 



1 



0 



-rv /i c _2in ( r_<T ) 

n 



(2.40) 



x i = + ^V(t + a) + ‘-k Y, (2.41) 

n .^0 

where x ^ is a center- of-mass position and p^ 1 is the total string momentum, 
describing the free motion of the string center of mass. The exponential 
terms represent the string excitation modes. Here we have introduced a new 
parameter, the string length scale l s , which is related to the string tension 
T and the open-string Regge slope parameter a' by 

1 = W and 2 l * = ° ' (2 ' 

The requirement that X|( and X|( are real functions implies that x ^ and p ^ 
are real, while positive and negative modes are conjugate to each other 

u-n = ( «n)* and af n = (a£)* . 



(2.43) 
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The terms linear in a cancel from the sum X B + X so that closed-string 
boundary conditions are indeed satisfied. Note that the derivatives of the 
expansions take the form 

+oo 

d-X£ = l s J2 a m e ~ 2im * T_<,) (2.44) 

m=— oo 
+oo 

d+X£ = l s ]T a^e~ 2im ^\ (2.45) 

rri — — oo 

where 

«o = «o = (2.46) 

These expressions are useful later. In order to quantize the theory, let us 
first introduce the canonical momentum conjugate to X^. It is given by 

P^(a,T) = ^ = TX». (2.47) 

vX/jL 

With this definition of the canonical momentum, the classical Poisson brack- 
ets are 

'p»(a,T),P"(a',T)] pB = [x>,t),X>',t)] pb =0, (2.48) 

P ti (a,T),X v (o / ,T) ps =if u 5{a-a'). (2.49) 

In terms of X 11 

X»(a,T),X I '(a',T) pB = T~ 1 if u 5{a - a). (2.50) 

Inserting the mode expansion for X 11 and X^ into these equations gives the 
Poisson brackets satisfied by the modes 3 

Oi n — a rn- ^ ^ — im/rf 1 5 m +n , 0 (2.51) 

and 

K,5^] rb . =0. (2.52) 

3 The derivation of the commutation relations for the modes uses the Fourier expansion of the 
Dirac delta function 

I +OQ 

8{a — a') = — V e 2in P—<r') 

7T ^ ' 

n= — oo 
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2.4 Canonical quantization 

The world-sheet theory can now be quantized by replacing Poisson brackets 
by commutators 



• • Jp.b. 



i • ■ ■ • 



This gives 



[«m> <] = [«m> <] = mrj^Sm+n , 0 , [a&, <] = 0. 



(2.53) 

(2.54) 



Defining 



af n = —= 0 .!^ and 
s/m 



=ofi_ for m > 0, (2.55) 

s/m 



the algebra satisfied by the modes is essentially the algebra of raising and 
lowering operators for quantum-mechanical harmonic oscillators 

[a^afi] = = r f v 5 m ,n for m,n > 0. (2.56) 



There is just one unusual feature: the commutators of time components 
have a negative sign, that is, 

= -1. (2.57) 

This results in negative norm states, which will be discussed in a moment. 
The spectrum is constructed by applying raising operators on the ground 
state, which is denoted |0). By definition, the ground state is annihilated 
by the lowering operators: 



a 0 a ot 

“m ’ “to 



<J0) = 0 for m > 0. (2.58) 

One can also specify the momentum k ,L carried by a state \(f>), 

\4>) = ■ ■ ■ a^\0; k), (2.59) 

which is the eigenvalue of the momentum operator j/ 1 . 

|0) = A/*|0). (2.60) 

It should be emphasized that this is first quantization , and all of these states 
(including the ground state) are one-particle states. Second quantization 
requires string field theory , which is discussed briefly at the end of Chapter 3. 

The states with an even number of time-component operators have pos- 
itive norm, while those that are constructed with an odd number of time- 
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component operators have negative norm. A simple example of a negative- 
norm state is given by 

a m|0) with norm (0| a m a m|0) = — 1, (2-61) 

where the ground state is normalized as (0|0) = 1. In order for the theory 
to be physically sensible, it is essential that all physical states have positive 
norm. Negative-norm states in the physical spectrum of an interacting the- 
ory would lead to violations of causality and unitarity. The way in which the 
negative-norm states are eliminated from the physical spectrum is explained 
later in this chapter. 



Open-string mode expansion 

The general solution of the string equations of motion for an open string 
with Neumann boundary conditions is given by 

X M (r, a) = + ZiVV + il s Y —afi,e~ tmT cos (mo). (2.62) 

' m 
m^O 

Mode expansions for other type of boundary conditions are given as home- 
work problems. Note that, for the open string, only one set of modes a( n 
appears, whereas for the closed string there are two independent sets of 
modes aj, and atm- The open-string boundary conditions force the left- and 
right-moving modes to combine into standing waves. For the open string 

OO 

2d±X^ = X^±X^ = l s y a^e" im(T±ff) , (2.63) 

m=— oo 

where, Og = l s p^ 1 . 



Hamiltonian and energy-momentum tensor 

As discussed above, the string sigma-model action is invariant under various 
symmetries. 



Noether currents 

Recall that there is a standard method, due to Noether, for constructing a 
conserved current J a associated with a global symmetry transformation 

(f) — *• 0 + 5 s (j), (2.64) 

4 States that have negative norm are sometimes called ghosts , but we reserve that word for the 
ghost fields that are arise from covariant BRST quantization in the next chapter. 
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where 4> is an y field of the theory and e is an infinitesimal parameter. Such 
a transformation is a symmetry of the theory if it leaves the equations of 
motion invariant. This is the case if the action changes at most by a surface 
term, which means that the Lagrangian density changes at most by a total 
derivative. The Noether current is then determined from the change in the 
action under the above transformation 

C->C + ed a J a . (2.65) 

When e is a constant, this change is a total derivative, which reflects the 

fact that there is a global symmetry. Then the equations of motion imply 
that the current is conserved, d a J a = 0. The Poincare transformations 

5X^ = a^ u X u + P L , ( 2 . 66 ) 

are global symmetries of the string world-sheet theory. Therefore, they give 
rise to conserved Noether currents. Applying the Noether method to derive 
the conserved currents associated with the Poincare transformation of A^, 
one obtains 

PH = TdaX^, (2.67) 

J'f = T (X tt d a X v - X u d a X ^) , (2.68) 

where the first current is associated with the translation symmetry, and the 
second one originates from the invariance under Lorentz transformations. 



Hamiltonian 



World-sheet time evolution is generated by the Hamiltonian 



H = 







da 




(A 2 + A' 2 ) da, 



(2.69) 



where 

PS = = TXX, (2.70) 

was previously called P^(a,r). Inserting the mode expansions, the result 
for the closed-string Hamiltonian is 



+oo 

H = ^ ^ ( OL—n ' Otn ~\~ &—n ' Q-n) 5 (2.71) 

n=— 00 

while for the open string the corresponding expression is 

^ +00 

H = — ^ ^ Oi—n ' OL n . 

n=— 00 



(2.72) 




2-4 Canonical quantization 



39 



These results hold for the classical theory. In the quantum theory there are 
ordering ambiguities that need to be resolved. 



Energy momentum tensor 

Let us now consider the mode expansions of the energy-momentum tensor. 
Inserting the closed-string mode expansions for Xl and Xr into the energy- 
momentum tensor Eqs (2.36), (2.37), one obtains 

+oo +oo 

T = 2 Z 2 L m e- 2im{ - T - a) and T ++ = 2l 2 ]T L m e~ 2im{T+a \ 



m =— oo m=—oo 

where the Fourier coefficients are the Virasoro generators 




n =— oo n =— oo 



(2.73) 

(2.74) 



In the same way, one can get the result for the modes of the energy- 
momentum tensor of the open string. Comparing with the Hamiltonian, 
results in the expression 



CX—n ' OL n T OL—n * CXn) , (2.75) 

for a closed string, while for an open string 

^ +oo 

H = L 0 = - ^2 a-n ■ a n . (2.76) 

n=— oo 

The above results hold for the classical theory. Again, in the quantum theory 
one needs to resolve ordering ambiguities. 



— H — Lq Lq — — 
2 u u 2 



+oo 

£ 



Mass formula for the string 

Classically the vanishing of the energy-momentum tensor translates into the 
vanishing of all the Fourier modes 



Lm — 0 


for m = 0, ±1, ±2, . . . 


(2.77) 


The classical constraint 


o 

II 

o 

II 

o 


(2.78) 



can be used to derive an expression for the mass of a string. The relativistic 
mass-shell condition is 

M 2 = -p^, 



(2.79) 




40 The bosonic string 

where p lt is the total momentum of the string. This total momentum is 
given by 

/*7T 

p^ = T daX^{a), (2.80) 

Jo 

so that only the zero mode in the mode expansion of AV(<t, r) contributes. 
For the open string, the vanishing of Lq then becomes 

OO 1 oo 

Lo = Y2 a ~ n ' an + 2 a ° = a ~ n ' ° n + a ' p 2 = ( 2 - 81 ) 

n = 1 n = 1 

which gives a relation between the mass of the string and the oscillator 
modes. For the open string one gets the relation 

1 X 

M 2 = -Va_ n .a n . (2.82) 

<x z — J 

n = 1 

For the closed string one has to take the left-moving and right-moving modes 
into account, and then one obtains 

2 °° 

M 2 = — ( a- n ■ a n + a- n ■ a n ) . (2.83) 

a t—* 

n = 1 

These are the mass-shell conditions for the string, which determine the mass 
of a given string state. In the quantum theory these relations get slightly 
modified. 



The Virasoro algebra 

Classical theory 

In the classical theory the Virasoro generators satisfy the algebra 

[J-'m.i -£'n]p.B. = T^Lm+n- (2.84) 

The appearance of the Virasoro algebra is due to the fact that the gauge 
choice Eq. (2.23) has not fully gauge fixed the reparametrization symmetry. 
Let £“ be an infinitesimal parameter for a reparametrization and let A be an 
infinitesimal parameter for a Weyl rescaling. Then residual reparametriza- 
tion symmetries satisfying 

d a ^ + = A iff 3 , (2.85) 

still remain. These are the reparametrizations that are also Weyl rescalings. 
If one defines the combinations ^ ± ^ and er^ = c° ± cj 1 , then one 
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finds that Eq. (2.85) is solved by 

£+ = £+( 0 -+) and £“=£~(cx _ ). (2.86) 

The infinitesimal generators for the transformations da^ = are given by 

v± = (2 ' 87) 

and a complete basis for these transformations is given by 

^(a ± ) = e 2ina± n£Z. (2.88) 

The corresponding generators give two copies of the Virasoro algebra. 
In the case of open strings there is just one Virasoro algebra, and the in- 
finitesimal generators are 

V n = e ina+ JL + e ina ~ JL n G Z. (2.89) 

do + oo~ 

In the classical theory the equation of motion for the metric implies the 
vanishing of the energy-momentum tensor, that is, T ++ = T__ = 0, which 
in terms of the Fourier components of Eq. (2.73) is 

1 +oo 

= ^ ^ ' O-m—n ' ^ n ~ 0 for 1TI G Z. (2.90) 

n=— oo 

In the case of closed strings, there are also corresponding L m conditions. 



Quantum theory 



In the quantum theory these operators are defined to be normal-ordered, 
that is, 




n =— oo 



(2.91) 



According to the normal-ordering prescription the lowering operators always 
appear to the right of the raising operators. In particular, Lq becomes 

1 

Lq — —erg A ^ ^ ot—n ■ OL n . (2.92) 

n= 1 

Actually, this is the only Virasoro operator for which normal-ordering mat- 
ters. Since an arbitrary constant could have appeared in this expression, 
one must expect a constant to be added to Lq in all formulas, in particular 
the Virasoro algebra. 
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Using the commutators for the modes aj, , one can show that in the quan- 
tum theory the Virasoro generators satisfy the relation 

[Lmi Lp\ = (m n)L m+n + m(m l)<^m+n,0j (2.93) 

where c = D is the space-time dimension. The term proportional to c is a 
quantum effect. This means that it appears after quantization and is absent 
in the classical theory. This term is called a central extension , and c is called 
a central charge , since it can be regarded as multiplying the unit operator, 
which when adjoined to the algebra is in the center of the extended algebra. 

5L(2,R) subalgebra 

The Virasoro algebra contains an 5L(2,R) subalgebra that is generated by 
Lo, L\ and L_ i. This is a noncompact form of the familiar SU( 2) algebra. 
Just as SU( 2) and SO( 3) have the same Lie algebra, so do 5L(2, R) and 
50(2, 1). Thus, in the case of closed strings, the complete Virasoro algebra 
of both left-movers and right-movers contains the subalgebra SL( 2, R) x 
5L(2,R) = 50(2,2). This is a noncompact version of the Lie algebra 
identity SU( 2) x SU( 2) = 50(4). The significance of this subalgebra will 
become clear in the next chapter. 



Physical states 

As was mentioned above, in the quantum theory a constant may need to be 
added to Lq to parametrize the arbitrariness in the ordering prescription. 
Therefore, when imposing the constraint that the zero mode of the energy- 
momentum tensor should vanish, the only requirement in the case of the 
open string is that there exists some constant a such that 

{Lo — a)\(j>) = 0. (2.94) 

Here \(j>) is any physical on-shell state in the theory, and the constant a will 
be determined later. Similarly, for the closed string 

{Lo — a)\4>) = (Lo — a)\(f>) = 0. (2.95) 

Mass operator 

The constant a contributes to the mass operator. Indeed, in the quantum 
theory Eq. (2.94) corresponds to the mass-shell condition for the open string 

OO 

a' M 2 = ^2 a-n ■ a n — a = N — a, 

n= 1 



(2.96) 
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where 

OO OO 

N = 22 a ~n ■ a n = 22 nCL n ' ( 2 -97) 

n= 1 n= 1 

is called the number operator , since it has integer eigenvalues. For the ground 
state, which has N = 0, this gives a'M 2 = —a, while for the excited states 
a'M 2 = 1 — a, 2 — a, . . . 

For the closed string 

1 , X X 

-a'M 2 = 22 a -n • a n — a = 22 ®-n ■ a n — a = N — a = N — a. (2.98) 

n=l n=l 



Level matching 

The normal-ordering constant a cancels out of the difference 

(L o -LoM=0, (2.99) 

which implies N = N. This is the so-called level-matching condition of the 
bosonic string. It is the only constraint that relates the left- and right- 
moving modes. 



Virasoro generators and physical states 

In the quantum theory one cannot demand that the operator L m annihilates 
all the physical states, for all rn ^ 0, since this is incompatible with the 
Virasoro algebra. Rather, a physical state can only be annihilated by half 
of the Virasoro generators, specifically 

L m \4>) = 0 m > 0. (2.100) 

Together with the mass-shell condition 

(L 0 — a)\(f>) = 0, (2.101) 

this characterizes a physical state \4>). This is sufficient to give vanishing 
matrix elements of L n — ad H) o, between physical states, for all n. Since 

L-m = 14 , ( 2 - 102 ) 

the hermitian conjugate of Eq. (2.100) ensures that the negative- mode Vi- 
rasoro operators annihilate physical states on their left 



— 0 



m < 0. 



(2.103) 
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There are no normal-ordering ambiguities in the Lorentz generators 5 



■r jv = x'Y - // -<£- {Y n < - «-„<) , ( 2 . io 4 ) 

Tl 

n= 1 

and therefore they can be interpreted as quantum operators without any 
quantum corrections. Using this expression, it is possible to check that 

[L m ,JH= 0, (2.105) 

which implies that the physical-state condition is invariant under Lorentz 
transformations. Therefore, physical states must appear in complete Lorentz 
multiplets. This follows from the fact that, the formalism being discussed 
here is manifestly Lorentz covariant. 



Absence of negative-norm states 

The goal of this section is to show that a spectrum free of negative-norm 
states is only possible for certain values of a and the space-time dimension D. 
In order to carry out the analysis in a covariant manner, a crucial ingredient 
is the Virasoro algebra in Eq. (2.93). 

In the quantum theory the values of a and D are not arbitrary. For 
some values negative-norm states appear and for other values the physical 
Hilbert space is positive definite. At the boundary where positive-norm 
states turn into negative-norm states, an increased number of zero-norm 
states appear. Therefore, in order to determine the allowed values for a and 
D, an effective strategy is to search for zero-norm states that satisfy the 
physical-state conditions. 



Spurious states 

A state IV’) is called spurious if it satisfies the mass-shell condition and is 
orthogonal to all physical states 

(Lo — a)|V’} = 0 and = 0, (2.106) 

where |V>) represents any physical state in the theory. An example of a 
spurious state is 

OO 

IV’) = TY-n\Xn) with (L 0 -a + n) |x„) = 0. (2.107) 

71 = 1 



5 J generates rotations and J 4 ° generates boosts. 
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H) = L-i\xi) + L- 2 \X 2 ) (2.108) 

as a consequence of the Virasoro algebra (e.g. L _ 3 = [L_ 1 , L_ 2 ]). Moreover, 
any spurious state can be put in this form. Spurious states |V>) defined this 
way are orthogonal to every physical state, since 

OO OO 

(</#) = ^{(t>\L-n\Xn) = Xn\L n \(f) )* = 0. (2.109) 

n= 1 n= 1 

If a state \if>) is spurious and physical, then it is orthogonal to all physical 
states including itself 



OO 

(V#) = £<Xn|An|V>) = 0. (2.110) 

n= 1 

As a result, such a state has zero norm. 

Determination of a 

When the constant a is suitably chosen, a class of zero-norm spurious states 
has the form 



|^) = L_i| X i> (2.111) 

with 

(L 0 - a + 1) |xi) = 0 and ^m|xi) = 0 m > 0. (2.112) 

Demanding that | tf) is physical implies 

L m \if) = (Lq — a)\il>) = 0 for m = l,2, ... (2.113) 

The Virasoro algebra implies the identity 

L\L-i = 2Lq + L_iLi, (2.114) 



which leads to 

Li\if) = LiL_i|xi) = (2L 0 + T_iLi)|xi) = 2 (a - l)|xi) = 0, (2.115) 

and hence a = 1. Thus a = 1 is part of the specification of the boundary 
between positive-norm and negative-norm physical states. 
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Determination of the space-time dimension 

The number of zero-norm spurious states increases dramatically if, in addi- 
tion to a = 1, the space-time dimension is chosen appropriately. To see this, 
let us construct zero-norm spurious states of the form 

W) = (L - 2 + 1 L 2 _ 1 )\x). (2.116) 

This has zero norm for a certain 7 , which is determined below. Here \if) is 
spurious if |x) is a state that satisfies 

(A) + l)|x) = Lm\x) = 0 for m=l,2, ... (2.117) 

Now impose the condition that \if) is a physical state, that is, Li\ij}) = 0 and 
L 2 \ip) = 0, since the rest of the constraints L m \if) = 0 for m > 3 are then 
also satisfied as a consequence of the Virasoro algebra. Let us first evaluate 
the condition Li|^) = 0 using the relation 

[Li, L _ 2 + 7-^— 1 ] = 3L_i + 2^/LqL_i + 2 7 L_i.Lo 



= (3-2 7 )L_i+4 7 L 0 L_i. (2.118) 



This leads to 

Li\if) = L\ (L _ 2 + jLL-l) |x) = [(3 - 2 7 ) L_i + 4 7 L 0 T_i] \x). (2.119) 

The first term vanishes for 7 = 3/2 while the second one vanishes in general, 
because 



LoL-i|x) =L-i(L 0 + 1)|x) =0. (2.120) 



Therefore, the result of evaluating the Li|V’) = 0 constraint is 7 = 3/2. Let 
us next consider the L 2 \ip) =0 condition. Using 



L2 , L -2 + 2^ 2 - 1 



13Lq + 9L_iLi + 



D 

~2 



( 2 . 121 ) 



gives 



L-2 \if) — L 2 



L—2 + -L 




\x) 




( 2 . 122 ) 



Thus the space-time dimension D = 26 gives additional zero-norm spurious 
states. 
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Critical bosonic theory 

The zero-norm spurious states are unphysical. The fact that they are spu- 
rious ensures that they decouple from all physical processes. In fact, all 
negative-norm states decouple, and all physical states have positive norm. 
Thus, the complete physical spectrum is free of negative-norm states when 
the two conditions a = 1 and D = 26 are satisfied, as is proved in the 
next section. The a = 1, D = 26 bosonic string theory is called critical , 
and one says that the critical dimension is 26. The spectrum is also free of 
negative- norm states for a < 1 and D < 25. In these cases the theory is 
called noncritical. Noncritical string theory is discussed briefly in the next 
chapter. 



Exercises 



Exercise 2.10 

Find the mode expansion for angular- momentum generators of an open 

bosonic string. 



Solution 

Using the current in Eq. (2.68), 

J> 1V = [ Jg u da = T ( (X^X" - X u X^)da. 

Jo Jo 

Now 

XHt, a) = + LVV + il 8 V —a^e~ imT cos (ma), 

m^O 



X M (r, a) = IgP^ 1 + l s ^2 a m e imT cos (mu), 

m^O 

and T = l/(vr/g). A short calculation gives 

oo 1 

J ,W = X V - * V - i E - ( a -m< - a1 m cC) ■ 

771=1 



□ 
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2.5 Light-cone gauge quantization 

As discussed earlier, the bosonic string has residual diffeomorphism symme- 
tries, even after choosing the gauge h a p = r] a p, which consist of all the con- 
formal transformations. Therefore, there is still the possibility of making an 
additional gauge choice. By making a particular noncovariant gauge choice, 
it is possible to describe a Fock space that is manifestly free of negative-norm 
states and to solve explicitly all the Virasoro conditions instead of imposing 
them as constraints. 

Let us introduce light-cone coordinates for space-time 6 

X ± = ~^(X° ± X 0 - 1 ). (2.123) 

Then the D space-time coordinates X M consist of the null coordinates X± 
and the D — 2 transverse coordinates X 1 . In this notation, the inner product 
of two arbitrary vectors takes the form 

v ■ w = = — v + w~ — v~w + + ^ v l w l . (2.124) 

i 

Indices are raised and lowered by the rules 

v~ = — v+, v + = —V-, and v l = Wj. (2.125) 

Since two coordinates are treated differently from the others, Lorentz invari- 
ance is no longer manifest when light-cone coordinates are used. 

What simplification can be achieved by using the residual gauge symme- 
try? In terms of the residual symmetry corresponds to the reparametriza- 
tions in Eq. (2.86) of each of the null world-sheet coordinates 



a ±^£±( a ±). 


(2.126) 


These transformations correspond to 




t = \ [? + ( cr+ ) + r(o] , 


(2.127) 


5 = \ [^ + (o" + ) - • 


(2.128) 



This means that r can be an arbitrary solution to the free massless wave 
equation 

/ d 2 d 2 \ _ 

U ^-e^) T = 0 - (2 ' 129) 

6 It is convenient to include the y/2 factor in the definition of space-time light-cone coordinates 
while omitting it in the definition of world-sheet light-cone coordinates. 
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Once t is determined, a is specified up to a constant. 

In the gauge h a p = rj a p, the space-time coordinates X fJ ‘(a,r) also satisfy 
the two-dimensional wave equation. The light-cone gauge uses the residual 
freedom described above to make the choice 

X + (a, t) = x + + lgP + T. (2.130) 

This corresponds to setting 

a+ = 0 for n + 0. (2.131) 

In the following the tildes are omitted from the parameters r and a. 

When this noncovariant gauge choice is made, there is a risk that a 
quantum-mechanical anomaly could lead to a breakdown of Lorentz in- 
variance. So this needs to be checked. In fact, conformal invariance is 
essential for making this gauge choice, so it should not be surprising that a 
Lorentz anomaly in the light-cone gauge approach corresponds to a confor- 
mal anomaly in a covariant gauge that preserves manifest Lorentz invariance. 

The light-cone gauge has eliminated the oscillator modes of X + . It is 
possible to determine the oscillator modes of X~, as well, by solving the 
Virasoro constraints (V± X') 2 = 0. In the light-cone gauge these constraints 
become 

X~ ±X~' = — pTiX*') 2 - (2.132) 

2,p + l s 

This pair of equations can be used to solve for X~ in terms of X 1 . In terms 
of the mode expansion for X~ , which for an open string is 

X~ = x~ + lgP~r + il s ^2 ~ a n e ~ inT cos na, (2.133) 

the solution is 

l f 1 D ~ 2+o° \ 

OL n i ^ ^ ''y ^ ^ y • ^n—mP^m • ^n , 0 J ■ (2.134) 

Therefore, in the light-cone gauge it is possible to eliminate both X + and 
X~ (except for their zero modes) and express the theory in terms of the 
transverse oscillators. Thus a critical string only has transverse excitations, 
just as a massless particle only has transverse polarization states. The con- 
venient feature of the light-cone gauge in Eq. (2.130) is that it turns the 
Virasoro constraints into linear equations for the modes of X~ . 
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Mass-shell condition 



In the light-cone gauge the open-string mass-shell condition is 

D—2 

M 2 = -P/i'P 11 = 2 p + p~ - Pi = 2 ( N ~ a )/ l h (2.135) 

i= 1 

where 

D—2 oo 

N = (2-136) 

i = 1 n = 1 



Let us now construct the physical spectrum of the bosonic string in the 
light-cone gauge. 

In the light-cone gauge all the excitations are generated by acting with the 
transverse modes a l n . The first excited state, given by oLi|0 ;p), belongs to 
a (D — 2)-component vector representation of the rotation group SO(D — 2) 
in the transverse space. As a general rule, Lorentz invariance implies that 
physical states form representations of SO(D — 1) for massive states and 
SO(D — 2) for massless states. Therefore, the bosonic string theory in the 
light-cone gauge can only be Lorentz invariant if the vector state a!_i|0 ;p) 
is massless. This immediately implies that a = 1. 

Having fixed the value of a, the next goal is to determine the space- 
time dimension D. A heuristic approach is to compute the normal-ordering 
constant appearing in the definition of Lq directly. This constant can be 
determined from 

D—2 +oo 1 D—2 +oo 1 oo 

= +2<0-2)^n. (2.137) 

i=L n=—o o i = 1 n=—oo n=l 



The second sum on the right-hand side is divergent and needs to be reg- 
ularized. This can be achieved using ((-function regularization. First, one 
considers the general sum 

OO 

C(s) = ;>>-*, (2.138) 

n= 1 

which is defined for any complex number s. For Re(s) > 1, this sum con- 
verges to the Riemann zeta function C( s )- This zeta function has a unique 
analytic continuation to s = —1, where it takes the value £(— 1) = —1/12. 
Therefore, after inserting the value of £(— 1) in Eq. (2.137), the result for 
the additional term is 

OO 

2 < d - 2 >£ 

n= 1 



24 



(2.139) 
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Using the earlier result that the normal-ordering constant a should be equal 
to 1, one gets the condition 

D - 2 , 

~U~ = 1, (2-140) 

which implies D = 26. Though it is not very rigorous, this is the quickest 
way to determined the values of a and D. The earlier analysis of the no- 
negative-norm states theorem also singled out D = 26. Another approach 
is to verify that the Lorentz generators satisfy the Lorentz algebra, which is 
not manifest in the light-cone gauge. The nontrivial requirement is 

[J*-,jl-]= 0. (2.141) 

Once the a~ oscillators are eliminated, becomes cubic in transverse 
oscillators. The algebra is rather complicated, but the bottom line is that 
the commutator only vanishes for a = 1 and D = 26. Other derivations of 
the critical dimension are presented in the next chapter. 



Analysis of the spectrum 

Having determined the preferred values a = 1 and D = 26, one can now 
determine the spectrum of the bosonic string. 

The open string 

At the first few mass levels the physical states of the open string are as 
follows: 

• For N = 0 there is a tachyon |0; k), whose mass is given by of M 2 = — 1. 

• For N = 1 there is a vector boson a!_i|0 ;k). As was explained in the 
previous section, Lorentz invariance requires that it is massless. This 
state gives a vector representation of 50(24). 

• N = 2 gives the first states with positive (mass) 2 . They are 

a(_ 2 |0;fc) and a/_ 1 a/_ 1 |0; k), (2.142) 

with ofM 2 = 1. These have 24 and 24 • 25/2 states, respectively. The 
total number of states is 324, which is the dimensionality of the symmetric 
traceless second-rank tensor representation of 50(25), since 25-26/2 — 1 = 
324. So, in this sense, the spectrum consists of a single massive spin-two 
state at this mass level. 

All of these states have a positive norm, since they are built entirely from 
the transverse modes, which describe a positive-definite Hilbert space. In 
the light-cone gauge the fact that the negative-norm states have decoupled 
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is made manifest. All of the massive representations can be rearranged in 
complete 50(25) multiplets, as was just demonstrated for the first massive 
level. Lorentz invariance of the spectrum is guaranteed, because the Lorentz 
algebra is realized on the Hilbert space of transverse oscillators. 

The number of states 

The total number of physical states of a given mass is easily computed. For 
example, in the case of open strings, it follows from Eqs (2.135) and (2.136) 
with a = 1 that the number of physical states d n whose mass is given by 
a'M 2 = n — 1 is the coefficient of w n in the power-series expansion of 

oo 24 oo 

tr w N = = J](l - w n )~ 24 . (2.143) 

71 = 1 2=1 71=1 

This number can be written in the form 

1 C tr 111^ 

(2 - i44) 

The number of physical states d n can be estimated for large n by a saddle- 
point evaluation. Since the saddle point occurs close to w = 1, one can use 
the approximation 

trw N = tt (1 — w n )~ 24 ~ exp ( Y~w ) ’ (2-145) 

n= 1 ' ' 

This is an approximation to the modular transformation formula 

r](— 1/t) = (— zr) 1 / 2 ?/(r) (2.146) 

for the Dedekind eta function 

OO 

r/(r) = e^ T/12 (i - e 2ninr ) , (2.147) 

71=1 

as one sees by setting w = e 2mr . Then one finds that, for large n, 

d n ~ const, ro -27 / 4 exp(47 Ty/n). (2.148) 

The exponential factor can be rewritten in the form exp(M/Mo) with 

M 0 = (4? (2.149) 

The quantity Mo is called the Hagedorn temperature. Depending on de- 
tails that go beyond present considerations, it is either a maximum possible 
temperature or else the temperature of a phase transition. 
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The closed string 

For the case of the closed string, there are two sets of modes (left-movers and 
right-movers), and the level-matching condition must be taken into account. 
The spectrum is easily deduced from that of the open string, since closed- 
string states are tensor products of left-movers and right-movers, each of 
which has the same structure as open-string states. The mass of states in 
the closed-string spectrum is given by 

a'M 2 = 4(N - 1) = 4(N - 1). (2.150) 

The physical states of the closed string at the first two mass levels are as 
follows: 

• The ground state 1 0; k) is again a tachyon, this time with 

a'M 2 = -4. (2.151) 

• For the N = 1 level there is a set of 24 2 = 576 states of the form 

\n ij ) =a i L 1 a i _ 1 \0-k), (2.152) 

corresponding to the tensor product of two massless vectors, one left- 
moving and one right- moving. The part of that is symmetric and 
traceless in i and j transforms under SO (24) as a massless spin- two par- 
ticle, the graviton. The trace term djj is a massless scalar, which is 
called the dilaton. The antisymmetric part — |fW) transforms un- 
der 50(24) as an antisymmetric second-rank tensor. Each of these three 
massless states has a counterpart in superstring theories, where they play 
fundamental roles that are discussed in later chapters. 



Homework Problems 



Problem 2.1 

Consider the following classical trajectory of an open string 

X° = Bt, 

X 1 = B cos(r) cos(cr), 

X 2 = B sin(r) cos(er), 

X 1 = 0, i > 2, 

and assume the conformal gauge condition. 
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(i) Show that this configuration describes a solution to the equations of 
motion for the field X ^ corresponding to an open string with Neu- 
mann boundary conditions. Show that the ends of this string are 
moving with the speed of light. 

(ii) Compute the energy E = P° and angular momentum J of the string. 
Use your result to show that 

E 2 1 

— = 2? rT = — . 



\J I 



a 



(iii) Show that the constraint equation T a p = 0 can be written as 
(' d T X f + {dvX) 2 = 0, drXi'r^X,, = 0, 
and that this constraint is satisfied by the above solution. 



Problem 2.2 

Consider the following classical trajectory of an open string 

X° = 3At, 

X 1 = A cos(3r) cos(3a), 

X 2 = A sin(ar) cos(ba), 

and assume the conformal gauge. 

(i) Determine the values of a and b so that the above equations describe 
an open string that solves the constraint T a n = 0. Express the solu- 
tion in the form 

X» = X£(a-) + X»(a + ). 

Determine the boundary conditions satisfied by this field configura- 
tion. 

(ii) Plot the solution in the {X 1 , X 2 )-plane as a function of r in steps of 
71-/12. 

(iii) Compute the center-of-mass momentum and angular momentum and 
show that they are conserved. What do you obtain for the relation 
between the energy and angular momentum of this string? Comment 
on your result. 



Problem 2.3 

Compute the mode expansion of an open string with Neumann boundary 
conditions for the coordinates X °, . . . , X 24 , while the remaining coordinate 
X 25 satisfies the following boundary conditions: 
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(i) Dirichlet boundary conditions at both ends 

X 25 {0, t) = X 0 25 and X 25 (vr, r) = Xf . 

What is the interpretation of such a solution? Compute the conjugate 
momentum P 25 . Is this momentum conserved? 

(ii) Dirichlet boundary conditions on one end and Neumann boundary 
conditions at the other end 

X 25 (0, r) = X'f and d a X 25 (ir, r) = 0. 

What is the interpretation of this solution? 

Problem 2.4 

Consider the bosonic string in light-cone gauge. 

(i) Find the mass squared of the following on-shell open-string states: 

|0i) = cd_i|0; k), |0 2 ) = cd_icp_i|0; k), 

1 03) = «- 3 l°; k )> 104) = a l _ 1 a j _ l a^ 2 10; k). 

(ii) Find the mass squared of the following on-shell closed-string states: 

|0i) = a!_idi 1 |0; k), |0 2 ) = (X_ x a 2 _ x a k _ 2 10; k). 

(iii) What can you say about the following closed-string state? 

|03) = «-iai 2 |0; k) 



Problem 2.5 

Use the mode expansion of an open string with Neumann boundary condi- 
tions in Eq. (2.62) and the commutation relations for the modes in Eq. (2.54) 
to check explicitly the equal-time commutators 

[X^a,T),X^a',T)} = [P»{o,T),P v {a',T)] = 0, 



while 

[X^a,T),P^a',T)}=i V ^6(a-a'). 

Hint: The representation S(cr — a') = y YlneZ cos(ncr) cos(na') might be 
useful. 
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Problem 2.6 

Exercise 2.10 showed that the Lorentz generators of the open-string world 
sheet are given by 

OO 

J' W = ~ X V - * E - («-n«n - ■ 

n= 1 

Use the canonical commutation relations to verify the Poincare algebra 

[zAp"] = o, 

[jp, J^] = —irf v, p a + iif La p y , 

[J^, J aX ] = -iif a J^ x + iif a J vX + i7f A - irf x J vc . 

Problem 2.7 

Exercise 2.10 derived the angular- momentum generators J^ v for an open 
bosonic string. Derive them for a closed bosonic string. 

Problem 2.8 

The open-string angular momentum generators in Exercise 2.10 are appro- 
priate for covariant quantization. What are the formulas in the case of 
light-cone gauge quantization. 

Problem 2.9 

Show that the Lorentz generators commute with all Virasoro generators, 

[Lm, jn = 0. 

Explain why this implies that the physical-state condition is invariant un- 
der Lorentz transformations, and states of the string spectrum appear in 
complete Lorentz multiplets. 

Problem 2.10 

Consider an on-shell open-string state of the form 

\4>) = (Aa_i • a_ 1 + Bao ■ a _ 2 + C(ao ■ «-i) 2 ) |0; k), 

where A, B and C are constants. Determine the conditions on the coeffi- 
cients A, B and C so that \(j>) satisfies the physical-state conditions for a = 1 
and arbitrary D. Compute the norm of \(j)}. What conclusions can you draw 
from the result? 
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Problem 2.11 

The open-string states at the N = 2 level were shown in Section 2.5 to form 
a certain representation of 50(25). What does this result imply for the 
spectrum of the closed bosonic string at the N l = Nr = 2 level? 

Problem 2.12 

Construct the spectrum of open and closed strings in light-cone gauge for 
level N = 3. How many states are there in each case? Without actually 
doing it (unless you want to), describe a strategy for assembling these states 
into irreducible 50(25) multiplets. 

Problem 2.13 

We expect the central extension of the Virasoro algebra to be of the form 
[A m , Ln\ — (m u)Z/ m _j_ n + A(rn)S m ^- nt Q, 
because normal-ordering ambiguities only arise for m + n = 0. 

(i) Show that if A{ 1) / 0 it is possible to change the definition of Lo> by 
adding a constant, so that A( 1) = 0. 

(ii) For A{ 1) = 0 show that the generators Lq and L± i form a closed 
subalgebra. 

Problem 2.14 

Derive an equation for the coefficients A(m) defined in the previous problem 
that follows from the Jacobi identity 

[[-fmi A n ], Lp\ + [[Tp, T m ], L n ] + [[T n , Lp\, T m ] — 0. 

Assuming A{ 1) = 0, prove that A(m) = (m 3 — m)A{ 2) / 6 is the unique 
solution, and hence that the central charge is c = 2A(2). 

Problem 2.15 

Verify that the Virasoro generators in Eq. (2.91) satisfy the Virasoro algebra. 
It is difficult to verify the central-charge term directly from the commutator. 
Therefore, a good strategy is to verify that A( 1) and A( 2) have the correct 
values. These can be determined by computing the ground-state matrix 
element of Eq. (2.93) for the cases m = —n = 1 and m = —n = 2. 
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Conformal field theory and string 
interactions 



The previous chapter described the free bosonic string in Minkowski space- 
time. It was argued that consistency requires the dimension of space-time 
to be D = 26 (25 space and one time). Even then, there is a tachyon 
problem. When interactions are included, this theory might not have a stable 
vacuum. The justification for studying the bosonic string theory, despite 
its deficiencies, is that it is a good warm-up exercise before tackling more 
interesting theories that do have stable vacua. This chapter continues the 
study of the bosonic string theory, covering a lot of ground rather concisely. 

One important issue concerns the possibilities for introducing more gen- 
eral backgrounds than flat 26-dimensional Minkowski space-time. Another 
concerns the development of techniques for describing interactions and com- 
puting scattering amplitudes in perturbation theory. We also discuss a 
quantum held theory of strings. In this approach held operators create 
and destroy entire strings. All of these topics exploit the conformal symme- 
try of the world-sheet theory, using the techniques of conformal held theory 
(CFT). Therefore, this chapter begins with an overview of that subject. 



3.1 Conformal field theory 

Until now it has been assumed that the string world sheet has a Lorentzian 
signature metric, since this choice is appropriate for a physically evolving 
string. However, it is extremely convenient to make a Wick rotation r — > 
—it, so as to obtain a world sheet with Euclidean signature, and thereby 
make the world-sheet metric h a p positive definite. Having done this, one 
can introduce complex coordinates (in local patches) 

z = e 2(r-ia) and z = e 2(r +ia) ( 3 .i) 
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and regard the world sheet as a Riemann surface. The factors of two in 
the exponents reflect the earlier convention of choosing the periodicity of 
the closed-string parametrization to be a — > a + n. Replacing a by — a 
in these formulas would interchange the identifications of left-movers and 
right-movers. Note that if the world sheet is the complex plane, Euclidean 
time corresponds to radial distance, with the origin representing the infinite 
past and the circle at infinity the infinite future. The residual symmetries 
in the conformal gauge, r ± a — > /±(r ± a), described in Chapter 2, now 
become conformal mappings z — > f(z) and z — > f(z). For example, the 
complex plane (minus the origin) is equivalent to an infinitely long cylinder, 
as shown in Fig. 3.1. Thus, we are led to consider conformally invariant 
two-dimensional field theories. 




Fig. 3.1. Conformal mapping of an infinitely long cylinder onto a plane. 



The conformal group in D dimensions 
The main topic of this section is the conformal symmetry of two-dimensional 
world-sheet theories. However, conformal symmetry in other dimensions also 
plays an important role in recent string theory research (discussed in Chap- 
ter 12). Therefore, before specializing to two dimensions, let us consider the 
conformal group in D dimensions. 

A H-dimensional manifold is called conformally flat if the invariant line 
element can be written in the form 

ds 2 = e^ x) dx ■ dx. (3.2) 

The dot product represents contraction with the Lorentz metric in the 
case of a Lorentzian-signature pseudo- Riemannian manifold or with the Kro- 
necker metric 5 ll:l/ in the case of a Euclidean-signature Riemannian manifold. 
The function uj{x) in the conformal factor is allowed to be x-dependent. 
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The conformal group is the subgroup of the group of general coordinate 
transformations (or diffeomorphisnrs) that preserves the conformal flatness 
of the metric. The important geometric property of conformal transforma- 
tions is that they preserve angles while distorting lengths. 

Part of the conformal group is obvious. Namely, it contains translations 
and rotations. By “rotations” we include Lorentz transformations (in the 
case of Lorentzian signature). Another conformal group transformation is 
a scale transformation x M — > where A is a constant. One can either 

regard this as changing to, or else it can be viewed as a symmetry, if one 
also transforms oj appropriately at the same time. 

Another class of conformal group transformations, called special conformal 
transformations, is less obvious. However, there is a simple way of deriving 
them. This hinges on noting that the conformal group includes an inversion 
element 

x**-^. (3.3) 



This maps 



dx ■ dx 



dx ■ dx 



(3.4) 



so that the metric remains conformally flat. 1 The trick then is to consider 
a sequence of transformations: inversion - translation - inversion. In other 
words, one conjugates a translation (x^ — > x^ + b^) by an inversion. This 
gives 



x u _|_ JyU X 2 
1 + 2 b ■ x + b 2 x 2 ’ 



(3.5) 



Taking b M to be infinitesimal, we get 



6x' J = 6 M x 2 - 2a +6 • x. 



(3.6) 



Summarizing the results given above, the following infinitesimal transfor- 
mations are conformal: 



dx M + u/^x" + Ax M + b^x 2 — 2x fl (b • x). (3.7) 

The parameters a 11 , tt+„, A and 6^ are infinitesimal constants. After lowering 
an index with rj IJU or 5^ w , as appropriate, the parameters of infinitesimal 

1 Strictly speaking, in the case of Euclidean signature this requires regarding the point at infinity 

to be part of the manifold, a procedure known as conformal compactification. In the case of 
Lorentzian signature, a Wick rotation to Euclidean signature should be made first for the 
inversion to make sense. 
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rotations are required to satisfy w /tl , = —L 0 UfJj . Altogether there are 

D+^D(D-l) + l + D = ^(D + 2)(D + l) (3.8) 

linearly independent infinitesimal conformal transformations, so this is the 
number of generators of the conformal group. 

The number of conformal-group generators in D dimensions is the same 
as for the group of rotations in D + 2 dimensions. In fact, by commuting 
the infinitesimal conformal transformations one can derive the Lie algebra, 
and it turns out to be a noncompact form of SO(D + 2). In the case of 
Lorentzian signature, the Lie algebra is SO(D,2 ), while if the manifold is 
Euclidean it is SO(D + 1, 1). 

When D > 2 the algebras discussed above generate the entire conformal 
group, except that an inversion is not infinitesimally generated. Because of 
the inversion element, the groups have two disconnected components. When 
D = 2, the 50(2,2) or 50(3, 1) algebra is a subalgebra of a much larger 
algebra. 



The conformal group in two dimensions 

As has already been remarked, conformal transformations in two dimensions 
consist of analytic coordinate transformations 

z—*f(z) and z—*f(z). (3.9) 

These are angle-preserving transformations wherever / and its inverse func- 
tion are holomorphic, that is, / is biholomorphic. 

To exhibit the generators, consider infinitesimal conformal transforma- 
tions of the form 

z — > z = z — £ n z n+1 and z — > z! = z — e n z n+1 , n € 7L. (3.10) 

The corresponding infinitesimal generators are 2 

i n = —z n+1 d and i n = — z n+1 <9, (3.11) 

where d = d/dz and 8 = 8/dz. These generators satisfy the classical 
Virasoro algebras 

[fm , ^n] = (nr n)£ m +n and [I'm • Li] = {m n)t m - i-n, (3.12) 

while \l m ,£n\ = 0. In the quantum case the Virasoro algebra can acquire 

2 For n < — 1 these are defined on the punctured plane, which has the origin removed. Similarly, 
for n > 1, the point at infinity is removed. Note that £—i, £q and i\ are special in that they 
are defined globally on the Riemann sphere. 
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a central extension , or conformal anomaly , with central charge c, in which 
case it takes the form 

[L m , L n \ = (to - n)L m+n + ^m(m 2 - 1 )S m+n>0 . (3.13) 

In a two-dimensional conformal field theory the Virasoro operators are the 
modes of the energy-momentum tensor, which therefore is the operator that 
generates conformal transformations. The term “central extension” means 
that the constant term can be understood to multiply the unit operator, 
which is adjoined to the Lie algebra. The expression “conformal anomaly” 
refers to the fact that in certain settings the central charge can be interpreted 
as signalling a quantum mechanical breaking of the classical conformal sym- 
metry. 

The conformal group is infinite-dimensional in two dimensions. However, 
as was pointed out in Chapter 2, it contains a finite-dimensional subgroup 
generated by £o,±i and £o,±i- This remains true in the quantum case. In- 
finitesimally, the transformations are 



£-i : z — z — £, 

£o : £ — > z — ez, (3-14) 

l\ : z — > z — ez 2 . 



The interpretation of the corresponding transformations is that £-\ and 
£-i generate translations, ( £q + £q) generates scalings, i {£ o — £q ) generates 
rotations and £\ and £\ generate special conformal transformations. 

The finite form of the group transformations is 



az + b 

z — y with 

cz + a 



a, b, c, d £ <D, 



ad — be = 1. 



(3.15) 



This is the group SL( 2, C )/^2 = 50(3, l). 3 The division by accounts for 
the freedom to replace the parameters a, b , c, d by their negatives, leaving 
the transformations unchanged. This is the two-dimensional case of SO(D + 
1,1), which is the conformal group for D > 2 Euclidean dimensions. In the 
Lorentzian case it is replaced by 50(2,2) = 5L(2,R) x 5L(2,R), where 
one factor pertains to left-movers and the other to right-movers. This finite- 
dimensional subgroup of the two-dimensional conformal group is called the 
restricted conformal group. 

The previous chapter described the construction of the world-sheet energy- 
momentum tensor T a p. It was shown to satisfy T ) = T |_ = 0 as a con- 

sequence of Weyl symmetry. Since the world-sheet theory has translation 



3 By 50(3, 1) we really mean the connected component of the group. There is a similar qualifi- 
cation, as well as implicit division by Z 2 factors, in the Lorentzian case that follows. 
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symmetry, this tensor is also conserved 

d a T aP = 0. (3.16) 

After Wick rotation the light-cone indices ± are replaced by (z,z). So the 
nonvanishing components are T zz and T zz , and the conservation conditions 
are 

dT zz = 0 and BT ZZ = 0. (3-17) 

Thus one is holomorphic and the other is antiholomorphic 

T zz = T(z ) and T zz = T(z). (3.18) 



The Virasoro generators are the modes of the energy-momentum tensor. 

In the current notation, for l s = \/2a' = 1, the right-moving part of the 
coordinate AT given in Chapter 2 becomes 



^ XMz) = 



2 X 4 



-vf L In z + - Y — 

l 1 2 Z—d r, 



2 Z ' n 

n^O 



~ a n z " 



and similarly 



^l(tt) 



K(z) 



1 



Vlnz+ j y 



-aT — -%)' m z i — 7 - 
2 A 1 2 Z-—d r 

n=£ n 



1 



/7=0 



(3.19) 



(3.20) 



The holomorphic derivatives take the simple form 

oo 

dX^z,z) = - 1 - y atfz-^- 1 (3.21) 

n = — oo 

and 

OO 

6x»(z,z) = Y, 5JJ-”- 1 . (3.22) 

n =— oo 



Out of this one can compute the holomorphic component of the energy- 
momentum tensor 

+0O J 

T x (z) = - 2:dXdX:= £ (3.23) 

n =— oo 

Similarly, 

+ OO Y 

Tx(z) — —2 : dX - dX : — £ (3.24) 

Ti— — OO 

The subscript X has been introduced here to emphasize that these energy- 
momentum tensors are constructed out of the AT coordinates. 
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Since the two-dimensional conformal algebra is infinite-dimensional, there 
is an infinite number of conserved charges, which are essentially the Virasoro 
generators. For the infinitesimal conformal transformation 

Sz = e(z) and 5z = e(z), (3.25) 



the associated conserved charge that generates this transformation is 



Q — Qe + Qs 



1 

2iri 



T(z)s(z)dz + T(z)e(z)dz . 



(3.26) 



The integral is performed over a circle of fixed radius. The variation of a 
field $( 2 , z) under a conformal transformation is then given by 



z) = [Q £ , $(z, z)] and fc<f>(z, z) = [Q £ , $(z, z)] . (3.27) 



Conformal fields and operator product expansions 

The fields of a conformal Held theory are characterized by their conformal 
dimensions, which specify how they transform under scale transformations. 
<f> is called a conformal field (also sometimes called a primary field) of con- 
formal dimension (h, h) if 

/ dw\ h ( dw\ h ', /on 

under finite conformal transformations z — > w(z). In other words, the (h, h) 
differential 

$>(z,z)(dz) h (dz)~ h (3.29) 

is invariant under conformal transformations. 

Equations (3.26) and (3.27) give 

5 e <I>(u!, w) = <p dz£(z)[T(z),$(w,w)]. (3.30) 

2m J 

This expression is somewhat formal, since we still have to specify the inte- 
gration contour. The operator products T(z)$(w,w) and $(w,w)T(z) only 
have convergent series expansions for radially ordered operators. This means 
that the integral § dz e(z)T(z)$>(w,w) should be evaluated along a contour 
with \z\ > | vj | . This is the first contour displayed in Fig. 3.2. Similarly, 
f dz s(z)<fr(w, w)T(z) should be evaluated along a contour with \z\ < |u>|. 



4 The point is that matrix elements of these products have convergent mode expansions when 
these inequalities are satisfied. The results can then be analytically continued to other regions. 
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This is the second contour in Fig. 3.2. The difference of these two expres- 
sions, which gives the commutator, corresponds to a z contour that encircles 
the point w. 




Fig. 3.2. Integration contour for the 3 integral in Eq. (3.30). Since the integrand is 
radially ordered, the z integral is performed on a small path encircling w. 



Evaluation of this contour integral only requires knowing the singular 
terms in the operator product expansion (OPE) for z — > w. If the singu- 
larities are poles, all is well. The general idea is that a product of local 
operators in a quantum field theory defined at nearby locations (compared 
to any other operators) can be expanded in a series of local operators at 
one of their positions (or any other nearby position). In doing this, it is 
customary to write the terms that are most singular first, the next most 
singular second, and so forth. For our purposes, the terms that diverge as 
z — > w are all that are required, and the rest of the terms are represented 
by dots. Sometimes the term that is finite in the limit is also of interest. 

Equation (3.28) describes the transformation behavior of &(w,w) under 
conformal transformations. Infinitesimally, it becomes 

5 e $(w,w) = hde(w)$(w, w) + e(w)d&(w, w), (3.31) 



<5g4>( w, w) = h de(w)$(w, w) + e(w)d$(w, w). (3.32) 

Requiring that the charge Q induce these transformations determines the 
short-distance singularities in the OPE of T and T with $ 



T(z)$(w, w) = 



h 

(z — w ) 2 



$(w, w) + 



z — w 



-d$(w, w) + 



(3.33) 



T(z)$(w,w) = 2 $(w,w) + _ d$>(w,w) + 



(z — w) 2 



z — w 



(3.34) 
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The dots represent nonsingular terms. These short-distance expansions de- 
termine the quantum energy-momentum tensor. 

A free scalar field, such as AT(z), is a conformal field with h = 0. However, 
its OPE with itself is not meromorphic 

X^z)X u {w) = - ^rT H* -«>) + ... (3.35) 

The field dX IJ (z). which is a conformal field of dimension (1,0), has mero- 
morphic OPEs with itself as well as with X u (w). 

Recall that dX is the conformal field that enters in the energy-momentum 
tensor, where it gives a contribution —2 : dX ■ dX :. The dots were defined 
in Chapter 2 to mean normal-ordering of the oscillators. An equivalent, but 
more elegant, viewpoint is that the dots represent removing the singular 
part as follows: 



:dX»{z)dX v {z)\= lim (d z X»{z)d w X v {w) + ^ . (3.36) 

w^z \ 4 (z — W) z J 

These dots are sometimes omitted when the meaning is clear. Each such 
scalar field gives a contribution of 1 to the conformal anomaly c. So in D 
dimensions the AT coordinates give c = c = D. 

The OPE of the energy-momentum tensor with itself is 

T{z)T(w) = C//2 4 + 7 — 2 —^T(w) + — ' — dT(iu) + ... (3.37) 

(z — wp (z — wp z — w 



Note that the energy-momentum tensor is not a conformal field unless c = 0. 
In that case T(z) has dimension (2,0) and T(z) has dimension (0,2). Using 
the OPE in Eq. (3.37), it is possible to derive how the energy-momentum 
tensor transforms under a finite conformal transformation z — » w(z). The 
result is 

(dw) 2 T'(w) = T(z) - y^S(w, z), (3.38) 



where 



S(w, z) 



2(dw)(d 3 w) — 3(d 2 w) 2 
2 (dw) 2 



(3.39) 



is called the Schwarzian derivative. T'(w ) denotes the transformed energy- 
momentum tensor. 

Another important example of a conformal field is a free ferrni field ^( z ), 
which has h = (1/2, 0) and the OPE 



1 



ip(z)il>(w) 



z — w 



(3.40) 
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Such fields play an important role in the next chapter. A free fermi field has 

T{z) = ~ : if{z)dif{z) : (3.41) 

which leads to c = 1/2. 

The fact that a pair of fermi fields gives c = 1 is significant. When a free 
scalar field takes values on a circle of suitable radius, there is an equivalent 
theory in which the scalar field is replaced by a pair of fermi fields. The 
replacement of a boson by a pair of fermions is called fermionization, and 
its (more common) inverse is called bosonization. It is not our purpose to 
explore this in detail here, just to point out that the central charges match 
up. In fact, in the simplest case the formulas take the form 5 

= : exp (±*</>) : . (3.42) 

Here 4> is a boson normalized in the usual way, so that the normal-ordered 
operator has dimension 1/2. Clearly, for this expression to be single- valued, 
<f> should have period 27r. 

Given a holomorphic primary field $( 2 :) of dimension h, one can associate 
a state |<h) that satisfies 

Lo|$) = h\&) and L n |$) = 0, n > 0. (3.43) 

Such a state is called a highest-weight state. This state-operator correspon- 
dence is another very useful concept in conformal field theory. The relevant 
definition is 

|$) = lim$(z)|0), (3.44) 

z^O 

where |0) denotes the conformal vacuum. Recall that z = 0 corresponds to 
the infinite past in Euclidean time. Writing a mode expansion 

OO -*■ 

*(*) = £ J'hi ( 3 - 45 ) 

n =— 00 

the way this works is that 

<3? n |0) = 0 for n > —h and |0) = |<h). (3.46) 

A highest-weight state |4>), taken together with the infinite collection of 
states of the form 

L_ ni L_ n2 ...L- n J$), (3.47) 

5 Strictly speaking, the right-hand side of this equation should contain another factor called a 
cocycle. However, this can often be ignored. 
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which are known as the descendant states, gives a representation of the 
(holomorphic) Virasoro algebra known as a Verma modide. 

Highest-weight states appeared in Chapter 2, where we learned that the 
physical open-string states of the bosonic string theory satisfy 

(Lo — 1)|0) = 0 (3.48) 

and 

L n \<f>) = 0 with n > 0. (3.49) 

Therefore, physical open-string states of the bosonic string theory corre- 
spond to highest-weight states with h = 1. This construction has a straight- 
forward generalization to primary fields 4>(z, z) of dimension (h, h). In this 
case one has 

(L 0 -h)\^) = (L 0 -h)\$) = 0 (3.50) 

and 

L n |4>) = L n |4>) = 0 with n > 0. (3.51) 

Therefore, physical closed-string states of the bosonic string theory corre- 
spond to highest-weight states with h = h = 1. 



Kac Moody algebras 

Particularly interesting examples of conformal fields are the two-dimensional 
currents J A (z,z), A = 1,2, ... , dim G, associated with a compact Lie group 
symmetry G in a conformal field theory. Current conservation implies that 
there is a holomorphic component J A (z) and an antiholomorphic component 
J A [z ), just as was shown for T earlier. Let us consider the holomorphic 
current J A (z) only. The zero modes J A are the generators of the Lie algebra 
of G with 

[4,^]=tf AB c4 : - (3.52) 

The algebra of the currents J A (z ) is an infinite-dimensional extension of this, 
known as an affine Lie algebra or a Kac-Moody algebra G. These currents 
have conformal dimension h = 1 , and therefore the mode expansion is 

oc T 4 

jA ( z )= ~L+i A = 1 > 2 ,-", dim G. (3.53) 



The Kac-Moody algebra is given by the OPE 

kd AB if AB c J C {w) 



J A (z)J B (w) 



2 (z — w) 2 



+ 



z — w 



(3.54) 
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or the equivalent commutation relations 

\^mi J n \ = \ kmS AB 8 m+nfi + if AB cJm+n ■ (3-55) 

The parameter k in the Kac-Moody algebra, called the level , is analogous 
to the parameter c in the Virasoro algebra. For a 17(1) Kac-Moody alge- 
bra, 17(1), it can be absorbed in the normalization of the current. However, 
for a nonabelian group G, it has an absolute meaning once the normaliza- 
tion of the structure constants is specified. The energy— momentum tensor 
associated with an arbitrary Kac-Moody algebra is 



T{z) 



1 

k + he; 



dim G 



E 



J A (z)J A (z):, 



(3.56) 



where the dual Coxeter number he takes the value n+1 for A n = SU{n- F 1) , 
2n — 1 for B n = SO(2n + 1) - except that it is 2 for SO( 3), n + 1 for 
C n = Sp(2n), 2n — 2 for D n = SO(2n), 4 for G 2 , 9 for F 4 . 12 for Eq, 18 for 
Ei, and 30 for Eg. In the case of simply-laced Lie groups 6 the dual Coxeter 
number he is equal to ca, the quadratic Casimir number of the adjoint 
representation, which is defined (with our normalization conventions) by 

f BC Df B ' D c = CAd BB '. ( 3 . 57 ) 



The central charge associated with this energy-momentum tensor is 

k dim G 

c = ^ — . 

k + ha 

For example, in the case of SU(2)k, he = 2 and c = 3 k/{k + 2). 

Kac-Moody algebra representations of conformal symmetry are unitary if 
G is compact and the level k is a positive integer. These symmetry structures 
can be realized in Wess-Zumino- Witten models, which are a models having 
the group manifold as target space. 



(3.58) 



Coset-space theories 

Suppose that the Kac-Moody algebra G^ has a subalgebra Eli. The level 
l is determined by the embedding of H in G. For example, if the simple 
roots of H are a subset of the simple roots of G, then l = k. If the Kac- 
Moody algebra is a direct product of the form G^ x Gk 2 and Hi is the 
diagonal subgroup, then l = k\ + k/ 2 . Let us denote the corresponding 

6 By definition, these are the Lie groups all of whose nonzero roots have the same length. They 
are the groups that are labeled by A, D , E in the Cartan classification. 
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energy-momentum tensors by Tq(z) and Tfj(z). Now consider the difference 
of the two energy-momentum tensors 



T(z) = T G (z ) - T H (z). 



(3.59) 



The modes of T(z) are L m = — L^. The nontrivial claim is that this 

difference defines an energy-momentum tensor, and therefore it gives a rep- 
resentation of the conformal group. If this is true, it is obviously unitary, 
since it is realized on a subspace of the positive-definite representation space 
of G k . 

The key to proving that T(z) satisfies the Virasoro algebra is to show that 
it commutes with the currents that generate H\. These currents J a {z), a = 
1,2, , dim H, are a subset of the currents of G k and therefore have con- 
formal dimension h = 1 with respect to Tq- In other words, 



m , \ m, \ J a (w ) dJ a (w ) 
T G {z)j a { w ) ~ , 1 ^ + . . . 



(z — w) 2 

However, since they are also currents of Hi, 
T H (z)J a (w 



z — w 



J a (w) dJ a (w ) 

+ — + • 



(z — w) 2 z — w 
Taking the difference of these equations, 



(3.60) 



(3.61) 



T{z)J a (w) ~ 0(1), 



(3.62) 



or, in terms of modes, [L m , J“] = 0. Since Th(z ) is constructed entirely out 
of the dim if currents J a {z ), it follows that 



T(z)T H (w) ~ 0(1), (3.63) 

or, in terms of modes, 

\Lmi L n } = [L m — ^mi L-n ] = 0- (3.64) 

Using this, together with the identity 

[Lm,L n ] = [L m , L n \ — [L m ,L n ] — [L m ,L n ] — [L m ,L n ], (3.65) 

one Hnds that 

\Lrni Ln\ — (jTl ^)^-'m+n T ~~ (ffl (3.66) 

where the central charge of T(z) is 



c= CG - C H - 



( 3 . 67 ) 
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An immediate generalization of the construction above is for G to be 
semisimple, that is, of the form 

(Gu)fci x ( G 2 )k 2 x ... x ( G n )k n ■ (3.68) 



As a specific example, consider the coset model given by 

gg(2)»xgg(2), 

SU( 2) t+l 

where the diagonal embedding is understood. This defines a chiral algebra 
with central charge 



3 k , 3 1 3 (k + l) 

k + 2 + 1 + 2 k + l + 2' 



(3.70) 



Minimal models 



An interesting problem is the classification of all unitary representations of 
the conformal group. Since the group is infinite-dimensional this is rather 
nontrivial, and the complete answer is not known. A necessary requirement 
for a unitary representation is that c > 0. There is an infinite family of 
representations with c < 1, called minimal models, which have a central 
charge 



c = 1 — 



6 (p' ~ P ) 2 

/ 5 

PP' 



(3.71) 



where p and p' are coprime positive integers (with p' > p) that characterize 
the minimal model. The minimal models are only unitary if p’ = p + 1 = 
m + 3, so that 



c = 1 — 



6 

(m + 2 ){m + 3) 



m = 1, 2, . . . 



(3.72) 



The explicit construction of unitary representations with these central charges 
(due to Goddard, Kent and Olive) uses the coset-space method of the pre- 
ceding section. 

Consider the coset model 



SU{ 2) l ®SU(2) m 

SK(2) m+ i 



(3.73) 



corresponding to Eq. (3.69) with l = 1. The central charge of the associated 
energy-momentum tensor T(z) is 



c = 



1 + 



3 7B 
m + 2 



3 (m + 1) 6 

m + 3 (m + 2) (m + 3) ’ 



(3.74) 
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which is the desired result. The first nontrivial case is m = 1, which has 
c = 1/2. It has been proved that these are all of the unitary representations 
of the Virasoro algebra with c < 1. 

To understand the structure of these unitary minimal models, one should 
also determine all of their highest-weight states. Equivalently, one can iden- 
tify the primary fields that give rise to the highest-weight states by acting 
on the conformal vacuum |0). Since 1 0) , itself, is a highest-weight state, the 
identity operator I is a primary field (with h = 0). Using the known SU (2)*, 
representations, one can work out all of the primary fields of these minimal 
models. The result is a collection of conformal fields <f>pq with conformal 
dimensions h pq given by 



[(m + 3 )p — (in + 2 )q\ 2 — 1 
4 (m + 2 )(m + 3) 



1 < p < m + 1 and 1 < q < p. 



(3.75) 

Because of the symmetry (p. q) — > (m + 2 — p, m + 3 — q), an equivalent 
labeling is to allow 1 < p < m + 1, 1 < q < m + 2 and to restrict p — q to 
even values. For example, the m = 1 theory, with c = 1/2, describes the 
two-dimensional Ising model at the critical point. It has primary fields with 
dimensions h\\ = 0 (the identity operator), /121 = 1/2 (a free fermion), and 
h 22 = 1/16 (a spin field). 

Note that the minimal models have c < 1 and accumulate at c = 1. 
This limiting value c = 1 can be realized by a free boson X. There are 
actually a continuously infinite number of possibilities for c = 1 unitary 
representations, since the coordinate X can describe a circle of any radius." 



Exercises 



Exercise 3.1 

Use the oscillator expansion in Eq. (3.21) to derive the OPE: 



dX^z)dX"(w) = -\-^— + ... 

4 (z — w) z 



Solution 

Since the singular part of the OPE of the two fields dX ,l (z) and dX u (w ) 

7 Chapter 6 shows that radius R and radius a' / R are equivalent. 
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is proportional to the identity operator, it can be determined by computing 
the correlation function 

1 +oo +oo 

(dX“(z)dX-(w)) = - - Y. E (OKoSIO)^”- 1 ™-"- 1 . 

m=—oo n =— oo 



Since the positive modes and the zero mode annihilate the vacuum on the 
right and the negative modes and the zero mode annihilate the vacuum on 
the left, this yields 



+0O 

- 4 £ (0\a^_ n \0)z- m - 

m,n= 1 



rf v 



+oo 
m,n= 1 



1 r]^ v 
4 (z — w) 2 ' 



Note that convergence requires |w;| < | z 



□ 



Exercise 3.2 

Derive the Virasoro algebra from Eq. (3.37), that is, from the OPE of the 
energy-momentum tensor with itself. 



Solution 



The modes of the energy-momentum tensor are defined by 



T(z) 



+oo j 

E -^n 
^71+ 2 

n =— oo 



or L n 



dz „n + 1 
2ni 



T(z) 



where one uses Cauchy’s theorem to invert the definition of the modes. The 
modes then satisfy 



[P'm, 



dz m + 1 

2iri 



T(z) 




dw 

w 

2m 



n+1 



TH 



One has to be a bit careful when defining the commutator of the above 
contour integrals. Let us do the z integral first while holding w fixed. When 
doing the z integral we assume that the integrand is radially ordered. As 
a result, the commutator is computed by considering the z integral along a 
small path encircling w (contour C in Fig. 3.2). Using Eq. (3.37), this gives 



/ 



dw 

w 

2m 



?i+i 




dz m + 1 

2m 



c/2 



+ 



\_{z — w) 4 (z — w) 2 



>T(w) + 



z — w 



-dT(w) + . . . 
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dw 
2i ri 



[ C . o 

— ( m 6 

L 12 v 



m)w m+n - 1 + 2 (m + l ) w n+m+1 T(w) + w m+n+2 dT(w) . 



Performing the integral over w on a path encircling the origin, yields the 
Virasoro algebra 



[L m , L n \ = ( m - n)L m+n + — (m 3 - m)5 m+nfi . 



□ 



Exercise 3.3 

Verify that the expressions (3.38) and (3.39) for the transformation of the 
energy-momentum tensor under conformal transformations are consistent 
with Eq. (3.37) for an infinitesimal transformation w(z) = z + e(z). 

Solution 

Under the infinitesimal transformation f(z) = z+s(z), Eqs (3.38) and (3.39) 
reduce to T(z) — > T(z) + 5 e T(z) with 

S e T(z) = -2 de(z)T(z) - e(z)dT(z) - ^ d 3 e(z ). 

On the other hand, using Eq. (3.30), the change of T(w) under an infinites- 
imal conformal transformation is given by 

5 e T(w) = <j> ^ e(z)[T(z),T(w)\ = jf ^ e(z)T(z)T(w ), 

where the integration contour C is the one displayed in Fig. 3.2. Using 
Eq. (3.37), this becomes 

/ dz . . \ c/2 2 T(w) dT(wY 

r 7 V4 7 o ^ 

Jq 2m [_ \z — w) {z — w)- z — w 

= 2 de(w)T{w) + s(w)dT(w ) + -^d 3 e(w). 

But 5 e T(w ) = — 5 £ T(z ), since z ~ w — e(w). This shows that both methods 
yield the same result for d £ T(z) to first order in e. □ 

Exercise 3.4 

Show that Eqs (3.38) and (3.39) satisfy the group property by considering 
two successive conformal transformations. 
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Solution 

After two successive conformal transformations w(u(z)), one finds 

(' 9w) 2 T(w ) = T(z) - ^ S(u,z ) - ^(du) 2 S(w,u), 

where d = d/d z. In order to prove the group property, we need to verify 
that 

S(w, z ) = S(u, z ) + (■ du) 2 S(w , u). 

This can be shown by substituting 

dw ( du\ 1 dw w' 

du \dz J dz v! 

and the corresponding expressions for the higher-order derivatives 

d 2 w _ w"u' — w'u" 
du 2 (u 1 ) 3 

d 3 w w"'(u') 2 — 2>w"u"u' — w'u"'u' + 2>w'(u") 2 
du 3 (u 1 ) 5 

into S(w,u). □ 



3.2 BRST quantization 

An interesting type of conformal field theory appears in the BRST analysis 
of the path integral. 

In the Faddeev-Popov analysis of the path integral the choice of con- 
formal gauge results in a Jacobian factor that can be represented by the 
introduction of a pair of fermionic ghost fields, called b and c, with con- 
formal dimensions 2 and —1, respectively. 8 For these choices the b ghost 
transforms the same way as the energy-momentum tensor, and the c ghost 
transforms the same way as the gauge parameter. 

These ghosts are a special case of the following set-up. A pair of holo- 
nrorphic ghost fields b(z) and c(z), with conformal dimensions A and 1 — A, 
respectively, have an OPE 

c(z)b(w) = — h • • • and b(z)c(w ) = — f , (3.76) 

z — w z — w 

while c(z)c(w) and b(z)b(w) are nonsingular. The choice e = +1 is made 

8 For details about the Faddeev-Popov gauge-fixing procedure we refer the reader to volume 1 
of GSW or Polchinski. 
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when b and c satisfy fermi statistics, and the choice e = —1 is made when 
they satisfy bose statistics. The conformal dimensions A and 1— A correspond 
to a contribution to the energy-momentum tensor of the form 

Tbc(z ) = —A : b(z)dc(z) + e(A — 1) : c(z)db(z ) : . (3.77) 

This in turn implies a conformal anomaly 

c(e, A) = — 2e(6A 2 — 6A + 1). (3.78) 

For the bosonic string theory, there is a single pair of ghosts (associ- 
ated with reparametrization invariance) satisfying e = 1 and A = 2. Thus 
c gh = —26 in this case, and the conformal anomaly from all other sources 
must total +26 in order to cancel the conformal anomaly. For example, 26 
space-time coordinates AT, the choice made in the previous chapter, is a 
possibility. 

One may saturate the central-charge condition in other ways. In critical 
string theories one chooses D < 26 space-time dimensions, and then adjoins 
a unitary CFT with c = 26 — D to make up the rest of the required central 
charge. This CFT need not have a geometric interpretation. Nevertheless, it 
gives a consistent string theory (ignoring the usual problem of the tachyon). 
An alternative way of phrasing this is to say that such a construction gives 
another consistent quantum vacuum of the (unique) bosonic string theory. 
Without knowing the final definitive formulation of string theory, which is 
still lacking, it is not always clear when one has a new theory as opposed to 
a new vacuum of an old theory. 

Chapter 4 considers theories with Af = 1 superconformal symmetry. For 
such theories the choice of superconformal gauge gives an additional pair 
of bosonic ghost fields with e = — 1 and A = 3/2. Since c(— 1,3/2) = 11, 
the total ghost contribution to the conformal anomaly in this case is c gh = 
—26 + 11 = —15. This must again be balanced by other contributions. For 
example, ten-dimensional space-time with a fermionic partner ■)/+ for each 
space-time coordinate AT M gives c = 10 • (1 + 1/2) = 15. 

Let us now specialize to the bosonic string in 26 dimensions including the 
fermionic ghosts. The quantum world-sheet action of the gauge-fixed theory 
is 

*Sq = j ^2 dX^dX^ + bBc + bdcj d 2 z , (3.79) 

and the associated energy-momentum tensor is 

T(z) = T x (z) + T bc (z), (3.80) 
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where T x is given in Eq. (3.23) and 

Tbc(z) = —2 : b(z)dc(z) : + : c(z)db(z) : . (3.81) 

The quantum action has no conformal anomaly, because the OPE of T with 
itself has no central-charge term. The contribution of the ghosts cancels the 
contribution of the X coordinates. 

The quantum action in Eq. (3.79) has a BRST symmetry , which is a global 
fermionic symmetry, given by 



5X^ 


= ifcdX 




5c 


= gcdc, 


(3.82) 


5b 


= i]T. 





Most authors do not display the constant infinitesimal Grassmann param- 
eter if. One reason for doing so is to keep track of minus signs that arise 
when anticommuting fermionic expressions past one another. There is also 
a complex-conjugate set of transformations that is not displayed. 

The BRST charge that generates the transformations (3.82) is 

Qb = — ji ( cT x + : bcdc :) dz. (3.83) 

The integrand is only determined up to a total derivative, so a term pro- 
portional to d 2 c, which appears in the BRST current, can be omitted. In 
particular, this operator solves the equation 

{Q B ,b(z)} = T(z), (3.84) 

which is the quantum version of 6b = rjT(z). There is also a conjugate 
BRST charge Q b given by complex conjugation. In terms of modes, the 
BRST charge has the expansion 

OO 1 oo 

Qb — ^ ' ( L_ m bm,o)c m — ^ ) (rn n) . C— m C— n b m + n . . (3.85) 

m=— oo m,n=— oo 

Note the appearance of the combination Lq — 1, the same combination that 
gives the mass-shell condition, in the coefficient of Co- 

Another useful quantity is ghost number. One assigns ghost number +1 to 
c, ghost number — 1 to b and ghost number 0 to X 11 . This is an additive global 
symmetry of the quantum action, so there is a corresponding conserved 
ghost-number current and ghost-number charge. Thus, if one starts with 
a Fock-space state of a certain ghost number and acts on it with various 
oscillators, the ghost number of the resulting state is the initial ghost number 
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plus the number of c-oscillator excitations minus the number of 6-oscillator 
excitations. 

The BRST charge has an absolutely crucial property. It is nilpotent, which 
means that 

Qb = 0. (3.86) 

Some evidence in support of this result is the vanishing of iterated field 
variations (3.82). However, this test, while necessary, is not sufficiently 
refined to pick up terms that are beyond leading order in the a! expansion. 
Thus, it cannot distinguish between Lq and Lq — 1 or establish the necessity 
of 26 dimensions. This can be verified directly using the oscillator expansion, 
though the calculation is very tedious. A somewhat quicker method is to 
anticommute two of the integral representations using the various OPEs and 
using Cauchy’s theorem to evaluate the contributions of the poles, though 
even this is a certain amount of work. 

A complete proof of nilpotency that avoids difficult algebra goes as follows. 
Consider the identity 

{[Qb, L m ],b n } = {[L m , b n \, Qb} + [{6 n , Qb}, L m ]. (3.87) 

Using [L m , b n \ = ( m-n)b m+n , { b n , Qb} = L n -8 nfi and the Virasoro algebra, 
one finds that the right-hand side vanishes for central charge c = 0. Thus 
[Qb, L m \ cannot contain any c-ghost modes. However, it has ghost number 
(the number of c modes minus the number of 6 modes) equal to 1, so this 
implies that it must vanish. Thus c = 0 implies that Qb is conformally 
invariant. Next, consider the identity 

[Qb-. K\ = [Qbi {Qbi bn}] = [Qb,A„]. (3.88) 

If Qb is conformally invariant, the right-hand side vanishes. This implies 
that Q| has no c-ghost modes. Since it has ghost number equal to 2, this 
implies that it must vanish. Putting these facts together leads to the con- 
clusion that Qb is nilpotent if and only if c = 0. 

Recall that the oscillators that arise in the mode expansions of the AT 
coordinates give a Fock space that includes many unphysical states including 
ones of negative norm, and it is necessary to impose the Virasoro constraints 
to define the subspace of physical states. Given this fact, the reader may 
wonder why it represents progress to add even more oscillators, the modes 
of the 6 and c ghost fields. This puzzle has a very beautiful answer. 

The key is to focus on the nilpotency equation Q| = 0. It has the same 
mathematical structure as the equation satisfied by the exterior derivative 
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in differential geometry d 2 = 0. 9 In that case one considers various types 
of differential forms uj. Ones that satisfy doj = 0 are called closed, and 
ones that can be written in the form lo = dp are called exact. Nilpotency 
of d implies that every exact form is closed. If there are closed forms that 
are not exact, this encodes topological information about the manifold A4 
on which the differential forms are defined. One defines equivalence classes 
of closed forms by declaring two closed forms to be equivalent if and only 
if their difference is exact. These equivalence classes then define elements 
of the cohomology of A4. More specifically, an equivalence class of closed 
n- forms is an element of the nth cohomology group H n (M). 

The idea is now clear. Physical string states are identified as BRST co- 
homology classes. Thus, in the enlarged Fock space that includes the b and 
c oscillators in addition to the a oscillators, one requires that a physical 
on-shell string state is annihilated by the operator Q b, that is, it is BRST 
closed. Furthermore, if the difference of two BRST-closed states is BRST 
exact, so that it is given as Q b applied to some state, then the two BRST- 
closed states represent the same physical state. In the case of closed strings, 
this applies to the holomorphic and antiholomorphic sectors separately. 

Because of the ghost zero modes, 6o and Co, the ground state is doubly 
degenerate. Denoting the two states by | |) and | |), co| |) = | T) an d 
6 0 | t) = I !)• Also, co| T) = &o| I) = 0. The ghost number assigned to one 
of these two states is a matter of convention. The other is then determined. 
The most symmetrical choice is to assign the values ±1/2, which is what we 
do. This resolves the ambiguity of a constant in the ghost-number operator 




: c(z)b(z) : dz 



1 

2 



OO 

(c 0 b 0 - b 0 C 0 ) ± YXc- n b n 

n = 1 



b~ n c n ). (3.89) 



Which one of the two degenerate ground states corresponds to the physical 
ground state (the tachyon)? The fields b and c are not on a symmetrical foot- 
ing, so there is a definite answer, namely | |), as will become clear shortly. 
The definition of physical states can now be made precise: they correspond 
to BRST cohomology classes with ghost number equal to —1/2. In the case 
of open strings, this is the whole story. In the case of closed strings, this 
construction has to be carried out for the holomorphic (right-moving) and 
antiholomorphic (left-moving) sectors separately. The two sectors are then 
tensored with one another in the usual manner. 

To make contact with the results of Chapter 2, let us construct a unique 



9 This is the proper analogy for open strings. In the case of closed strings, the better analogy 
relates Q b and Qb to the holomorphic and antiholomorphic differential operators d and d of 
complex differential geometry. 
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representative of each cohomology class. A simple choice is given by the a 
oscillators and Virasoro constraints applied to the ground state | j). The way 
to achieve this is to select states \<j>) that satisfy b n \4>) = 0 for n = 0, 1, . . . 
Note that this implies, in particular, that | j) is physical and | j) is not. Then 
the Virasoro constraints and the mass-shell condition follow from Qb^) = 0 
combined with {QB,b n } = L n — <5 n .o- Note that b n \4>) = 0 implies that \<fi) 
can contain no c-oscillator excitations. Then the ghost-number requirement 
excludes 6-oscillator excitations as well. So these representatives precisely 
correspond to the physical states constructed in Chapter 2. 

It was mentioned earlier that a pair of fermion fields can be equivalent to 
a boson field on a circle of suitable radius. Let us examine this bosonization 
for the ghosts. The claim is that it is possible to introduce a scalar field 
4>(z) such that the energy-momentum tensors T| )c and T/ can be equated: 

1 

--(deft) 2 + — <9 2 (/ = c(z)db{z) — 2b(z)dc(z), (3.90) 

and similarly for the antiholomorphic fields. The coefficient of the term 
proportional to d 2 (j) is chosen so that the central charge is —26. In particular, 
for the zero mode Eq. (3.90) gives 

1 oo oo 

2^0 + ^2 (fi-n&n - 1/8 = ^2 n (b-nCn + C- n b n ). (3.91) 

n = 1 n = 1 

The —1/8 is the difference of the normal-ordering constants of the boson 
and the fermions. The <p oscillators satisfy [</ m , </ n ] = m8 m+nj o, as usual. 
Also, (f>o is identified with the ghost-number operator U, which is the zero 
mode of the relation —idcf) = cb. Note that — 1/8 = 0 for ghost number 
±1/2. More generally, U = (j ) o takes values in Z ± 1/2. The integer spacing 
determines the periodicity of <f> to be 2ir, and the half-integer offset means 
that string wave functions must be antiperiodic in their cj) dependence 

\H(</>(<t) + 27t) = — (3.92) 



Exercises 



Exercise 3.5 

Show that the integrand in Eq. (3.79) changes by a total derivative under 
the transformations (3.82). 
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Solution 

Under the global fermionic symmetry the integrand £ changes by 

SC = 2 d6X • BX + 2 BX ■ BdX + 5bBc + bBSc = + 6C 3 , 

where the index on 5C counts the number of fermionic fields. Using Eqs (3.82) 
we obtain 

5C\ = 2 r]d(cdX) ■ BX + 2i]BX ■ B(cBX) + gTxBc = 2 gB (cBX^BX^) 

and 

5C 3 = rjTbcBc — r]bB(cBc) = —r]B ( bcBc ) , 

which are total derivatives since i] is constant. The result for the complex- 
conjugate fields can be derived similarly. □ 



3.3 Background fields 

Among the background fields, three that are especially significant are as- 
sociated with massless bosonic fields in the spectrum. They are the metric 
g flu (X), the antisymmetric two- form gauge field B^ U (X) and the dilaton 
field d>(A). The metric appears as a background field in the term 

S 9 = 3T~1 f Vhh al3 g lxv {X)d a X»apX''d 2 z. (3.93) 

4tt«' J m 

In Chapter 2 only flat Minkowski space-time with (g /w = rj IJV ) was consid- 
ered, but other geometries are also of interest. 

The antisymmetric two-form gauge field B ^ appears as a background 
field in the term 10 

S B = -r^7 [ £ a0 B llv (X)B a X»BpX"d 2 z. (3.94) 

4 Tret J M 

This term is only present in theories of oriented bosonic strings. The projec- 
tion onto strings that are invariant under reversal of orientation (a procedure 
called orientifold projection) eliminates the B field from the string spectrum. 
In cases when this term is present, it can be regarded as a two- form analog 
of the coupling Sa of a one-form Maxwell field to the world line of a charged 
particle, 

Sa = Q [ A^x^dr. (3.95) 



10 The antisymmetric tensor density £ a @ has components e 01 = — £ 10 = 1 and e 00 = e 11 = 0. 
The combination /y/h transforms as a tensor. 




82 



Conformal field theory and string interactions 



So the strings of such theories are charged in this sense. This is explored 
further in later chapters. 

The dilaton appears in a term of the form 

S'* = -W Vh$(X)R { - 2 \h)d 2 z, (3.96) 

Jm 

where F6 2 \h) is the scalar curvature of the two-dimensional string world 
sheet computed from the world-sheet metric h a p. The dilaton term ST is 
one order higher than S g and S# in the a' expansion, since it is lacking the 
two explicit factors of X that appear in S g and Sb- 

The role of the dilaton 

The dilaton plays a crucial role in defining the string perturbation expansion. 
The special role of the dilaton term is most easily understood by considering 
the particular case in which is a constant. More generally, if it approaches 
a constant at infinity, it is possible to separate this constant mode from the 
rest of <f> and focus on its contribution. 

The key observation is that, when <J> is a constant, the integrand in 
Eq. (3.96) is a total derivative. This means that the value of the integral is 
determined by the global topology of the world sheet, and this term does 
not contribute to the classical field equations. The topological invariant that 
arises here is an especially famous one. Namely, 

X(M) = — [ VhR (2 \h)d 2 z (3.97) 

4vr J M 

is the Euler characteristic of M. It is related to the number of handles 
rth , the number of boundaries n b and the number of cross-caps n c of the 
Euclidean world sheet M by 

x(M) = 2 — 2rih — nb — n c . (3.98) 

The simplest example is the sphere, which has x = 2, since it has no han- 
dles, boundaries or cross-caps, x = 1 is achieved for a disk, which has one 
boundary and for a projective plane, which has one cross-cap. One can de- 
rive a projective plane from a disk by decreeing that opposite points on the 
boundary of the disk are identified as equivalent. There are four distinct 
topologies that can give x = 0. They are a torus (one handle), an annu- 
lus or cylinder (two boundaries), a Moebius strip (one boundary and one 
cross-cap), and a Klein bottle (two cross-caps). 

There are several distinct classes of string-theory perturbation expansions, 
which are distinguished by whether the fundamental strings are oriented or 
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unoriented and whether or not the theory contains open strings in addition 
to closed strings. All of these options can be considered as different versions 
of the bosonic string theory. In a string theory that contains only closed 
strings there can be no world-sheet boundaries, since these are created by 
the ends of open strings. Also, in a theory of oriented strings the world sheet 
is necessarily orientable, and this implies that there can be no cross-caps. 

In the simplest and most basic class of string theories, the fundamen- 
tal strings are closed and oriented, and there are no open strings. This 
possibility is especially important as it is the case for type II superstring 
theories and heterotic string theories in ten-dimensional Minkowski space- 
time, which are discussed in subsequent chapters. For such theories the 
only possible string world-sheet topologies are closed and oriented Riemann 
surfaces, whose topologies are uniquely characterized by the genus n h (the 
number of handles) . The genus corresponds precisely to the number of string 
loops. One can visualize this by imagining a slice through the world sheet, 
which exposes a collection of closed strings that are propagating inside the 
diagram. 

A nice feature of theories of closed oriented strings is that there is just 
one string theory Feynman diagram at each order of the perturbation ex- 
pansion, since the Euler characteristic is uniquely determined by the genus. 
The enormous number of Feynman diagrams in the field theories that ap- 
proximate these string theories at low energy corresponds to various possible 
degenerations (or singular limits) of these Riemann surfaces. Another mar- 
velous fact is that at each order of the perturbation theory (that is, for each 
genus) these amplitudes have no ultraviolet (UV) divergences. Thus these 
string theories are UV finite theories of quantum gravity. As yet, no other 
approach to quantum gravity has been found that can achieve this. 

Another important possibility is that the fundamental strings are unori- 
ented and they can be open as well as closed. This is the situation for 
type I superstring theory. The fact that the strings are unoriented is ulti- 
mately attributable to the presence of an object called an orientifold plane. 
In a similar spirit, the fact that open strings are allowed can be traced to 
the presence of objects called D-branes. D-branes are physical objects on 
which strings can end, and the presence of D-branes implies that strings 
are breakable. Thus, for example, in the type I superstring theory one has 
to include all possible world sheets that have boundaries and cross-caps as 
well as handles. Clearly this is a more complicated story than in the cases 
without boundaries and cross-caps. Moreover, the cancellation of ultravio- 
let divergences for such theories is only achieved when all diagrams of the 
same Euler characteristic are (carefully) combined. The remainder of this 
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section applies to theories that contain only oriented closed strings, so that 
the relevant Riemann surface topologies are characterized entirely by the 
genus n^. 



Effective potential and moduli fields 

The dependence of a string theory on the background values of scalar fields 
can be characterized, at least at energies that are well below the string scale 
1 /l s , by an effective potential U e ff (</>)> where f now refers to all low-mass or 
zero-mass scalar fields, and one imagines that high-mass fields have been in- 
tegrated out. String vacua correspond to local minima of this function. Such 
minima may be only metastable if tunneling to lower minima is possible. 

In a nongravitational theory, an additive constant in the definition of 
Ves would not matter. However, in a gravitational theory the value of U e ff 
at each of the minima determines the energy density in the corresponding 
vacuum. This energy density acts as a source of gravity and influences the 
geometry of the space-time. The value of V e & at a minimum determines 
the cosmological constant for that vacuum. The measured value in our 
Universe is exceedingly small, A ~ 10 -120 in Planck units. As such, it is 
completely irrelevant to particle physics. However, it plays an important 
role in cosmology. Explaining the observed vacuum energy, or dark energy, 
is a major challenge that has been a research focus in recent years. 

If the effective potential has an isolated minimum then the matrix of 
second derivatives determines the masses of all the scalar fields to be positive. 
If, on the other hand, there are flat directions, one or more eigenvalues of 
the matrix of second derivatives vanishes and some of the scalar fields are 
massless. The vacuum expectation values (or vevs) of those fields can be 
varied continuously while remaining at a minimum. In this case one has 
a continuous moduli space of vacua and one speaks of a flat potential. If 
there are no massless scalars in the real world, the true vacuum should be 
an isolated point rather than part of a continuum. This seems likely to be 
the case for a realistic vacuum, because scalars in string theory typically 
couple with (roughly) gravitational strength. The classical tests of general 
relativity establish that the long-range gravitational force is pure tensor, 
without a scalar component, to better than 1% precision. It is difficult 
to accommodate a massless scalar in string theory without violating this 
constraint. So one of the major challenges in string phenomenology is to 
construct isolated vacua without any moduli. This is often referred to as 
the problem of moduli stabilization, which is discussed in Chapter 10. 
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3.4 Vertex operators 

Vertex operators V $ are world-sheet operators that represent the emission or 
absorption of a physical on-shell string mode \4>) from a specific point on the 
string world sheet. There is a one-to-one mapping between physical states 
and vertex operators. Since physical states are highest-weight states, the 
corresponding vertex operators are primary fields, and the problem of con- 
structing them is the inverse of the problem discussed earlier in connection 
with the state-operator correspondence. In the case of an open string, the 
vertex operator must act on a boundary of the world sheet, whereas for a 
closed string it acts on the interior. Thus, summing over all possible insertion 
points gives an expression of the form g Q f V ( p(s)ds in the open-string case. 
The idea here is that the integral is over a boundary that is parametrized by 
a real parameter s. In the closed-string case one has g s f V^(z, z)d 2 z, which 
is integrated over the entire world sheet. In each case, the index cj) is meant 
to label the specific state that is being emitted or absorbed (including its 
26- momentum). There is a string coupling constant g s that accompanies 
each closed-string vertex operator. The open-string coupling constant g Q is 
related to it by g 2 = g s . To compensate for the integration measure, and 
give a coordinate-independent result, a vertex operator must have conformal 
dimension 1 in the open-string case and (1,1) in the closed-string case. 

If the emitted particle has momentum k 1 ' , the corresponding vertex op- 
erator should contain a factor of exp(i£: ■ x). To give a conformal field, this 
should be extended to exp (ik ■ X ). However, this expression needs to be 
normal-ordered. Once this is done, there is a nonzero conformal dimension, 
which (in the usual units l s = \j2a' = 1) is equal to k 2 / 2 in the open- 
string case and (k 2 /8,k 2 /8) in the closed-string case. The relation between 
these two results can be understood by recalling that the left-movers and 
the right-movers each carry half of the momentum in the closed-string case. 
These results are exactly what is expected for the vertex operators of the 
respective tachyons. For other physical states, the vertex operator contains 
an additional factor of dimension n or (n, n), where n is a positive integer. 
Let us now explain the rule for constructing these factors. 

A Fock-space state has the form 

i*>=n^n*w* (3.99) 

i 3 

or (more generally) a superposition of such terms. The vertex operator of 
the tachyon ground state is exp (ik ■ X ) (with normal-ordering implicit). In 
the following we describe how to modify the ground-state vertex operator 
to account for the factors. To do this notice that the contour integral 
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identity 

at m = ^j) z~ m dX^dz 



(3.100) 



suggests that we simply replace 



a 



2 i 

(m — 1 )! 



d m X fi , m > 0. 



(3.101) 



This is not an identity, of course. The right-hand side contains a^ m plus an 
infinite series of 2 -dependent terms with positive and negative powers. So, 
according to this proposal, a general closed-string vertex operator is given 
by an expression of the form 



V<p{z,z) = : n d m ^X^(z)Yld^X u ^z)e ik - x ^ :, (3.102) 

* 3 

or a superposition of such terms, where 

Y = 1 ~Yl mi = 1 ~Yl n 3- (3.103) 

i 3 



It is not at all obvious that this ensures that V/, has conformal dimension 
(1,1). In fact, this is only the case if the original Fock-space state satisfies 
the Virasoro constraints. 

Vertex operators can also be introduced in the formalism with Faddeev- 
Popov ghosts. In this case the physical state condition is Qb\4>) = Qb\4>) = 
0. Physical states are BRST closed, but not exact. The corresponding 
statement for vertex operators is that if <j) is BRST closed, then = 

[Qb, Vy = 0. Similarly, if </ is BRST exact, then V/ can be written as the 
anticommutator of Q b or Q-q with some operator. 

The operator correspondences for the ghosts are 

b-m -»• t m> 2 (3.104) 

(m — 2)\ 

and 

c~m ->• t ^d m+1 c, m > -1. (3.105) 

These rules reflect the fact that b is dimension 2 and c is dimension —1. In 
particular, the unit operator is associated with a state that is annihilated 
by b m with m > — 1 and by c m with m > 2. Such a state is uniquely 
(up to normalization) given by 6_i| j), which has ghost number —3/2. Let 
us illustrate the implications of this by considering the tachyon. Since one 
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must act on 6_i| j) with ci to obtain the tachyon state, it follows that in the 
BRST formalism the closed-string tachyon vertex operator takes the form 

V t (z, z) = : c(z)c(z)e ik - x : . (3.106) 

Let denote the dimension (1, 1) vertex operator for a physical state \4>) 
described earlier. Then ccV^ is the vertex operator corresponding to | </>) in 
the formalism with ghosts, provided that one chooses the BRST cohomology 
class representative satisfying b m \(j)) = 0 for rn > 0 discussed earlier. Since 
the c ghost has dimension —1 this operator has dimension (0,0). As was 
explained, dimension (1,1) ensures that the integrated expression jV^cfz 
is invariant under conformal transformations. Similarly, the dimension (0,0) 
unintegrated expression ccV^ is also conformally invariant. For reasons that 
are explained in the next section, both kinds of vertex operators, integrated 
and unintegrated, are required. 



Exercises 



Exercise 3.6 

By computing the OPE with the energy-momentum tensor determine the 
dimension of the vertex operator V = : e lk ' x ( z ^) 



Solution 

In order to determine the dimension of the vertex operator V we only need 
the leading singularity of the OPE 

T{z) : e ik ' XM : = —2 : dX^(z)dX fl (z) :: e ikX ^ : . 

This can be computed using Eq. (3.35), which gives 

Here, X v (w) should be identified with the holomorphic part of X L '(w,w). 
From this it follows that 

dX^(z) : e ikX ^ : ~ (dX^(z) ik ■ X(w)) : e ikX ^ : 

. ^ik-X(w,w) . 






4 z — w 
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Therefore, 

T(z) : e ik X ( w ’ iB ) : ^ ^ ^ : e ik ' x (w,w) . . 

(z — w ) 2 

This shows that h = k 2 / 8. Similarly one can compute the OPE with T(z ) 
showing (h, h) = (k 2 / 8, k 2 / 8) for the closed string. In particular, this is the 
tachyon emission operator, which has dimension (1, 1), for M 2 = —k 2 = —8. 
□ 



Exercise 3.7 

Determine the conformal dimensions of the operator 

V = f^: dX‘ x (w)dX u (w)e ik X ^ : . 

What condition has to be imposed on f liu so that this vertex operator is a 
conformal field? 



Solution 



The OPE of the energy-momentum tensor with the vertex operator is 
—2 : dX p {z)dX p {z ) :: dX> t {w)BX v {w)e ik ' X ^ : . 



There are several contributions in the above OPE, which we denote by /Cjsr 
where the index N denotes the contribution of order (z — vj)~ n . First of all 
there is a cubic contribution 



£3 




dX v {w) 
(z — w ) 3 ’ 



which is required to vanish if V is supposed to be a conformal field. As a 
result 



k 1 '/,,, = 0. 



The conformal dimension of V is then obtained from the /C 2 term, which 
takes the form 



IC2 



1 + k 2 / 8 
(z — w) 2 



The 1 term comes from contracting T with the prefactor and the k 2 / 8 term 
comes from contracting T with the exponential (as in the previous problem). 
This shows that V has conformal dimension ( h , h) = (1 + k 2 / 8, 1 + k 2 / 8). □ 
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3.5 The structure of string perturbation theory 

The starting point for studying string perturbation theory is the world-sheet 
action with Euclidean signature. Before gauge fixing, it has the general form 

5'ws = [ £{h a p \ background fields) d 2 z . (3.107) 

Jm 

As usual, h a/ 3 is the two-dimensional world-sheet metric, and X M (z,z) de- 
scribes the embedding of the world sheet M into the space-time manifold 
Xi . Thus z is a local coordinate on the world sheet and AT are local coordi- 
nates of space-time. Working with a Euclidean signature world-sheet metric 
ensures that the functional integrals (to be defined) are converted to con- 
vergent Gaussian integrals. The background fields should satisfy the field 
equations to be consistent. When this is the case, the world-sheet theory 
has conformal invariance. 



Partition functions and scattering amplitudes 
Partition functions and on-shell scattering amplitudes can be formulated as 
path integrals of the form proposed by Polyakov 

Z~ j Dh a fi j DX^---e~ s[h ' X ’- ] . (3.108) 

Here J Dh means the sum over all Riemann surfaces ( M,h ). However, this 
is a gauge theory, since S is invariant under diffeomorphisms and Weyl 
transformations. So one should really sum over Riemann surfaces modulo 
diffeomorphisms and Weyl transformations. 11 

World-sheet diffeomorphism symmetry allows one to choose a conformally 
flat world-sheet metric 

h a g = e*5 a g. (3.109) 

When this is done, one must add the Faddeev-Popov ghost fields b{z) and 
c(z) to the world-sheet theory to represent the relevant Jacobian factors in 
the path integral. Then the local Weyl symmetry (h a g — > Ah a g) allows one 
to fix V’ (locally) - say to zero. However, this is not possible globally, due 
to a topological obstruction: 

if = 0 =► R(h) = 0 =► x(M) = 0. (3.110) 

So, such a choice is only possible for world sheets that admit a flat metric. 

11 In the case of superstrings in the RNS formalism, discussed in the next chapter, the action also 
has local world-sheet supersymmetry and super- Weyl symmetry, so these equivalences also need 
to be taken into account. 
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Among orientable Riemann surfaces without boundary, the only such case 
is n h = 1 (the torus) . For each genus r?h there are particular ip s compatible 
with X (M) = 2 — 2nh that are allowed. A specific choice of such a ip 
corresponds to choosing a complex structure for M. Let us now consider the 
moduli space of inequivalent choices. 

Riemann surfaces of different topology are certainly not diffeomorphic, so 
each value of the genus can be considered separately, giving a perturbative 
expansion of the form 

OO 

^=]T^n h . (3.111) 

n h =0 

This series is only an asymptotic expansion, as in ordinary quantum field 
theory. Moreover, there are additional nonperturbative contributions that 
it does not display. Sometimes some of these can be identified by finding 
suitable saddle points of the functional integral, as in the study of instantons. 



A constant dilaton <h(a:) = d>o contributes 




Sail = $0 x(M) = d> 0 (2 — 2 n h ). 


(3.112) 


Thus Z nh contains a factor 




exp(— S'dij) = exp(d> 0 (2n h - 2)) = g 2nh ~ 2 , 


(3.113) 


where the closed-string coupling constant is 




g s = e 4 ” 0 . 


(3.114) 



Thus each handle contributes a factor of g 2 . 

This role of the dilaton is very important. It illustrates a very general les- 
son: all dimensionless parameters in string theory - including the value of 
the string coupling constant - can ultimately be traced back to the vacuum 
values of scalar fields. The underlying theory does not contain any dimen- 
sionless parameters. Rather, all dimensionless numbers that characterize 
specific string vacua are determined as the vevs of scalar fields. 



The moduli space of Riemann surfaces 

The gauge-fixed world-sheet theory, with a conformally flat metric, has two- 
dimensional conformal symmetry, which is generated by the Virasoro opera- 
tors. In carrying out the Polyakov path integral, it is necessary to integrate 
over all conformally inequivalent Riemann surfaces of each topology. The 
choice of a complex structure for the Riemann surface precisely corresponds 
to the choice of a conformal equivalence class , so one needs to integrate over 
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the moduli space of complex structures, which parametrizes these classes. 
In the case of superstrings the story is more complicated, because there are 
also fermionic moduli and various possible choices of spin structures. We 
will not explore these issues. 

In order to compute an IV-particle scattering amplitude, not just the parti- 
tion function, it is necessary to specify N points on the Riemann surface. At 
each of them one inserts a vertex operator V^z, z) representing the emission 
or absorption of an asymptotic physical string state of type (j>. Mathemati- 
cians like to regard such marked points as removed from the surface, and 
therefore they refer to them as punctures. 

To compute the nh-loop contribution to the amplitude requires integrating 
over the moduli space M nh) N of genus n h Riemann surfaces with N punc- 
tures. According to a standard result in complex analysis, the Riemann- 
Roch theorem, the number of complex dimensions of this space is 

dime -M-n ht N = 3nh — 3 + N, (3.115) 

and the real dimension is twice this. Therefore, this is the dimension of the 
integral that represents the string amplitude. For n h > 1 it is very difficult 
to specify the integration region M UIu n explicitly and to define the integral 
precisely. However, this is just a technical problem, and not an issue of 
principle. The cases n h = 0, 1 are much easier, and they can be made very 
explicit. 

In the case of genus 0 (or tree approximation), one can conformally map 
the Riemann sphere to the complex plane (plus a point at infinity). The 
SL{ 2, C) group of conformal isometries is just sufficient to allow three of the 
punctures to be mapped to arbitrarily specified distinct positions. Then all 
that remains is to integrate over the coordinates of the other N — 3 puncture 
positions. This counting of moduli agrees with Eq. (3.115) for the choice 
nh = 0. To achieve this in a way consistent with conformal invariance, one 
should use three unintegrated vertex operators and N — 3 integrated vertex 
operators in the Polyakov path integral. These two types of vertex operators 
were described in the previous section. In the tree approximation, using the 
fact that the correlator of two X fields on the complex plane is a logarithm, 
one obtains the A r -tachyon amplitude (or Shapiro-Virasoro amplitude) 

A N (ki,k 2 , ...,k N ) = f d/i N (z) | Zi - Zj\ kvkj/2 , (3.116) 

^ i<j 



d/n N (z ) = | (za- z B )(z B - z c )(z c - z A )\ 2 



where 
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N 

xd 2 (z A - z A )5 2 (z B - z b )5 2 {z c - z % ) d 2 Zi . (3.117) 

The formula is independent of z\,z^,Zq due to the SL( 2, (D) symmetry, 
which allows them to be mapped to arbitrary values. 

In the case of a torus (genus one), the complex structure (or conformal 
equivalence class) is characterized by one complex number r. The conformal 
isometry group in this case corresponds to translations, so the position of 
one puncture can be fixed. Thus, in the genus-one case the path integral 
should contain one unintegrated vertex operator and N — 1 integrated vertex 
operators. This leaves an integral over r and the coordinates of N — 1 
of the punctures for a total of N complex integrations in agreement with 
Eq. (3.115) for = 1. For genus n h > 1, there are no conformal isometries, 
and so all N vertex operators should be integrated. In all cases, the number 
of unintegrated vertex operators, and hence the number of c-ghost insertions 
is equal to the dimension of the space of conformal isometries. This also 
matches the number of c-ghost zero modes on the corresponding Riemann 
surface, so these insertions are just what is required to give nonvanishing 
integrals for the c-ghost zero modes. 12 

There also needs to be the right number of 6-ghost insertions to match 
the number of 6-ghost zero modes. This number is just the dimension of the 
moduli space. By combining these 6-ghost factors with expressions called 
Beltrami differentials in the appropriate way, one obtains a moduli-space 
measure that is invariant under reparametrizations of the moduli space. 
The reader is referred to the literature (e.g., volume 1 of Polchinski) for 
further details. 

Let us now turn to the definition of r, the modular parameter of the torus, 
and the determination of its integration region (the genus-one moduli space). 
A torus can be characterized by specifying two periods in the complex plane, 

z^z + w i, z~z + W2- (3.118) 

The only restriction is that the two periods should be finite and nonzero, and 
their ratio should not be real. The torus is then identified with the complex 
plane C modulo a two-dimensional lattice Ar wl , W2 \ , where A^ W1W2 ^ = {mw i + 
nw 2 , m, n E Z}, 

T 2 = <D/A (to1jW2) . (3.119) 

Rescaling by the conformal transformation z — > z/w 2 , this torus is con- 
formally equivalent to one whose periods are 1 and r = iv\/w 2 , as shown in 



12 Recall that, for a Grassmann coordinate cq, f dco = 0 and f codco = 1. 
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Fig. 3.3. When opposite edges of the parallelogram are identified, this becomes a 
torus. 



Fig. 3.3. Without loss of generality (interchanging w\ and u> 2 , if necessary), 
one can restrict r to the upper half-plane TL (Irn r > 0). Now note that the 
alternative fundamental periods 

w[ = aw i + bw 2 and w' 2 = cw\ + dw 2 (3.120) 



define the same lattice, if a, b, c, d € TL and ad — be = 1. In other words, 



fab 

\ c d 



€ SL( 2,Z). 



(3.121) 



This implies that a torus with modular parameter r is conformally equivalent 
to one with modular parameter 

, lo[ ar + b 

co 2 ct + d 




Accordingly, the moduli space of conformally inequivalent Riemann surfaces 
of genus one is 

M nh=1 =H/PSL( 2,Z). (3.123) 

The infinite discrete group PSL( 2,Z) = SL( 2, Z )/^2 is generated by the 
transformations r — > r + 1 and r — > — 1/r. The division by Z 2 takes account 
of the equivalence of an SL( 2, Z) matrix and its negative. The PSL{ 2, Z) 
identifications give a tessellation of the upper half-plane TL. 

A natural choice for the fundamental region T is 



Rer| < 1/2, Imr > 0, |r| > 1, (3.124) 



as shown in Fig. 3.4. The moduli space has three cusps or singularities, 
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Im T 




Fig. 3.4. The shaded region is the fundamental region of the modular group. 



where there is a deficit angle, which are located at the r values i, oo, and 
u = exp(i7r/3). 13 Therefore, it is not a smooth manifold. 

If one uses the translation symmetry freedom to set z\ = 0, then a one- 
loop amplitude takes the form 

2 y^/i(r, z)(Vi(0)V2(z2) ■ ■ .V N (z N ))d 2 z 2 ■ ■ .d 2 z N . (3.125) 




The angular brackets around the product of vertex operators denote a func- 
tional integration over the world-sheet fields. An essential consistency re- 
quirement is modular invariance. This means that the integrand should be 
invariant under the SL( 2, 7L) transformations (also called modular transfor- 
mations) 

ar + b Zi 

T j — 7) z i “»• 

ct + d ct + a 

so that the result is the same whether one integrates over the fundamental 
region T or any of its SL( 2, 7L) images. It is a highly nontrivial fact that 
this works for all consistent string theories. In fact, it is one method of 
understanding why the only possible gauge groups for the heterotic string 
theory (with J\f = 1 supersymmetry in ten-dimensional Minkowski space- 
time) are 50(32) and Eg x Eg, as is discussed in Chapter 7. 

There are higher-genus analogs of modular invariance, which must also 
be satisfied. This has not been explored in full detail, but enough is known 
about the various string theories to make a convincing case that they must 
be consistent. For now, let us make some general remarks about multiloop 




13 The point u> 2 = exp(2/7r/3) may appear to be another cusp, but it differs from w by 1, and 
therefore it represents the same point in the moduli space. 
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string amplitudes that are less detailed than the particular issue of modular 
invariance. 

It is difficult to describe explicitly the moduli of higher-genus Riemann 
surfaces, and it is even harder to specify a fundamental region analogous to 
the one described above for genus one. However, the dimension of moduli 
space, which is the number of integrations, is not hard to figure out. It is as 
shown in Table 3.1. Note that in all cases the sum is 3?Zh — 3 + N, as stated 
in Eq. (3.115). 





moduli of A4 


moduli of punctures 


n h = 0 


0 


N - 3 


n h = 1 


1 


N- 1 


n h >2 


3nh — 3 


N 



Table 3.1. The number of complex moduli for an n^-loop N -particle 
closed-string amplitude. 





Fig. 3.5. Canonical basis of one-cycles for a genus-g Riemann surface. 



The first homology group of a genus-nh Riemann surface has 2nh genera- 
tors. It is convenient to introduce a canonical basis consisting of n h a-cycles 
and rth 6-cycles, as shown in Fig. 3.5. There are also 2nh one-forms that 
generate the first cohomology group. The complex structure of the Riemann 
surface can be used to divide these into n h holomorphic and n h antiholomor- 
phic one-forms. Thus one obtains the fundamental result that a genus-nh 
Riemann surface admits nh linearly independent holomorphic one-forms. 
One can choose a basis Ui, i = 1, 2, . . . , nh, of holomorphic one- forms by the 
requirement that 




(3.127) 



The integrals around the 6-cycles then give a matrix 



h 



COj — _ 1 jj 



(3.128) 
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called the period matrix. For example, in the simple case of the torus to = dz 
and Q = t. Two fundamental facts are that R is a symmetric matrix and 
that its imaginary part is positive definite. Symmetric matrices with a 
positive-definite imaginary part define a region called the Siegel upper half 
plane. 

There is a group of equivalences for the period matrices that general- 
izes the SL( 2,2!) group of equivalences in the genus-one case. It acts in a 
particularly simple way on the period matrices. Specifically, one has 

r -> r ' = {An + B)(cn + d )- 1 , ( 3 . 129 ) 

where A, B,C, D are n h x n h matrices and 

(i B ^j G Sp(n h ,Z). (3.130) 



This group is called the symplectic modular group. The notation Sp(n, Z) 
refers to 2n-dimensional symplectic matrices with integer entries. Recall 
that symplectic transformations preserve an antisymmetric “metric” 

A B\ ( 0 1\ (A T C T \ _ ( 0 1 

C D) l-l 0/ \B t D t ~ l-l 0 



(3.131) 



In the one-loop case the modular parameter r and the period matrix 
are the same thing. So integration over the moduli space of conformally 
inequivalent Riemann surfaces is the same as integration over a fundamental 
region defined by modular transformations. At higher genus the story is 
more complicated. The period matrix has complex dimension ^nh(nh + 1) 
(since it is a complex symmetric matrix), whereas the moduli space has 
3nh — 3 complex dimensions. At genus 2 and 3 these dimensions are the 
same, and the relation between a fundamental region in the Siegel upper 
half plane and the moduli space can be worked out. For > 3, the moduli 
space is a subspace of finite codimension. Thus, even though the integrand 
can be written quite explicitly, it is a very nontrivial problem (known as the 
Riemann-Schottky problem) to determine which period matrices correspond 
to Riemann surfaces. 



Exercises 



Exercise 3.8 

Explain why the point t = i is a cusp of the moduli space of the torus. 
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Solution 

This can be understood by examining the identifications made in the moduli 
space. This is displayed in Fig. 3.6. Specifically, the identification r -1/r 
glues the left half of the unit circle to the right half, and it has t = i as a 
fixed point. 



Im x 




Fig. 3.6. Image of the fundamental domain of the torus. Opposite edges are glued 
together as indicated by the arrows. This explains why there are cusps in the 
moduli space. 



□ 



Exercise 3.9 

Show that d 2 r/(Imr) 2 is an SL( 2, Z)-invariant measure on A4. Using this 
measure, compute the volume of M. 



Solution 



Under the SL(2, Z) transformation in Eq. (3.122) 



err — > | ct + d\ 4 d 2 T 



and 



Imr — > | ct + d\ 2 IniT, 



which implies the invariance of the measure. Equivalently, one can check 
that the measure is invariant under the two transformations r — > r + 1 and 
t — » — 1/r which generate SL(2, Z). 

The volume of the moduli space is obtained from the integral 



1 = 




d 2 r 

(Imr) 2 ’ 



over the fundamental region. Letting r = x + iy and defining d 2 r = dxdy, 




98 



Conformal field theory and string interactions 



this takes the form 
J = 

where we have set r = x + iy. 



r+ 1/2 
/ dx 


f * = 


y+1/2 


/- 1/2 




J- 1/2 



dx 

VT^ 



7 r 
3’ 



□ 



3.6 The linear-dilaton vacuum and noncritical strings 

An interesting example of a nontrivial background that preserves conformal 
symmetry is one in which the dilaton field depends linearly on the spatial 
coordinates. Letting y denote the direction along which it varies and the 
other D — 1 space-time coordinates, the linear dilaton background is 

$(X> t ,Y) = kY(z,z), (3.132) 

where k is a constant. After fixing the conformal gauge, the dilaton term 
no longer contributes to the world-sheet action, which remains independent 
of k, but it does contribute to the energy-momentum tensor. 

The energy-momentum tensor for the linear-dilaton background is derived 
by varying the action with respect to the world-sheet metric before fixing 
the conformal gauge. The result is 

T(z) = -2(dX ll dX lt + OYdY) + kd 2 Y. (3.133) 

This expression gives a TT OPE that still has the correct structure to define 
a CFT. One peculiarity is that the OPE of T with Y has an extra term 
(proportional to k), which implies that dY does not satisfy the definition of 
a conformal field. 

Calling D the total space-time dimension (including Y), the central charge 
determined by the TT OPE turns out to be 

c = c = D + 3k 2 . (3.134) 



Thus, the required value c = 26 can be achieved for D < 26 by choosing 



k 



26 - D 



(3.135) 



Of course, there is Lorentz invariance in only D — 1 dimensions, since the 
Y direction is special. Theories with k ^ 0 are called noncritical string 
theories. 

The extra term in T contributes to Lq, and hence to the equation of motion 
for the free tachyon field t(x^,y). For simplicity, let us consider solutions 
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that are independent of aT. Then the equation of motion ( Lq — l)|f) = 0 
becomes 



t"{y) - 2 kt'(y) + 8 t(y) = 0. (3.136) 

Since this is a stationary (zero-energy) equation, the existence of oscilla- 
tory solutions is a manifestation of tachyonic behavior. This equation has 
solutions of the form exp (qy) for 

q = q± = k± y/(2-D)/3. (3.137) 

Thus, there is no oscillatory behavior for D < 2, and one expects to have 
a stable vacuum in this case. Since the Y held is present in any case, D > 1. 
Fractional values between 1 and 2 are possible if a unitary minimal model 
is used in place of X 11 . 

These results motivate one to further modify the world-sheet theory in the 
case of D < 2 by adding a tachyon background term of the form To exp (q-Y). 
The resulting world-sheet theory is called a Liouville field theory. Despite 
its nonlinearity, it is classically integrable, and even the quantum theory is 
quite well understood (after many years of hard work). 

Recall that the exponential of the dilaton held gives the strength of the 
string coupling. So the linear dilaton background describes a world in which 
strings are weakly coupled for large negative y and strongly coupled for large 
positive y. One could worry about the reliability of the formalism in such 
a set-up. However, the tachyon background or Liouville exponential e qy 
suppresses the contribution of the strongly coupled region, and this keeps 
things under control. Toy models of this sort with D = 1 or D = 2 are simple 
enough that their study has proved valuable in developing an understanding 
of some of the intricacies of string theory such as the asymptotic proper- 
ties of the perturbation expansion at high genus and some nonperturbative 
features. 

A completely different methodology that leads to exactly the same world- 
sheet theory makes no reference to dilatons or tachyons at all. Rather, one 
simply adds a cosmological constant term to the world-sheet theory. This is 
a rather drastic thing to do, because it destroys the classical Weyl invariance 
of the theory. The consequence of this is that, when one uses diffeomorphism 
invariance to choose a conformally flat world-sheet metric h a y = e u ri a y, the 
field u) no longer decouples. Rather, it becomes dynamical and plays the 
same role as the field Y in the earlier discussion. This is an alternative 
characterization of noncritical string theories. 
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Exercises 



Exercise 3.10 

By computing the TT OPE in the linear-dilaton vacuum verify the value of 
the central charge given in Eq. (3.134). 



Solution 



In order to compute the OPE, it is convenient to rewrite the energy-mo- 
mentum tensor in Eq.(3.133) in the form 

T{z) = T 0 (z) + a^X^z), 

where a ^ = k5/, and i is the direction along which the dilaton varies. Since 
we are interested in the central charge, we only need the leading singularity 
in this OPE, which is given by 

T{z)T(w ) = T 0 (z)T 0 (w) + a fl a u d 2 X tJj (z)d 2 X u (w) + ... 



Now we use the results for the leading-order singularities 



T 0 (z)T 0 (w) 



D/2 
(z — re) 4 



and d 2 X p (z)d 2 X u {w) 



to get 



T(z)T(w) 



(D + 3a 2 )/2 
(z — w ) 4 ~*~ 



3 r f u 
2 (z- w) 4 ’ 



This shows that in the original notation the central charge is 



c = D + 3k 2 . 



The same computation can be repeated to obtain the result c = c. □ 



3.7 Witten’s open-string field theory 

Witten’s description of the field theory of the open bosonic string has many 
analogies with Yang-Mills theory. This is not really surprising inasmuch 
as open strings can be regarded as an infinite-component generalization of 
Yang-Mills fields. It is pedagogically useful to emphasize these analogies in 
describing the theory. The basic object in Yang-Mills theory is the vector 
potential A/(x p ), where fi is a Lorentz index and a runs over the generators 
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of the symmetry algebra. By contracting with matrices (A a )ij that represent 
the algebra and differentials dx p one can define 

Aij(x p ) = ^(A a )ij Affix' 3 ) dx p , (3.138) 

a,n 

which is a matrix of one-forms. This is a natural quantity from a geometric 
point of view. The analogous object in open-string field theory is the string 
field 

A[x p (a), c(cj)]. (3.139) 

This is a functional field that creates or destroys an entire string with co- 
ordinates x p (a),c(a), where the parameter a is taken to have the range 
0 < <7 < 7T. The coordinate c(a) is the anticommuting ghost field described 
earlier in this chapter. In this formulation the conjugate antighost b(a) is 
represented by a functional derivative with respect to c(a). 




G= 0 G=7l/2 0=71 




Fig. 3.7. An open string has a left side (er < tt/2) and a right side (cr > n/2) depicted 
in (a), which can be treated as matrix indices. The multiplication A * B = C is 
depicted in (b). 

The string field A can be regarded as a matrix (in analogy to Ajj) by 
regarding the coordinates with 0 < a < tt/2 as providing the left matrix 
index and those with tt/2 < a < it as providing the right matrix index as 
shown in part (a) of Fig. 3.7. One could also associate Chan-Paton quark- 
like charges with the ends of the strings, 14 which would then be included 
in the matrix labels as well, but such labels are not displayed. By not 
including such charges one is describing the 17(1) open-string theory. 17(1) 



14 This is explained in Chapter 6. 
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gauge theory (without matter fields) is a free theory, but the string extension 
has nontrivial interactions. 

In the case of Yang-Mills theory, two fields can be multiplied by the rule 

Y J A ik /\B kj = C ij . (3.140) 

k 

This is a combination of matrix multiplication and antisymmetrization of 
the tensor indices (the wedge product of differential geometry). This multi- 
plication is associative but noncommutative. A corresponding rule for string 
fields is given by a * product, 

A* B = C. (3.141) 

This infinite-dimensional matrix multiplication is depicted in part (b) of 
Fig. 3.7. One identifies the coordinates of the right half of string A with those 
of the left half of string B and functionally integrates over the coordinates 
of these identified half strings. This leaves string C consisting of the left 
half of string A and the right half of string B. It is also necessary to include 
a suitable factor involving the ghost coordinates at the midpoint a = tt/2. 

A fundamental operation in gauge theory is exterior differentiation A — > 
dA. In terms of components 

dA = ^(dfjAjy — d^A^dx 11 A dx u , (3.142) 

which contains the abelian field strengths as coefficients. Exterior differenti- 
ation is a nilpotent operation, d 2 = 0, since partial derivatives commute and 
vanish under antisymmetrization. The nonabelian Yang-Mills field strength 
is given by the matrix- valued two-fornr 



F = dA + A A A, 


(3.143) 


or in terms of tensor indices, 




F nv = dfj'Av — d u A ^ + \Af l , M„]. 


(3.144) 



Let us now construct analogs of d and F for the open-string field. The 
operator that plays the roles of d is the nilpotent BRST operator Q b, which 
can be written explicitly as a differential operator involving the coordinates 
X(a), c(a). Given the operator Q b, there is an obvious formula for the 
string-theory field strength, analogous to the Yang-Mills formula, namely 

F = Q B A + A* A. (3.145) 

The string field A describes physical string states, and therefore it has ghost 
number —1/2. Since Qb has ghost number +1, it follows that F has ghost 
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number +1/2. For A * A to have the same ghost number, the * operation 
must contribute +3/2 to the ghost number. 

An essential feature of Yang-Mills theory is gauge invariance. Infinites- 
imal gauge transformation can be described by a matrix of infinitesimal 
parameters A(a+). The transformation rules for the potential and the held 
strength are then 

5 A = dA + [A, A] (3.146) 

and 

SF = [F, A], (3.147) 

There are completely analogous formulas for the string theory, namely 

5 A = Q-qA + [A, A] (3.148) 

and 

6F = [F,A]. (3.149) 

In this case [A, A] means A * A — A * A, of course. Since the infinitesimal 
parameter A[a+(<r), c(cr)] is a functional, it can be expanded in terms of an 
infinite number of ordinary functions. Thus the gauge symmetry of string 
theory is infinitely richer than that of Yang-Mills theory, as required for 
the consistency of the infinite spectrum of high-spin fields contained in the 
theory. 

The next step is to formulate a gauge-invariant action. The key ingredient 
in doing this is to introduce a suitably defined integral. In the case of 
Yang-Mills theory one integrates over space-time and takes a trace over the 
matrix indices. Thus it is convenient to define f Y as f d 4 xTr(Y(x)). In 
this notation the usual Yang-Mills action is 

S ~ J gWg^F^F,, A . (3.150) 

The definition of integration appropriate to string theory is a “trace” 
that identifies the left and right segments of the string field Lagrangian, 
specifically 

Jy= J D 26 X tt (a)D(j)(a) exp (-|#tt/2)) Y[X^(a),fi(a)\ 
x 5 26 (X IJ '(a) — X^^ — a))6((j)(a) — 4 >(tt — cr)). (3.151) 

<T< 7r/2 

As indicated in part (a) of Fig. 3.8, this identifies the left and right segments 
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of X. A ghost factor has been inserted at the midpoint. (f)(u) is the bosonized 
form of the ghosts described earlier. This ensures that f contributes —3/2 
to the ghost number, as required. This definition of integration satisfies the 
important requirements 

J Q b Y = 0 and J [Yi,Y 2 \ = 0. (3.152) 



(a) G=7t/2 



• o=0 

• 0=71 



(b) 




Fig. 3.8. Integration of a string functional requires identifying the left and right 
halves as depicted in (a). The three-string vertex, shown in (b), is based on two 
multiplications (star products) and one integration and treats the three strings 
symmetrically. 



We now have the necessary ingredients to write a string action. Trying 
to emulate the Yang-Mills action runs into a problem, because no analog of 
the metric g tip has been defined. Rather than trying to find one, it proves 
more fruitful to look for a gauge-invariant action that does not require one. 
The simplest possibility is given by the Chern-Simons form 






A * Qb,A -\ — A * A* A 
3 



(3.153) 



In the context of ordinary Yang-Mills theory the integrand is a three-form, 
whose variation under a gauge transformation is closed, and therefore such 
a term can only be introduced in three dimensions, where it is interpreted as 
giving mass to the gauge field. In string theory the interpretation is different, 
though the mathematics is quite analogous, and the formula makes perfectly 
good sense. In fact, in both cases extremizing the action gives rise to the 
deceptively simple classical field equation F = 0. 

The fact that the string equation of motion is F = 0 does not mean the 
theory is trivial. Dropping the interaction term, the equation of motion 
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for the free theory is QbA = 0, which is invariant under the abelian gauge 
transformation 5A = QbA, since Q | = 0. Once one requires that A be 
restricted to contain ghost number —1/2 fields, this precisely reproduces 
the known spectrum of the bosonic string. As was explained earlier, the 
physical states of the free theory are in one-to-one correspondence with 
BRST cohomology classes of ghost number —1/2. 

The cubic string interaction is depicted in part (b) of Fig. 3.8. Two of 
the segment identifications are consequences of the * products in A * A * A, 
and the third is a consequence of the integration. Altogether, this gives an 
expression that is symmetric in the three strings. 

As was explained earlier, in string theory one is only interested in equiva- 
lence classes of metrics that are related by conformal mappings. It is always 
possible to find representatives of each equivalence class in which the metric 
is flat everywhere except at isolated points where the curvature is infinite. 
Such a metric describes a surface with conical singularities, which is not a 
manifold in the usual sense. In fact, it is an example of a class of surfaces 
called orbifolds. The string field theory construction of the amplitude au- 
tomatically chooses a particular metric, which is of this type. The conical 
singularities occur at the string midpoints in the interaction. They have 
the property that a small circle of radius r about this point has circumfer- 
ence 37rr. This is exactly what is required so that the Riemann surfaces 
constructed by gluing vertices and propagators have the correct integrated 
curvature, as required by Euler’s theorem. 

Witten’s string field theory seems to be as simple and beautiful as one 
could hope for, though there are subtleties in defining it precisely that have 
been glossed over in the brief presentation given here. For the bosonic string 
theory, it does allow a computation of all processes with only open-string 
external lines to all orders in perturbation theory (at least in principle). The 
extension to open superstrings is much harder and has not been completed 
yet. It has been proved that the various Feynman diagrams generated by 
this field theory piece together so as to cover the relevant Riemann surface 
moduli spaces exactly once. In particular, this means that the contributions 
of closed strings in the interior of diagrams is properly taken into account. 
Moreover, the fact that this is a field-theoretic formulation means that it 
can be used to define amplitudes with off-shell open strings, which are oth- 
erwise difficult to define in string theory. This off-shell property has been 
successfully exploited in nonperturbative studies of tachyon condensation. 
However, since this approach is based on open-string fields, it is not appli- 
cable to theories that only have closed strings. Corresponding constructions 
for closed-string theories (mostly due to Zwiebach) are more complicated. 
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Homework Problems 



Problem 3.1 

Compute the commutator of an infinitesimal translation and an infinitesimal 
special conformal transformation in D dimensions. Identify the resulting 
transformations and their infinitesimal parameters. 

Problem 3.2 

Show that the transformations (3.14) give rise to the D = 2 case of the 
D-dimensional transformations in Eq. (3.7). 

Problem 3.3 

Show that the algebra of Lorentzian-signature conformal transformations in 
D dimensions is isomorphic to the Lie algebra SO(D, 2). 

Problem 3.4 
Derive the OPE 

T(z)X^(w , w) ~ — - — dX^fw, w) + . . . 
z — w 

What does this imply for the conformal dimension of X 11 ? 

Problem 3.5 

(i) Use the result of the previous problem to deduce the OPE of T(z) 
with each of the following operators: 

dX ti (w,w) dX lx (w,w), d 2 X^(w,w). 

(ii) What do these results imply for the conformal dimension (h, h ) (if 
any) in each case? 



Problem 3.6 
Show that 

KP <] = «n] = mrf v 5 rn+ n i 0 , [a#,, a u n ] = 0 

by using the OPE of the field dX ll (z, z) with itself and with dX tl (z, z). 

Problem 3.7 

Consider a conformal field $(z) of dimension h and a mode expansion of the 
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form 

+ °0 T 

*(*) = ~^h- 

n =— oo 

Using contour-integral methods, like those of Exercise 3.2, evaluate the com- 
mutator [L m , <& n ]. 

Problem 3.8 

Let $( 2 ;) be a holomorphic primary field of conformal dimension h in a con- 
formal field theory with the mode expansion given in the previous problem. 
The conformal vacuum satisfies 3> n |0) = 0 for n > —h. Use the results of 
the previous problem to prove that |3>) = $_^| 0 ) is a highest- weight state. 

Problem 3.9 

(i) Calculate the two-point functions (0|<^j(zi, z\)(j)j(z 2 , ^ 2 ) 1 0) for an ar- 
bitrary pair of primary fields with conformal weights (hi, hi) and 
( hj , hj) taking into account that the Virasoro generators Lq and L± 1 
annihilate the in and out vacua | 0 ) and ( 0 |. 

(ii) Show that the three-point function (0|(/>j(zi, Zi)(p ] (z 2 , Z2)4>k(zz, 23 ) |0) 
is completely determined in terms of the conformal weights of the 
fields up to an overall coefficient Cy*,. 



Problem 3.10 

(i) Show that in a unitary conformal field theory, that is, one with a 
positive-definite Hilbert space, the central charge satisfies c > 0, and 
the conformal dimensions of primary fields satisfy h > 0. Hint: eval- 
uate {(j)\[L n , L- n ]\(f)} for a highest-weight state \<f>). 

(ii) Show that h = h = 0 if and only if \<j)) = |0). 



Problem 3.11 

Verify the expression (3.78) for the central charge of a system of b, c ghosts 
by computing the OPE of the energy-momentum tensor Tbc with itself. 

Problem 3.12 

Verify the property Q | = 0 of the BRST charge by anticommuting two of 
the integral representations and using the various OPEs. 
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Problem 3.13 

Consider a closed oriented bosonic string theory in flat 26-dimensional space- 
time. In this theory the integrated vertex operators are integrals of primary 
fields of conformal dimension (1,1). 

(i) What is the form of these vertex operators for physical states with 
N l = N r = 1? 

(ii) Verify that these vertex operators lead to physical states \<j>) that 
satisfy the physical state conditions 

(L n - d n ,o)|^) = 0, (L n — <5n, 0 ) 1 0) = 0 n > 0. 



Problem 3.14 

Carry out the BRST quantization for the first two levels (N R = N R = 0 
and IVl = N R = 1) of the closed bosonic string. In other words, identify 
the BRST cohomology classes that correspond to the physical states. Hint: 
analyze the left-movers and right-movers separately. 

Problem 3.15 

Identify the BRST cohomology classes that correspond to physical states for 
the third level ( N = 2) of the open string. 

Problem 3.16 

The open-string field can be expanded as a Fock-space vector in the first- 
quantized Fock space given by the a and ghost oscillators. The first term in 
the expansion is A = T(x)\ j), where T(x ) is the tachyon field. Expand the 
string field A in component fields displaying the next two levels remembering 
that the total ghost number should be —1/2. Expand the action of the free 
theory to level N = 1. 
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Strings with world-sheet supersymmetry 



The bosonic string theory that was discussed in the previous chapters is 
unsatisfactory in two respects. First, the closed-string spectrum contains a 
tachyon. If one chooses to include open strings, then additional open-string 
tachyons appear. Tachyons are unphysical because they imply an instability 
of the vacuum. The elimination of open-string tachyons from the physical 
spectrum has been understood in terms of the decay of D-branes into closed- 
string radiation. However, the fate of the closed-string tachyon has not been 
determined yet. 

The second unsatisfactory feature of the bosonic string theory is that 
the spectrum (of both open and closed strings) does not contain fermions. 
Fermions play a crucial role in nature, of course. They include the quarks 
and leptons in the standard model. As a result, if we would like to use string 
theory to describe nature, fermions have to be incorporated. In string theory 
the inclusion of fermions turns out to require supersymmetry, a symmetry 
that relates bosons and fermions, and the resulting string theories are called 
superstring theories. In order to incorporate supersymmetry into string the- 
ory two basic approaches have been developed 1 

• The Ramond-Neveu-Schwarz (RNS) formalism is supersymmetric on the 
string world sheet. 

• The Green-Schwarz (GS) formalism is supersymmetric in ten-dimensional 
Minkowski space-time. It can be generalized to other background space- 
time geometries. 

These two approaches are actually equivalent, at least for ten-dimensional 
Minkowski space-time. This chapter describes the RNS formulation of su- 
perstring theory, which is based on world-sheet supersymmetry. 

1 More recently, various alternative formalisms have been proposed by Berkovits. 
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4.1 Ramond Neve u— Schwarz strings 

In the RNS formalism the bosonic fields X IJ '(a,r) of the two-dimensional 
world-sheet theory discussed in the previous chapter are paired up with 
fermionic partners ^(cr, r). The new fields r) are two-component 

spinors on the world sheet and vectors under Lorentz transformations of the 
D-dimensional space-time. These fields are anticommuting which is consis- 
tent with spin and statistics, since they are spinors in the two-dimensional 
sense. Consistency with spin and statistics in D = 10 dimensions is also 
achieved, though that is less obvious at this point. 

As was discussed in Chapter 2, the action for the bosonic string in con- 
formal gauge is (for a' = 1/2 or T = 1/tt) 

S = -±- J d 2 ad a X^d a X^ (4.1) 

and this needs to be supplemented by Virasoro constraints. This is a free 
held theory in two dimensions. To generalize this action, let us introduce ad- 
ditional internal degrees of freedom describing fermions on the world sheet. 
Concretely, one can incorporate D Majorana fermions that belong to the 
vector representation of the Lorentz group SO(D — 1,1). In the represen- 
tation of the two-dimensional Dirac algebra described below, a Majorana 
spinor is equivalent to a real spinor. The desired action is obtained by 
adding the standard Dirac action for D free massless fermions to the free 
theory of D massless bosons 

s = -±- Jd 2 a (d a X„d a X» + r P a d a Yv) . (4.2) 

Here p a , with a = 0, 1, represent the two-dimensional Dirac matrices, which 
obey the Dirac algebra 2 

{p a ,pP} = 2^. (4.3) 

To be explicit, let us choose a basis in which these matrices take the form 

^ = (i ~o) tmd ' ,1 = C o)- (44) 

Classically, the fermionic world-sheet held is made of Grassmann num- 
bers, which implies that it satishes the anticommutation relations 

{^,^} = 0. (4.5) 

2 A Dirac algebra is known to mathematicians as a Clifford algebra. In GSW the definition of 
p a differed by a factor of i and the anticommutator was As a result, some signs differ 

from those of GSW in subsequent formulas. 
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This changes after quantization, of course. 

The spinor ^ has two components ■?//(, A = ±, 

= («) ■ <«> 
Here, and in the following, we define the Dirac conjugate of a spinor as 

-0 = P = ip°, (4.7) 

which for a Majorana spinor is simply ip T (3. Since the Dirac matrices are 
purely real, Eq. (4.4) is a Majorana representation, and the Majorana spinors 
^ are real (in the sense appropriate to Grassmann numbers) 

= VM- and V’- = 4>-- (4-8) 

In this notation the fermionic part of the action is (suppressing the Lorentz 
index) 

Sf = ~ j d2(T (V’-^+V’- + ^+9-^+) , (4.9) 

where d± refer to the world-sheet light-cone coordinates introduced in 
Chapter 2. The equation of motion for the two spinor components is the 
Dirac equation, which now takes the form 

d+ip- = 0 and d-'ip + = 0. (4.10) 

These equations describe left-moving and right-moving waves. For spinors 
in two dimensions, these are the Weyl conditions. Thus the fields 'tp± are 
Majorana-Weyl spinors. 3 



Exercises 



Exercise 4.1 

Show that one can rewrite the fermionic part of the action in Eq. (4.2) in 
the form in Eq. (4.9). 

Solution 

Taking d± = ^(9o ± 9i) and the explicit form of the two-dimensional Dirac 

3 Group theoretically, they are two inequivalent real one-dimensional spinor representations of 
the two-dimensional Lorentz group Spin( 1, 1). 
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matrices (4.4) into account, one obtains 



p a d Q 



( 0 5, - a 0 \ / o -9\ 

\di+d 0 0 ) \d + 0 )■ 



From the definition ip = ip^ip 0 , it follows that ip = i(ip+, —ip-). The action 
in Eq. (4.9) is then obtained after carrying out the matrix multiplication. □ 



4.2 Global world-sheet supersymmetry 

The action in Eq. (4.2) is invariant under the infinitesimal transformations 



SX ** = eip, 


(4.11) 


Sip* = p a d a X^s, 


(4.12) 


where e is a constant infinitesimal Majorana spinor 


that consists of anti- 


commuting Grassmann numbers. Writing the spinors 


in components 


-(!;)■ 

the supersymmetry transformations take the form 


(4.13) 


SX M = ife+ipf — £-ip +), 


(4.14) 


Sipf = -2d-X^e+, 


(4.15) 


5ip% = 2 d+X^e-. 


(4.16) 



The symmetry holds up to a total derivative that can be dropped for 
suitable boundary conditions. Since e is not dependent on a and r, this is 
a global symmetry of the world-sheet theory. 4 The supersymmetry trans- 
formations (4.11) mix the bosonic and fermionic world-sheet fields. This 
fermionic symmetry of the two-dimensional RNS world-sheet action was 
noted by Gervais and Sakita in 1971 at about the same time that the four- 
dimensional super-Poincare algebra was introduced by Golfand and Likht- 
man in the Soviet Union. Prior to these works, it was believed to be impossi- 
ble to have a symmetry that relates particles of different spin in a relativistic 
field theory. 

4 This is the world-sheet theory in conformal gauge. There is a more fundamental formulation 
in which the world-sheet supersymmetry is a local symmetry. In conformal gauge it gives rise 
to the theory considered here. 
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4-2 Global world-sheet supersymmetry 
Superspace 

Exercise 4.2 shows that the action (4.2) is invariant under the supersym- 
metry transformations. The supersymmetry of component actions, such as 
this one, is not manifest. The easiest way to make this symmetry mani- 
fest is by rewriting the action using a superspace formalism. Superspace is 
an extension of ordinary space-time that includes additional anticommuting 
(Grassmann) coordinates, and superfields are fields defined on superspace. 
The superfield formulation entails adding an off-shell degree of freedom to 
the world-sheet theory, without changing the physical content. This has the 
advantage of ensuring that the algebra of supersymmetry transformations 
closes off-shell, that is, without use of the equations of motion. 

The superfield formulation is very convenient for making supersymme- 
try manifest (and simplifying calculations) in theories that have a relatively 
small number of conserved supercharges. The number of supercharges is 
two in the present case. When the number is larger than four, as is neces- 
sarily the case for supersymmetric theories when the space-time dimension 
is greater than four, a superfield formulation can become very unwieldy or 
even impossible. 

The super- world-sheet coordinates are given by (ct“,0a), where 

•* = (£) (417) 

are anticommuting Grassmann coordinates 

{0a,O b } = 0, (4.18) 

which form a Majorana spinor. Upper and lower spinor indices need not be 
distinguished here, so d A = 9 a ■ Frequently these indices are not displayed. 
For the usual bosonic world-sheet coordinates let us define c° = r and 
a 1 = a. One can then introduce a superfield Y^(a a ,9). The most general 
such function has a series expansion in 8 of the form 

6) = X^(a a ) + 9^(a a ) + ^"^((j"), (4.19) 

where B^(a a ) is an auxiliary field whose inclusion does not change the 
physical content of the theory. This field is needed to make supersymmetry 
manifest. A term with more powers of 9 would automatically vanish as a 
consequence of the anticommutation properties of the Grassmann numbers 
9a- Since i[)9 = 8f) for Majorana spinors, a term linear in 8 would be 
equivalent to the linear term in 8 appearing above. 
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The generators of supersymmetry transformations of the super-world- 
sheet coordinates, called supercharges , are 

Qa = W~ (P a °)Ad a . (4.20) 

The world-sheet supersymmetry transformations given above can be ex- 
pressed in terms of Q A • Acting on superspace, EQ generates the transfor- 
mations 

56 a = [EQ,0 A ] =e A , (4.21) 

bo a = \eQ, cr“] = — Ep a 6 = dp a £, (4.22) 

of the superspace coordinates. In this way a supersymmetry transforma- 
tion is interpreted as a geometrical transformation of superspace (see Exer- 
cise 4.3). The supercharge Q acts on the superfield according to 

SY 11 = [EQ, Y> 1 } = EQY ■'*. (4.23) 



Expanding this equation in components and using the two-dimensional Fierz 
transformation 



Qa8b = — 2 ^ abOcOc , 


(4.24) 


one gets the supersymmetry transformations 




SX^ = EijP, 


(4.25) 


S'lfj' 1 = p a d a X^e + B fl £, 


(4.26) 


5B ** = Ep a d a V. 


(4.27) 



The first two formulas reduce to the supersymmetry transformations in 
Eqs (4.11) and (4.12), which do not contain the auxiliary field B if one 
uses the field equation B 11 = 0. 

The action can be written in superfield language using the supercovariant 
derivative 

D A = J^ + (p a e) A d a . (4.28) 

Note that {D a ,Qb} = 0, and therefore the supercovariant derivative D A & 
of an arbitrary superfield transforms under supersymmetry in the same 
way as $ itself. The desired action, written in terms of superfields, is 

S = J^f d 2 ad 2 6DY^DY^. 



(4.29) 
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The definition of integration over Grassmann coordinates is described be- 
low. It has the property that the 9 integral of a 6 derivative is zero. This 
superspace action has manifest supersymmetry, since the variation gives 

SS=^~ f d 2 ad 2 6eQ(DY IJ 'DYn). (4.30) 

4vr J 

Both terms in the definition of Q give total derivatives: one term is a total 
a a derivative and the other term is a total 6 A derivative. Depending on 
the a boundary conditions the world-sheet supersymmetry can be broken 
or unbroken. Both cases are of interest. There are no boundary terms 
associated with the Grassmann integrations. 

The superspace formula for the action can be written in components by 
substituting the component expansion of Y and carrying out the Grassmann 
integrations. The basic rule for Grassmann integration in the case of a single 
coordinate is 

J d0(a + 9b) = b. (4.31) 

In the present case there are two Grassmann coordinates, and the only 
nonzero integral is 

Jd 2 9 99 = -2i. (4.32) 

The component form of the action can be derived by using this rule as well 



as the expansions 

DY^ = 'i/T + 9B » + p a 9d a X * - ^ 99p a d a V, (4.33) 

DY^ = V> + B ll 9 - 9d a X^p a + ^99d a 'iJj IJ p a . (4.34) 

One finds 

5 = -^ j d 2 a {daXpdPX* + Vp a d a ^ - B^) . (4.35) 

This action implies that the equation of motion for B^ L is B^ L = 0, as was 



asserted earlier. As a result, the auxiliary field B^ L can be eliminated from 
the theory leaving Eq. (4.2). The price of doing this is the loss of manifest 
supersymmetry as well as off-shell closure of the supersymmetry algebra. 
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Exercises 



Exercise 4.2 

Verify that the action (4.2) is invariant under the supersymmetry transfor- 
mations (4.11) up to a total derivative. 

Solution 

Suppressing Lorentz indices, it is straightforward to vary the action 
S = — j cPcr ( 2d + Xd-X + iip_d+ip- + itp + d-ip+) . 

The terms proportional to £ + are 

5+S = —£+ J d 2 cr (■ d+ip-d-X + d+Xd-'ip- — d-Xd+'ip- + ijj-d+d-X) & 0. 

The equivalence to 0 is a consequence of the fact that the integrand is a 
total derivative. The terms proportional to e_ work in a similar manner. □ 

Exercise 4.3 

Show that the commutator of two supersymmetry transformations (4.11) 
amounts to a translation along the string world sheet by evaluating the 
commutators [5i, and [<5i, 82^^. 

Solution 

Using the supersymmetry transformations 

5X » = e 5V = p a d a X^£, 
we first compute the commutator acting on the fermionic field 
[S £l ,d £2 }r = SeASetV) ~ Se 2 (S £l V) = 8 £l (p a d a X»E 2 ) ~ 8 £2 (p a d a X»E i) 

= p a E2d a S £l X^ - p a £\d a 8 £2 X 11 = p a (£2E\ - £\£2)d a 'tp P '- 

Using the spinor identity £ 2^1 — £i £2 = —£\pp£2p> and the anticommutation 
relations of the Dirac matrices, this becomes 

- £lppE2p a p 0 d a = -2£ip a £2d a ^ + E\ppE2p P P a d 0i ^. 
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The first term is interpreted as a translation by the amount 

a° = -2£ lP a e 2 . 

Note that this is an even element of the Grassmann algebra, but not an 
ordinary number. So the notion of translation has to be generalized in this 
way. The second term vanishes using the equation of motion p a d a ^ = 0. 
This is what we are referring to when we say that the algebra only closes 
on-shell. When the auxiliary field is included, one achieves off-shell closure 
of the algebra. 

The commutator acting on the bosonic field can be computed in a similar 
way 

[5 E1 ,6 £2 ]X» = £ 2 5 ei V ~ £ 1 ^ 2 ^ = -2ei p a £ 2 d a X^, 

where we have used the identity £\p a £ 2 = —£ 2 p a £\. This is a translation by 
the same a a as before. □ 

Exercise 4.4 

Use the supersymmetry transformation for the superfield (4.23) to derive 
the supersymmetry transformation for the component fields (4.25)-(4.27). 

Solution 

The supersymmetry variation of the superfield is 

6Y» = [£Q,Y»(a,6)} = £QY»(a,0) : , 

where 

Qa = W~ (p a 0 )Ad a . 

So we obtain 

SY^a, 9) = £ A Q A (x^a) + 9^(a) + l -99B^{a) 

= £ A ^ A (a) - £ A (p a 6) A d a X lx (a) + £ A 9 A B tl (a ) - £ A (p a 9) A 9 B d a ^ B {a) 

= £^{a) + 6p a £d a X^ l (a) + 9£B^(a) + ^99£p a d a r tp il {a). 

From here we can read off the supersymmetry transformations for the com- 
ponent fields by matching the different terms in the 9 expansion. □ 
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Exercise 4.5 

Derive the component form of the action in Eq. (4.35) from the superspace 
action in Eq. (4.29). 

Solution 

The supercovariant derivatives acting on superfields DY 1 ' and DY ^ are given 
in Eqs (4.33) and (4.34). We now multiply these expressions and substitute 
into Eq. (4.29). Since only terms quadratic in 9 survive integration, the 
nonzero terms in Eq. (4.29) are 

S = j d 2 ad 2 6 (~-Vp a d a ip lJ ,69 + B'+Bje - 9p a d a X^ p^OdpX^ . 

The last term simplifies according to 

9p a d a X lx p t3 9dpX lx = d a X /x d a X lx 60. 

Therefore, by using Eq. (4.32) one obtains Eq. (4.35) for the component 
action. □ 



4.3 Constraint equations and conformal invariance 

Let us now proceed as in Chapter 2. From the equations of motion we 
can derive the mode expansion of the fields and use canonical quantization 
to construct the spectrum of the theory. The problem of negative-norm 
states appears also in the supersymmetric theory. Recall that in the case 
of the bosonic string theory the spectrum seemed to contain negative-norm 
states, but these were shown to be unphysical. Specifically, in Chapter 2 it 
was shown that the negative-norm states decouple and Lorentz invariance 
is maintained for D = 26. The RNS string has a superconformal symmetry 
that allows us to proceed in a similar manner. The negative-norm states 
are eliminated by using the super-Virasoro constraints that follow from the 
superconformal symmetry in the critical dimension D = 10. Alternatively, 
one can use it to fix a light-cone gauge and maintain Lorentz invariance for 
D = 10. 

In order to discuss the appropriate generalization of conformal invari- 
ance for the RNS string, let us start by constructing the conserved cur- 
rents associated with the global symmetries of the action. These are the 
energy-momentum tensor (associated with translation symmetry) and the 
supercurrent (associated with supersymmetry). In particular, the energy- 
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momentum tensor of the RNS string is 

T a0 = daX^dpX^ + - (trace). (4.36) 

The conserved current associated with the global world-sheet supersymme- 
try of the RNS string is the world-sheet supercurrent. It can be constructed 
using the Noether method. Specifically, taking the supersymmetry parame- 
ter e to be nonconstant, one finds that up to a total derivative the variation 
of the action (4.2) takes the form 




where 

J% = -\{p P p a ^)AdpX^. (4.38) 

This current satisfies 

G Oo)abJb = 0 (4.39) 

as a consequence of the identity p a p^p a = 0. This is the analog of the 
tracelessness of the T a p- In fact, it can be traced back to local super- Weyl 
invariance in the formalism with local world-sheet supersymmetry. As a 
result, J°4 has only two independent components, which can be denoted J + 
and J-. 

Written in terms of world-sheet light-cone coordinates, the nonzero com- 
ponents of the energy-momentum tensor in Eq. (4.36) are 



T ++ = d+x^d+x* + l -r + d+^+^ 


(4.40) 


T — = d-X^d-X^ + ^cL^. 


(4.41) 



Similarly, the nonzero components of the supercurrent in Eq. (4.38) are 

J + = if^d+X^ and J_ = '(/T<9_X /t . (4.42) 

The supercurrent (4.38) is conserved, d a J % = 0, as a consequence of the 
equations of motion, which leads to 

cLJ+ = d + J_=0. (4.43) 

The energy-momentum tensor satisfies analogous relations 

<9_T ++ = d+T__ = 0. (4.44) 

These relations follow immediately from the equations of motion d+d— AT = 
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0 and = <9_^+ = 0. However, the requirements of superconformal 

symmetry actually lead to stronger conditions than these, namely the van- 
ishing of the supercurrent and the energy— momentum tensor. 

In order to quantize the theory, one can introduce canonical anticommu- 
tation relations for the fermionic world-sheet fields 

= nrj^SABSicr - cr') (4.45) 

in addition to the commutation relations for the bosonic world-sheet fields 
X fJ '(a,r) given in Chapter 2. Because ?/ 00 = — 1, there are negative- norm 
states that originate from the time-like fermion f/^ 0 in the same way as for 
the time- like boson X°. These must not appear in the physical spectrum, if 
one wants a sensible causal theory. 

Once again there is sufficient symmetry to eliminate the unwanted negative- 

norm states. In the case of the bosonic theory the conditions T ) = T |_ = 0 

followed from Weyl invariance, while T++ = T__ =0 followed from the equa- 
tions of motion for the world-sheet metric. The latter conditions were shown 
to imply conformal invariance. This symmetry could be used to choose the 
light-cone gauge, which gives a manifestly positive-norm spectrum in the 
quantum theory. Let us try to follow the same steps in the RNS case. 

The first step is to formulate the constraint equations that can be used to 
eliminate the time-like components of and X In the bosonic case the 
time-like component was eliminated in 26 dimensions by using the Virasoro 
constraints T++ = T — = 0. In the supersymmetric case it is natural to 
try the same procedure again and to eliminate the time-like components 
by using suitably generalized Virasoro conditions. In the RNS theory the 
corresponding conditions are 

J + = J_ = T++ = T = 0. (4.46) 

One way of understanding this is in terms of the consistency with the al- 
gebra of the currents. However, a deeper understanding can be achieved 
by starting from a world-sheet action that has local supersymmetry. This 
can be constructed by gauging the world-sheet supersymmetry by introduc- 
ing a world-sheet Rarita-Schwinger gauge field, in addition to a world-sheet 
zweibein, which replaces the world-sheet metric for theories with spinors. 
The formulas are given in Section 4.3.4 of GSW. Just as the equations of 
motion of the metric in conformal gauge give the vanishing of the energy- 
momentum tensor, so the equations of motion of the Rarita-Schwinger field 
give the vanishing of the supercurrent. 
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Exercise 4.6 

Verify the form of the energy-momentum tensor in Eqs (4.40) and (4.41). 

Solution 

These conserved currents should be a consequence of the world-sheet trans- 
lation symmetry of the action 

S = — J d 2 a (2d+X ■ d-X + tip- ■ d+ip- + iip+ • d-ip+) 

derivable by the Noether method. An infinitesimal translation is given by 
5X = a a d a X and dip a = a a d a ipA- We focus here on S + X = a + d + X and 
5+ipA = a+d+'ipA-, since the a~ transformations work in exactly the same 
way. 

<5+ (2d + X ■ d-X + i'lp- ■ d+ip- + iip+ ■ d -ip + ) 



= a + (—2 d-(d + X ■ d + X) + id + (ip + ■ d-ip + ) — id-(ip + ■ d + ip + )) 
up to a total derivative. Identifying this with 

-2a + (d-T ++ + d+T- + ) 

gives the desired result 

T ++ = 3+V • d + X + % -iP + ■ d + ip+. 

It also appears to give T_ + = ~^ip+ ■ d-ip+. However, this vanishes by an 
equation of motion. Similarly, the a~ variation leads to 

T— = d-X ■ d-X + '-ip- ■ d-ip-. 

□ 



Exercise 4.7 

Verify the form of the supercurrent in Eq. (4.42). 

Solution 

The method is the same as in the previous exercise. This time we want 
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to find the currents associated with the supersymmetry transformations in 
Eqs (4.14)— (4.16). It is sufficient to consider the £- transformations, since 
the £ 4 . ones work in an identical way. Therefore, we consider 

S-X ** = ie-ift, 

d-ip+ = —2 d+X^E- and 8-ip- = 0 . 

Using these rules, 

5- ( 2d + X ■ d-X + iip- • d + ip- + iip + ■ d-ip + ) = — 4ze_r?_ (V^-t- ■ d + X ) 

up to a total derivative. Thus, choosing the normalization appropriately, 
this shows that J+ = ip+ ■ d+X. Similarly, the expression J_ = ip- • d-X is 
obtained by considering an e+ transformation. □ 



4.4 Boundary conditions and mode expansions 

The possible boundary conditions and mode expansions for the bosonic fields 
X 11 are exactly the same as for the case of the bosonic string theory, so that 
discussion is not repeated here. 

Suppressing the Lorentz index /j, the action for the fermionic fields ip^ in 
light-cone world-sheet coordinates is 

Sf ~ f d 2 a ('ip-d+ip- + ip + d-'ip + ) . (4.47) 



By considering variations of the fields ip± one finds that the action is sta- 
tionary if the equations of motion (4.10) are satisfied. The boundary terms 
in the variation of the action, 



SS ~ J dr (^+ 5 ^+ - ip-H-) | <7=7 r - < dP+dip+ - ip-Sip-) |u= 0 ) (4.48) 

must also vanish. There are several ways to achieve this, which are discussed 
in the next two subsections. 



Open strings 

In the case of open strings the two terms in (4.48), corresponding to the two 
ends of the string, must vanish separately. This requirement is satisfied if 
at each end of the string 



= TV’-- 



(4.49) 
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The overall relative sign between ■0+ and is a matter of convention. 
Therefore, without loss of generality, one can choose to set 

i’+\a=o = ip-\ <r=0- (4.50) 

The relative sign at the other end then becomes meaningful, and there are 
two possible cases: 

• Ramond boundary condition : In this case one chooses at the second end 
of the string 

^+\u=-K = V’-|cr=7r- (4.51) 

As is shown later, Ramond (or R) boundary conditions give rise to space- 
time fermions. The mode expansion of the fermionic field in the R sector 
takes the form 

tl£(‘T,T) = ^='£ d n e ~ in{T ~ a) ’ t 4 ' 52 ) 

V 2 nez 

W<T,T) = ±'£ d n e ~ in{T+a) - ^ 

V 2 nez 

The Majorana condition requires these expansions to be real, and hence 
dft n = dn ■ The normalization factor is chosen for later convenience. 

• Neveu-Schwarz boundary condition: This boundary condition corresponds 
to choosing a relative minus sign at the second end of the string, namely 

1p+ \a=n = -1p-\v=ir- (4.54) 

As is shown later, Neveu-Schwarz (or NS) boundary conditions give rise 
to space-time bosons. The mode expansion in the NS sector is 

t) = T XI K‘e-‘ r{T -r, (4.55) 

V 1 reZ+1/2 

= 4 (4.56) 

^ 2 reZ+l/2 

In the following, the letters m and n are used for integers while r and s 
are used for half-integers, that is, 



77i, n € 7L while 



r,s G Z + 



(4.57) 
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Closed strings 

Closed-string boundary conditions give two sets of fermionic modes, cor- 
responding to the left- and right- moving sectors. There are two possible 
periodicity conditions 

i/; ± (a) = ±ip ± (o + tt), (4.58) 

each of which makes the boundary term vanish. The positive sign in the 
above relation describes periodic boundary conditions while the negative 
sign describes antiperiodic boundary conditions. It is possible to impose 
the periodicity (R) or antiperiodicity (NS) of the right- and left-movers 
separately. This means that, for the right-movers, one can choose 

^(o,T) = J2 d ^e - or ipt(<r,T)= K e ~ 2ir{T ~ a) , 

nez rSZ+1/2 

(4.59) 

while for the left-movers one can choose 

^(a,T) = J2<e~ 2in{T+(T) or = ]T b?e~ 2ir ^\ 

nez rSZ+1/2 

(4.60) 

Corresponding to the different pairings of the left- and right-movers there 
are four distinct closed-string sectors. States in the NS-NS and R R sectors 
are space-time bosons, while states in the NS-R and R-NS sectors are space- 
time fermions. 



4.5 Canonical quantization of the RNS string 

The modes in the Fourier expansion of the space-time coordinates satisfy 
the same commutation relations as in the case of the bosonic string, namely 

= rnSm+nfid^ ■ (4.61) 

For the closed string there is again a second set of modes af n . 

The fermionic coordinates obey the free Dirac equation on the world 
sheet. As a result, the canonical anticommutation relations are those given 
in Eq. (4.45), which imply that the Fourier coefficients satisfy 

{b^b u s } = if v 5 r+s fi and {d^, d v n } = g^5 m+nfi . (4.62) 

Since the space-time metric appears on the right-hand side in the above com- 
mutation relations, the time components of the fermionic modes give rise to 
negative- norm states, just like the time components of the bosonic modes. 
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These negative-norm states are decoupled as a consequence of the appro- 
priate generalization of conformal invariance. Specifically, the conformal 
symmetry of the bosonic string generalizes to a superconformal symmetry 
of the RNS string, which is just what is required. 

The oscillator ground state in the two sectors is defined by 

a m|0)R = cC|0)r = 0 for m > 0 (4.63) 

and 

a m|0)NS = K |0)ns = 0 for m,r > 0. (4.64) 

Excited states are constructed by acting with the negative modes (or raising 
modes) of the oscillators. Acting with the negative modes increases the 
mass of the states. In the NS sector there is a unique ground state, which 
corresponds to a state of spin 0 in space-time. Since all the oscillators 
transform as space-time vectors, the excited states that are obtained by 
acting with raising operators are also space-time bosons. 

By contrast, in the R sector the ground state is degenerate. The operators 
can act without changing the mass of a state, because they commute 
with the number operator N . defined below, whose eigenvalue determines 
the mass squared. Equation (4.62) tells us that these zero modes satisfy the 
algebra 

«,<«= VT- (4.65) 

Aside from a factor of two, this is identical to the Dirac algebra 

{T'h T u } = 2rf v . (4.66) 

As a result, the set of ground states in the R sector must furnish a represen- 
tation of this algebra. This means that there is a set of degenerate ground 
states, which can be written in the form |a), where a is a spinor index, such 
that 

<l«> = (« 7 > 

Hence the R-sector ground state is a space-time fermion. Since all of the 
oscillators (a(( and dn) are space-time vectors, and every state in the R 
sector can be obtained by acting with raising operators on the R-sector 
ground state, all R-sector states are space-time fermions. 
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Super- Virasoro generators and physical states 

The super-Virasoro generators are the modes of the energy-momentum ten- 
sor T a g and the supercurrent J° A . For the open string they are given by 

L m = - T doe im "T ++ = + L«. (4.68) 

7T J-ir 

• The contribution coming from the bosonic modes is 

L rn '■ a -n ■ «m+n : m G 7L. (4.69) 

nCE 



• The contribution of the fermionic modes in the NS sector is 

L m = \ ( r + y ) : b -r ■ bm+r ■ m G Z. (4.70) 

reZ+1/2 

The modes of the supercurrent in the NS sector are 

G r = — — f dae ircj J + = ^ ^ a — n ■ br+n r G Z + — . (4.71) 

^ ^ _7r nez 

The operator Lo can be written in the form 

L 0 = ^ + AT, (4.72) 

where the number operator N is given by 

oo oo 

N = a- n ■ a n + ^2 rh -v ■ K- (4.73) 

n= 1 r= 1/2 

As in the bosonic theory of Chapter 2, the eigenvalue of N determines the 
mass squared of an excited string state. 

• In the R sector 

L m = \ ^2 ( n + y) : d-n ■ dm.+n ■ € Z, (4.74) 

while the modes of the supercurrent are 



7? — 

± m — 



Note that there is no normal-ordering ambiguity in the definition of To. 
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The algebra satisfied by the modes of the energy-momentum tensor and 
supercurrent can now be determined. For the modes of the supercurrent in 
the R sector one obtains the super-Virasoro algebra 



D 3 

[F m ,T n ] = ( m n)L m+n -\ — m 5 m ,_|_ n) o, 

o 


(4.76) 


[T m , Fn\ = ^— n'j F m + n , 


(4.77) 


{F m ,F n | = 2L m+n -\ —771 ^m+n,0j 


(4.78) 


while in the NS sector one gets the super-Virasoro algebra 




[L m , L n \ = (m - n)L m+n + ^ m(m 2 - l)<5 m +n,o, 

o 


(4.79) 


[L m ,G r ] = (j~r) G m+r , 


(4.80) 


{G r , = 2L r + s + — ^r 2 — <5 r + Si o- 


(4.81) 


When quantizing the RNS string one can only require that the positive 
modes of the Virasoro generators annihilate the physical state. So in the NS 
sector the physical-state conditions are 


G r \4>) =0 r > 0, 


(4.82) 


L m \<t>) = ° m > 0, 


(4.83) 


(To — ons) </*) = 0- 


(4.84) 


The last of these conditions implies that a'M 2 = N — ons, where M is 
the mass of a state 0) and N is replaced by its eigenvalue for this state. 
Similarly, in the R sector the physical-state conditions are 


Fn\4>) =0 n > 0, 


(4.85) 


L m \(j)) = 0 m > 0, 


(4.86) 


(T 0 - a R )|</>) = 0. 


(4.87) 



In the above formulas ons and or are constants introduced to allow for a 
normal-ordering ambiguity, which must be determined. In fact, the value 
or = 0 in the R sector is immediately deduced from the identity To = Fq 
and the To equation. The Fq equation can be written in the form 
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P ' r "4" ; / , (,d—n ' dn “I - d— n • Q! n ) 

i h , 

V n= 1 / 



= 0 . 



(4.88) 



This is a stringy generalization of the Dirac equation, known as the Dirac- 
Ramond equation. 



Exercises 



Exercise 4.8 

Verify that the To constraint can be rewritten as the Dirac-Ramond equation 
(4.88), as stated above. 

Solution 

Since 

< = ^ 

and 

OO OO 

To — ^ ( (%—n ‘ d n — CX.Q ' d() + ^ ' d n + d— n • On) i 

n=—oo n= 1 

the equation TR 1 0) =0 takes the form given in Eq. (4.88). □ 

Exercise 4.9 

Verify that the NS sector super-Virasoro generators Ti, Lq, T_i, G_ i/ 2 and 
G 1/2 form a closed superalgebra. 

Solution 

It is easy to see from inspection of the NS sector super-Virasoro algebra given 
in Eqs (4.79)-(4.81) that the commutation and anticommutation relations 
of these operators give a closed superalgebra. In particular, they imply 
that G^i 2 = \{Gi/ 2 ,Gi/ 2 ] = L\ and = \{G_i/ 2 , = L—i- The 

name of this superalgebra with three even generators and two odd generators 
is 517(1, 1|1) or OSp(l\2). □ 




4-5 Canonical quantization of the RNS string 129 

Absence of negative-norm states 

As in the discussion of the bosonic string in Chapter 2, there are specific 
values of a and D for which additional zero-norm states appear in the spec- 
trum. The critical dimension turns out to be D = 10, while the result for a 
depends on the sector: 

a N s = ^ and a R = 0. (4.89) 

As before, the theory is only Lorentz invariant in the light-cone gauge if onSj 
cir, and D take these values. 

Let us consider a few simple examples of zero- norm spurious states. Recall 
that these are states that are orthogonal to physical states and decouple from 
the theory even though they satisfy the physical state conditions. 

• Example 1: Consider NS-sector states of the form 

|V>) = G_i/ 2 |x), (4.90) 

with |x) satisfying the conditions 

G \/2 lx) = G 3/2 \x) = (l 0 - ONS + 0 lx) = 0. (4.91) 

The last of these conditions is equivalent to (Lq — aNs)|V’) = 0. To ensure 
that \ip) is physical, it is therefore sufficient to require that G 1 / 2 |V’) = 
G 3 / 2 |V ; ) = 0. The G 3 /2 condition is an immediate consequence of the 
corresponding conditions for |x). So only the Gi/ 2 condition needs to be 
checked: 

G , i/ 2 |V’) = G 1 / 2 G_ 1 / 2 \x ) = (2Lo — G_ 1 / 2 G 1 / 2 )\x) = (2cins — l)|x)- (4.92) 

Requiring this to vanish gives ons = 1/2- This choice gives a family of 
zero-norm spurious states Such a state satisfies the conditions for a 
physical state with ons = 1/2. Moreover, \if) is orthogonal to all physical 
states, including itself, since 

{a\ip) = (a|G_ 1/2 |x) = (x\G 1/2 \a)* = 0, (4.93) 

for any physical state |a). Therefore, for ons = 1/2 these are zero- norm 
spurious states. 

• Example 2: Now let us construct a second class of NS-sector zero-norm 
spurious states. Consider states of the form 

IV’) = (G- 3/2 + AG_i/ 2 L_i) |x)- 



(4.94) 
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Suppose further that the state |x) satisfies 

G\/ 2 \x) = ^ 3/2 lx) = To + 1) |x) = 0. (4.95) 

The Lq condition incorporates the previous result, a = 1/2. Using the 
super-Virasoro algebra one can compute the following relations: 

Gi/ 2 |^> = (2-A)L_ 1 | x ), (4.96) 

G 3/2 \^) = (D-2-AX)\ X ), (4.97) 

which have to vanish if \ip) is a physical state. Therefore, by the same 
reasoning as in the previous example, one concludes that \i/j) is a zero- 
norm spurious state if A = 2 and D = 10. 

• Example 3: It was already explained that or = 0 in the R sector as a 
consequence of Fq = Lq. It is possible to construct a family of zero- norm 
spurious states to confirm the choice D = 10 in this sector. Such a set of 
zero-norm states can be built from R-sector states of the form 

W) = FoF-i\x), ( 4 - 98 ) 

where 

^llx) = To + l)|x) = 0- (4-99) 

This state satisfies Fq\^>) = 0- If it is a l so annihilated by L i, then it is a 
physical state with zero-norm. It is easy to check that 

Li m = (\fi + F 0 Li)F_i|x) = \(D- 10) |x) - (4.100) 

This vanishes for D = 10 giving us another family of zero-norm spurious 
states for this space-time dimension. 



4.6 Light-cone gauge quantization of the RNS string 

As in the case of the bosonic string, after gauge fixing there is a residual 
symmetry that can be used to impose the light-cone gauge condition 

X + (a,r) = x + + p + r. (4.101) 

This is true for the RNS string as well. Moreover, there is also a residual 
fermionic symmetry that can be used to set 5 

ip + (<7, t) = 0, (4.102) 

5 This formula is correct in the NS sector. In the R sector one should keep the zero mode, which 
is a Dirac matrix. 
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at the same time. Because of the Virasoro constraint, the coordinate X~ is 
not an independent degree of freedom in the light-cone gauge (except for its 
zero mode). The same is true for when the RNS theory is analyzed in 
light-cone gauge. Therefore, all the independent physical excitations are ob- 
tained in light-cone gauge by acting on the ground states with the transverse 
raising modes of the bosonic and fermionic oscillators. 



Analysis of the spectrum 

This subsection describes the first few states of the open string in the light- 
cone gauge. Remember that the fermionic fields have two possible boundary 
conditions, giving rise to the NS and R sectors. 

The Neveu-Schwarz sector 

Recalling that ons = 1/2, the mass formula in the NS sector is 

OO OO 1 

a M 2 = J2 a -n a n + rb -rK ~ (4.103) 

n= 1 r= 1/2 

The first two states in this sector are as follows: 

• The ground state is annihilated by the positive lowering modes, that is, 
it satisfies 

a l n |0; £;}ns = &(-|0; ^’}ns = 0 for n, r > 0 (4.104) 

and 

<|0; k) m = |0; A:) ns - (4.105) 

The ground state in the NS sector is a scalar in space-time. From the 
mass formula it becomes clear that the mass m of the NS-sector ground 
state is given by 

a'M 2 = -i. (4.106) 

As a result, the ground state of the RNS string in the NS sector is once 
again a tachyon. The next subsection describes how this state is elimi- 
nated from the spectrum. 

• In order to construct the first excited state in the NS sector, one acts with 
the raising operators having the smallest associated frequency, namely 

on lh e ground state 



& -i/ 2 l°; *)ns- 



(4.107) 
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Since this is in light-cone gauge, the index i labels the D — 2 = 8 transverse 
directions. The operator b l _ r raises the value of a'M 2 by r units, whereas 
a!_ m would raise it by m (a positive integer) units. This is the reason 
why the first excited state is built by acting with a b t _ 1 / 2 operator. This 
operator is a transverse vector in space-time. Since it is acting on a bosonic 
ground state that is a space-time scalar, the resulting state is a space-time 
vector. Note that there are eight polarization states, as required for a 
massless vector in ten dimensions. Using the same reasoning as for the 
bosonic string, one can use this state in order to independently determine 
the value of ons- Indeed, since the above state is a space-time vector of 
SO( 8) it must be massless. In general, its mass is given by 

dM 1 = — — ons- (4.108) 

So requiring that this state is massless, as required by Lorentz invariance, 
once again gives ons = 1/2. 

The Ramond sector 

In the light-cone gauge description of the R sector the mass-shell condition 
is 

oo oo 

a'M 2 = d_ n ct n + nd[ LX- (4.109) 

n=l n = 1 

In this sector the states are as follows: 

• The ground state is the solution of 

«n|0; &)r = tC|0; £;)r = 0 for n > 0, (4.110) 

as well as the massless Dirac equation. The states have a spinor index that 
is not displayed. As was discussed above, the solution of these equations is 
not unique, since the zero modes satisfy the ten-dimensional Dirac algebra. 
Thus the solution to these constraints gives a Spin( 9, 1) spinor. The 
operation of multiplying with is then nothing else than multiplying 
with a ten-dimensional Dirac matrix, which is a 32 x 32 matrix. Therefore, 
the ground state in the R sector is described by a 32-component spinor. 

In ten dimensions spinors can be restricted by Majorana and Weyl 
conditions. The Majorana condition is already implicit, but the possibility 
of Weyl projection goes beyond what has been explained so far. Taking 
this into account, there are two alternative ground states corresponding to 
the two possible ten-dimensional chiralities. One could also imagine that 
both chiralities are allowed, though that turns out not to be the case. This 
is not the whole story, since the Dirac-Ramond equation (4.88) must also 
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be solved. For the ground state, the excited oscillators do not contribute, 
and so this reduces to the massless Dirac equation. Solving this eliminates 
half of the components of the Spin( 9, 1) spinor leaving a Spin( 8) spinor. 
Thus in the end, the minimal possibility for a Ramond ground state has 
eight physical degrees of freedom corresponding to an irreducible spinor 
of Spin{ 8). This choice, rather than an R-sector ground state consisting 
of more degrees of freedom, turns out to be necessary. 

• The excited states in the R sector are obtained by acting with a l _ n or 
d 2 _ n on the R-sector ground state. Since these operators are space-time 
vectors, the resulting states are also space-time spinors. The possibilities 
are restricted further by the GSO condition described below. 



Zero-point energies 

In Chapter 2 we learned that the parameter a in the mass-shell condition 
for the bosonic string, (Lq — a)\j>) = 0, is a = 1. The reason for this was 
traced to the fact that there are 24 transverse periodic bosonic degrees of 
freedom on the world sheet, each of which contributes a zero-point energy 

K(-l) = — V24. 

The NS sector of the RNS string has ons = 1/2, which means that the 
total zero-point energy is —1/2. Of this, —8/24 = —1/3 is attributable 
to eight transverse periodic bosons. The remaining —1/6 is due to the 
eight transverse antiperiodic world-sheet fermions, each of which contributes 
-1/48. 

The R sector of the RNS string has or = 0, which means that the to- 
tal zero-point energy is 0. The contribution of each transverse periodic 
world-sheet boson is —1/24, and the contribution of each transverse periodic 
world-sheet fermion is +1/24. The reason that these cancel is world-sheet 
supersymmetry, which remains unbroken for R boundary conditions. 

The fermionic zero-point energies deduced here can also be obtained by 
(less rigorous) zeta-function methods like that described in Section 2.5. One 
can also show that an antiperiodic boson, which was not needed here, but 
can arise in other contexts, would give +1/48. 



The GSO projection 

The previous section described the spectrum of states of the RNS string 
that survives the super-Virasoro constraints. But it is important to realize 
that this spectrum has several problems. For one thing, in the NS sec- 
tor the ground state is a tachyon, that is, a particle with imaginary mass. 
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Also, the spectrum is not space-time supersymmetric. For example, there 
is no fermion in the spectrum with the same mass as the tachyon. Un- 
broken supersymmetry is required for a consistent interacting theory, since 
the spectrum contains a massless gravitino, which is the quantum of the 
gauge held for local supersymmetry. This inconsistency manifests itself in 
a variety of ways. It is analogous to coupling massless Yang-Mills fields to 
incomplete gauge multiplets, which leads to a breakdown of gauge invari- 
ance and causality. This subsection explains how to turn the RNS string 
theory into a consistent theory, by truncating (or projecting) the spectrum 
in a very specific way that eliminates the tachyon and leads to a supersym- 
metric theory in ten-dimensional space-time. This projection is called the 
GSO projection , since it was introduced by Gliozzi, Scherk and Olive. 

In order to describe the truncation of the spectrum, let us first define an 
operator called G-parity. e In the NS sector the definition is given by 

G = (-1) F+1 = (— ( N S). (4.111) 

Note that F is the number of 6-oscillator excitations, which is the world- 
sheet fermion number. So this operator determines whether a state has an 
even or an odd number of world-sheet fermion excitations. In the R sector 
the corresponding definition is 

G = Tn (-1)£«=1 d -n d n (R), (4.112) 

where 

r u = r 0 ri...r 9 (4.113) 

is the ten-dimensional analog of the Dirac matrix 75 in four dimensions. 
The matrix Tn satisfies 

(Tn) 2 = 1 and {T 11 ,r'*} = 0. (4.114) 

Spinors that satisfy 

Til'll; = ±ijj (4.115) 

are said to have positive or negative chirality. The chirality projection op- 
erators are 

P± = ljl±T u ). (4.116) 

A spinor with a definite chirality is called a Weyl spinor. 

6 This name was introduced in the original NS paper which hoped to use this theory to describe 
hadrons. This operator was identified there with the G-parity operator for hadrons. Here its 
role is entirely different. 
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The GSO projection consists of keeping only the states with a positive 
G-parity in the NS sector, that is, those states with 

(_1)Fns = _ 1; (4.117) 

while the states with a negative G-parity should be eliminated. In other 
words, all NS-sector states should have an odd number of 6-oscillator exci- 
tations. In the R sector one can project on states with positive or negative 
G-parity depending on the chirality of the spinor ground state. The choice 
is purely a matter of convention. 

The GSO projection eliminates the open-string tachyon from the spec- 
trum, since it has negative G-parity 

G|0)ns = — |0)ns- (4.118) 

The first excited state, & , _ 1/ / 2 |0 )nSi on the other hand, has positive G-parity 
and survives the projection. After the GSO projection, this massless vector 
boson becomes the ground state of the NS sector. This matches nicely 
with the fact that the ground state in the fermionic sector is a massless 
spinor. This is a first indication that the spectrum could be space-time 
supersymmetric after performing the GSO projection. At this point the 
GSO projection may appear to be an ad hoc condition, but actually it is 
essential for consistency. It is possible to derive this by demanding one-loop 
and two- loop modular invariance. A much simpler argument is to note that 
it leaves a supersymmetric spectrum. As has already been emphasized, the 
closed-string spectrum contains a massless gravitino (or two) and therefore 
the interacting theory wouldn’t be consistent without supersymmetry. In 
particular, this requires an equal number of physical bosonic and fermionic 
modes at each mass level. In order to check whether this is plausible, let us 
examine the lowest-lying states in the spectrum. 

The ground state in the R sector is a massless spinor while the ground 
state in the NS sector is a massless vector. Let us compare the number of 
physical degrees of freedom. The ground state in the NS sector after the 
GSO projection is 6 / ^ 1 , 2 |0 , &), which has only eight propagating degrees of 
freedom. This is most easily seen in the light-cone gauge, where one just 
has the eight transverse excitations , 2 |0, k), as was discussed earlier. This 
must match the number of fermionic degrees of freedom. 

A fermion in ten dimensions has 32 complex components, since in general 
a spinor in D dimensions would have 2 D / 2 complex components (when D is 
even). However, the spinors can be further restricted by Majorana and Weyl 
conditions, each of which gives a reduction by a factor of two. Moreover, in 
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ten dimensions the two conditions are compatible, so there exist Majorana- 
Weyl spinors with 16 real components. In a Majorana representation the 
Majorana condition is just the statement that the spinor is real. Therefore, 
this restriction leaves 32 real components in ten dimensions. The Weyl con- 
dition implies that the spinor has a definite chirality. In other words, it is 
an eigenstate of the chirality operator Tn. As we have said, in ten dimen- 
sions the Majorana and the Weyl conditions can be satisfied at the same 
time, and MajoranaWVeyl spinors have 16 real components. Imposing the 
Dirac equation eliminates half of these components leaving eight real com- 
ponents. This agrees with the number of degrees of freedom in the ground 
state of the NS sector. Therefore, the ground state, the massless sector, has 
an equal number of physical on-shell bosonic and fermionic degrees of free- 
dom. They form two inequivalent real eight-dimensional representations of 
Spin( 8). The equality of number of bosons and fermions is a necessary, but 
not sufficient, condition for these states to form a supersymmetry multiplet. 
The proof of supersymmetry is described in the next chapter. 

It is far from obvious, but nonetheless true, that the GSO projection leaves 
an equal number of bosons and fermions at each mass level, as required 
by space-time supersymmetry. This constitutes strong evidence, but not a 
proof, of space-time supersymmetry. This is presented in the next chapter, 
which describes the Green-Schwarz (GS) formalism. That formalism has 
the advantage of making the space-time supersymmetry manifest. 



The massless closed-string spectrum 

To analyze the closed-string spectrum, it is necessary to consider left-movers 
and right-movers. As a result, there are four possible sectors: R-R, R-NS, 
NS-R and NS-NS. By projecting onto states with a positive G-parity in the 
NS sector, the tachyon is eliminated. For the R sector we can project onto 
states with positive or negative G-parity depending on the chirality of the 
ground state on which the states are built. Thus two different theories can 
be obtained depending on whether the G-parity of the left- and right-moving 
R sectors is the same or opposite. 

In the type IIB theory the left- and right-moving R-sector ground states 
have the same chirality, chosen to be positive for definiteness. Therefore, 
the two R sectors have the same G-parity. Let us denote each of them by 
|T)r- In this case the massless states in the type IIB closed-string spectrum 



7 The rules for the possible types of spinors depend on the space-time dimension modulo 8. This 
is known to mathematicians as Bott periodicity. Thus the situation in ten dimensions is quite 
similar to the two-dimensional case discussed earlier. 
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are given by 




+)r ® |+)r, 


(4.119) 


0)NS <§ &l 1/2 0 )nS, 


(4.120) 


&(_l/2 0 )nS ® |+}r, 


(4.121) 


+)r ® 6/ 1 / 2 |0)ns- 


(4.122) 


Since +}r represents an eight-component spinor, each of the four sectors 
contains 8 x 8 = 64 physical states. 

For the type IIA theory the left- and right-moving R-sector ground states 
are chosen to have the opposite chirality. The massless states in the spectrum 
are given by 


-)r ® +)r> 


(4.123) 


fr*_l/2 0 }nS ® frii/2 0 )nS, 


(4.124) 


fr/l/2 0 )nS <8> | T ) R. , 


(4.125) 


— )r ® 6*_i/ 2 |0)ns- 


(4.126) 



The states are very similar to the ones of the type IIB string except that 
now the fermionic states come with two different chiralities. 

The massless spectrum of each of the type II closed-string theories contains 
two Majorana-Weyl gravitinos, and therefore they form J\f = 2 supergravity 
multiplets. Each of the states in these multiplets plays an important role in 
the theory. There are 64 states in each of the four massless sectors, that we 
summarize below. 

• NS-NS sector: This sector is the same for the type IIA and type IIB 
cases. The spectrum contains a scalar called the dilaton (one state), an 
antisymmetric two-form gauge field (28 states) and a symmetric traceless 
rank- two tensor, the graviton (35 states). 

• NS-R and R-NS sectors: Each of these sectors contains a spin 3/2 grav- 
itino (56 states) and a spin 1/2 fermion called the dilatino (eight states). 
In the IIB case the two gravitinos have the same chirality, whereas in the 
type IIA case they have opposite chirality. 

• R-R sector: These states are bosons obtained by tensoring a pair of 

Majorana-Weyl spinors. In the IIA case, the two Majorana-Weyl spinors 
have opposite chirality, and one obtains a one-form (vector) gauge field 
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(eight states) and a three-form gauge field (56 states). In the IIB case the 
two Majorana-Weyl spinors have the same chirality, and one obtains a 
zero- form (that is, scalar) gauge field (one state), a two-form gauge field 
(28 states) and a four-form gauge field with a self-dual field strength (35 
states). 



Exercises 



Exercise 4.10 

Show that there are the same number of physical degrees of freedom in the 
NS and R sectors at the first massive level after GSO projection. 

Solution 

At this level, the NS states have N = 3/2 and the R states have N = 1. The 
G-parity constraint in the NS sector requires there to be an odd number of 
6-oscillator excitations. In the R sector, the constraint correlates the number 
of d-oscillator excitations with the chirality of the spinor. 

Now let us count the number of physical bosonic and fermionic states that 
survive the GSO projection. On the bosonic side (the NS sector) the states 
at this level (in light-cone gauge) are 

«E&i 1/2 |o>, &l 1/2 E 1/2 &E /2 |o), &!_ 3/2 |o>, 

which gives a total of 64 + 56 + 8 = 128 states. Since these are massive 
states they must combine into 50(9) representations. In fact, it turns out 
that they give two 50(9) representations, 128 = 44 © 84 . On the fermionic 
side (the R sector) the states are 

a-ilV’o), d l _ ilV’o), 

which again makes 64 + 64 = 128 states, so that there is agreement with the 
number of degrees of freedom on the bosonic side. Note that \tpo) and \^q) 
denote a pair of Majorana-Weyl spinors of opposite chirality, each of which 
has 16 real components. However, there are only eight physical degrees of 
freedom, because the Dirac-Ramond equation Fo\ip) = 0 gives a factor of two 
reduction. These 128 fermionic states form an irreducible spinor representa- 
tion of Spin( 9). This massive supermultiplet in ten dimensions, consisting 
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of 128 bosons and 128 fermions, is identical to the massless supergravity 
multiplet in 11 dimensions. □ 



Exercise 4.11 

Construct generating functions that encode the number of physical degrees 
of freedom in the NS and R sectors at all levels after GSO projection. 



Solution 



Let us denote the number of degrees of freedom with a'M 2 = n in the NS 
and R sectors of an open superstring by dNs(^) and d R,(n), respectively. 
Then the generating functions are 

oo oo 

/nsO) = d^s(n)w n and fn(w) = y~] d R (n)w n . 

n=0 71 = 0 



Before GSO projection, the degeneracies in the NS sector are given by 
trwA -1 / 2 , where N is given in Eq. (4.73), except that in light-cone gauge 
there are only transverse oscillators. The basic key to evaluating the traces 
is to use the fact that for a bosonic oscillator 

tr w a]a = 1 + w + w 2 + ... = — - — 

1 — w 

and for a fermionic oscillator 



tr w bib = 1 + w. 



Since there are eight transverse dimensions for D = 10, it therefore follows 
that 



tr w N ~ 1 / 2 



J_ yj / 1 + W m ~ l / 2 \ 8 
t/w H \ 1 — w m I 

v m=l \ / 



To take account of the GSO projection we need to eliminate the contribu- 
tions due to an even number of 6-oscillator excitations. This is achieved by 
taking 



/ns(w) 




n 

m= 1 



( 1 + w m ~ 1 / 2 
1 1 - w m 



8 



'Z 2 ' 



m= 1 



— W 



The analysis in the R sector works in a similar manner. In this case the 
effect of the GSO projection is to reduce the degeneracy associated with 
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zero modes from 16 to 8. Thus one obtains 



/rw = 8 n 

m = 1 



/ 1 + w m 
VI- w m 



8 



In 1829, Jacobi proved that /ns(^) = /r(w). 



□ 



4.7 SCFT and BRST 

In the study of the bosonic string theory in Chapter 3, it proved useful 
to focus on the interpretation of the world-sheet action in the conformal 
gauge as a conformal field theory. This reasoning extends nicely to the RNS 
string, where the symmetry gets enlarged to a superconformal symmetry. 
The Euclideanized conformal-gauge bosonic string action was written (in 
units l s = = 1) in the form 

5 = ^ J dX^dX^z. (4.127) 

Then the holomorphic energy-momentum tensor took the form 

OO j 

T = -2 : ax^ax, : = ]T (4.128) 

71 = — OO 

The Virasoro algebra, characterizing the conformal symmetry, is encoded in 
the OPE 

T(z)T(w) = C// " + - — ^ T{w) + —^—BT(w), (4.129) 

[z — wp ( z — w) z z — w 

where the central charge c equals D, the dimension of the space-time. 



Superconformal field theory 

The generalization of these formulas to the RNS superstring is quite straight- 
forward. The gauge-fixed world-sheet action becomes 

S'matter = j (%d X^dX^ + dlf ^ + ^^Blf^ d 2 Z, (4.130) 

where if and if correspond to if+ and if- in the Lorentzian description. 
The holomorphic energy-momentum tensor takes the form (B stands for 
bosonic) 

1 OO j 

Tb(z) = -2 ax“(z)dx„(z) - -r(z)dMz) = E 7^2 



(4.131) 
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which now has central charge c = 3Z4/2. The conformal field is a free 

fermion. As explained in Chapter 3, it has conformal dimension h = 1/2 
and the OPE 

V(zW{w) ~ . (4.132) 

z — w 

In the superconformal gauge, this theory also has a conserved h = 3/2 su- 
percurrent, whose holomorphic part is denoted Tf(z) (F stands for fermionic) 

OO 

T F (z) = 2ir(z)dX lx (z)= J2 ~^rr (4-133) 

r =— oo 

This mode expansion is appropriate to the NS sector. In the R sector G r , 
which has half-integer modes, would be replaced by F n , which has integer 
modes. Together with the energy— momentum tensor, which is now denoted 
Tr(z), it forms a superconformal algebra with OPE 

Tf(z)Tf(w) ~ — — - — rg + ^ + ... (4.134) 

4 (z — w)^ 2 (z — w) 

where c = |c, so that c = D. One has c = 344/2 = 15 because each bosonic 
field contributes one unit and each fermionic field contributes half a unit of 
central charge. It is convenient to use a superspace formulation involving 
a single Grassmann parameter 0. It can be regarded as a holomorphic 
Grassmann coordinate that corresponds to 0+ in the Lorentzian description. 
One can then combine Tp and Tb into a single expression 

T(z,9) = T F (z) + 6 T b (z ) (4.135) 

whose OPE is 

T(z 1 ,6 1 )T(z 2 , 0 2 ) ~ ^ + ^T(z 2 , e 2 )+ D2T{z2 ' 62) +— d 2 T(z 2 , e 2 )+. . . , 
4zf 2 2 zf 2 2 z 12 z 12 

(4.136) 

where z\ 2 = z\ — z 2 — 0\0 2 and 0\ 2 = 6\ — 0 2 . Also, 

D =le +e i (4137) 

This describes the entire superconformal algebra. Note that 9 \ 2 and z\ 2 
are invariant under the supersymmetry transformations 59i = e, 5zi = 9{E. 
A superfield &(z, 9) with components of conformal dimension h and h + \ 
satisfies 

T(z 1 ,d 1 )$(z 2 ,02) ~ h e ^$(z2,02) + J—D 2 § + — 5 2 T + ... (4.138) 

zf 2 2Zl 2 Z 12 
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BRST symmetry 

Superconformal field theory appears naturally when discussing the path- 
integral quantization of supersymmetric strings. In the quantum theory, it is 
convenient to add Faddeev-Popov ghosts to represent the Jacobian factors in 
the path integral associated with gauge fixing. Rather than discuss the path- 
integral quantization in detail, let us focus on the resulting superconformal 
field theory. 

As discussed in Chapter 3, in the bosonic string theory the Faddeev- 
Popov ghosts consist of a pair of fermionic fields b and c with conformal 
dimensions 2 and —1, respectively. These arose from gauge fixing the world- 
sheet diffeomorphism symmetry. In the case of the RNS string there is also 
a local supersymmetry on the world sheet that has been gauge-fixed, and 
as a result an additional pair of Faddeev-Popov ghosts is required. They 
are bosonic ghost fields, called (3 and 7, with conformal dimensions 3/2 and 
— 1/2, respectively. They have the OPE 

7 (z)/3(w) ~ . (4.139) 

z — w 

Since these are bosonic fields, this is equivalent to 

/3(z)'y(w) ~ . (4.140) 

z — w 

The gauge-fixed quantum action includes all of these fields. It is S = 
^matter + S'ghost, where Smarter is the expression in Eq. (4.130) and 

'S'ghost = ^ J {bdc + bdc + (3d~i + (3d^)d 2 z. (4.141) 

The fields c and 7 have ghost number +1, while the fields b and (3 have 
ghost number —1. The bosonic ghosts (3 and 7 are required to have the 
same rnoding as the fermi field - integer modes in the R sector and 
half-integer modes in the NS sector. When the factors of z~ h are taken into 
account, this implies that ip lx { z ), (3{z) and 7 (z) involve integer powers of 2; 
and are single- valued in the NS sector, whereas in the R sector they involve 
half-integer powers and are double- valued. 

The superconformal symmetry operators of this system are also given 
as the sum of matter and ghost contributions. The ghost fields give the 
following contributions: 

r ghost = _ 2Wc + cdb _ (4. 142 ) 

T gho S t = _ 2h 7 + cQf5 + 3^ 



(4.143) 
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These contribute c = —10, and so the superconformal anomaly cancels for 
D = 10. 

As in the case of the bosonic string theory, the quantum action has a 
global fermionic symmetry, namely BRST symmetry. In this case the trans- 
formations that leave the Lagrangian invariant up to a total derivative are 



5X» = r)(cdX ** - 


(4.144) 


SipL 1 = rj^cdip^ — 2iqdX^), 


(4.145) 


Sc = r](cdc — y 2 ), 


(4.146) 


5b = t/Tb, 


(4.147) 


h = Vied 7 - ipdc), 


(4.148) 


II 

-3 

a 

*1 


(4.149) 



These transformations are generated by the BRST charge 
Qb = ~ - i (cTT tter + 7 Tf natter + bcdc - ^ c-idfi - cfid-i - Irj 1 ) dz . (4.150) 

Z7T Z J 2 2 

The transformations of b and (3 , in particular, correspond to the basic equa- 



tions 








{Qb,Kz)} = T b {z) 


(4.151) 


and 








[Qb,P(z)\ = T f (z). 


(4.152) 



As in the case of the bosonic string, the BRST charge is nilpotent, Qg = 0, 
in the critical dimension D = 10. The proof is a straightforward analog 
of the one given for the bosonic string theory and is left as a homework 
problem. One first uses Jacobi identities to prove that [{Qb> G r }, f3 s ] and 
[{QB,G r },b m \ vanish if c = 0. This implies that {Qb,G t } cannot depend 
on the 7 or c ghosts. Since it has positive ghost number, this implies that it 
vanishes. It follows (using the superconformal algebra and Jacobi identities) 
that \Q B,L n \ must also vanish. Hence Qb is superconformally invariant for 
c = 0. In this case [Q^,b n \ = [QB,L n \ = 0 and [Q|,/J r ] = {Qb,G t } = 0, 
which implies that Qg cannot depend on the c or 7 ghosts. Since it also has 
positive ghost number, it vanishes. Thus nilpotency follows from c = 0. 

As a result of nilpotency, it is again possible to describe the physical states 
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in terms of BRST cohomology classes. In the NS sector, the ( 3 , 7 system has 
half-integer moding, and so there is a two-fold vacuum degeneracy due to 
the zero modes bo and Co, just as in the case of the bosonic string. As in that 
case, physical states are required to have ghost number — 1 / 2 . The case of 
the R sector is more subtle, because in that sector there are additional zero 
modes ( 3 q and 70, which give rise to an infinite degeneracy. Without going 
into details, let us just give a hint about how this is handled. The degeneracy 
due to the Ro _ 7o Fock space is interpreted as giving infinitely many equiv- 
alent descriptions of each physical state in different pictures. There is an 
integer label that characterizes the picture, and there are picture- changing 
operators that enable one to map back and forth between adjacent pictures. 
In formulating path integrals for amplitudes, there are some restrictions 
on which pictures can be used for the vertex operators that enter into the 
calculation. 



Homework Problems 



Problem 4.1 

Consider a massless supersymmetric particle (or superparticle) propagating 
in D-dimensional Minkowski space-time. It is described by D bosonic fields 
AT(r) and D Majorana fermions ip ,x { r ). The action is 

5 ° = / dT ~ ■ 

(i) Derive the field equations for AT, •*/T- 

(ii) Show that the action is invariant under the global supersymmetry 
transformations 

< 5 AT = ie^, 8V = 

where e is an infinitesimal real constant Grassmann parameter. 

(iii) Suppose that hi and 82 are two infinitesimal supersymmetry trans- 
formations with parameters £1 and £2, respectively. Show that the 
commutator [hi , £2] gives a r translation by an amount 8 t. Determine 
St and explain why hr is real. 



Problem 4.2 

In Problem 4 . 1 , supersymmetry was only a global symmetry, as £ did not 
depend on r. To construct an action in which this symmetry is local, one 
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needs to include the auxiliary field e and its fermionic partner, which we 
denote by y. The action takes the form 



So 



dr 



2e e 




(i) Show that this action is reparametrization invariant, that is, it is 
invariant under the following infinitesimal transformations with pa- 
rameter £(r): 

SX» = ZX 1 *, 5^ = £ip», 



Se = Tr (ie) ' Sx = Tr (ix) - 

(ii) Show explicitly that the action is invariant under the local supersym- 
metry transformations 



6X» = ieip*, 



6r = ^- e (x»-i X r)e, 



5x = £, 5e = -ixe- 

(iii) Show that in the gauge e = 1 and y = 0, one recovers the action in 
Problem 4.1 and the constraint equations X 2 = 0, X • ip = 0. 



Problem 4.3 

Consider quantization of the superparticle action in Problem 4.1. 

(i) Show that canonical quantization gives the equal- r commutation and 
anticommutation relations 

[X», X u ] = irf v and {^*, = if u . 

(ii) Explain why this describes a space-time fermion. 

(iii) What is the significance of the constraints X 2 = 0 and X ■ ip = 0 
obtained in Problem 4.2? 



Problem 4.4 

Show the invariance of the action (4.35) under the supersymmetry transfor- 
mations (4.25)-(4.27). 

Problem 4.5 

Derive the mass formulas for states in the R and NS sector of the RNS open 
superstring. 
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Problem 4.6 

Verify the constants or = 0, ons = 1/2 for the critical RNS superstring 
by using zeta-function regularization to compute the world-sheet fermion 
zero-point energies, as suggested in Section 4.6. 

Problem 4.7 

Consider the RNS string in ten-dimensional Minkowski space-time. Show 
that after the GSO projection the NS and R sectors have the same number 
of physical degrees of freedom at the second massive level. Determine the 
explicit form of the states in the light-cone gauge. In other words, repeat 
the analysis of Exercise 4.10 for the next level. 

Problem 4.8 

Given a pair of two-dimensional Majorana spinors if) and y, prove that 
AXES = + XPai'PAB + XP^(Pz)ab) , 



where p 3 = p 0 /h- 



Problem 4.9 

Derive the NS-sector Lorentz transformation generators in the light-cone 
gauge. 

Problem 4.10 

Show that Eqs (4.131) and Eq. (4.133) lead to the mode expansions of L n 
and G r given earlier. 

Problem 4.11 

Using the energy-momentum tensor Tr in Eq. (4.131) and the supercurrent 
T-p in Eq. (4.133), verify that Eq. (4.134) holds with c = 10. 

Problem 4.12 

Work out the OPEs that correspond to the coefficients of the various powers 
of 0 in Eqs (4.136) and (4.138). 

Problem 4.13 

Show that the total action S = Scatter + Sghost) given in Eqs (4.130) and 
(4.141), is invariant under the BRST transformations of Eqs (4.144)-(4.149). 
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Problem 4.14 

Consider the ghost contributions to the super-Virasoro generators in the NS 
sector. 

(i) Work out the mode expansions for ghost contributions to L n and G r 
implied by Eqs (4.142) and (4.143). 

(ii) Prove that these generate a super-Virasoro algebra with c = —10. 



Problem 4.15 

Using the method sketched in the text, show that the BRST charge in 
Eq. (4.150) is nilpotent for the critical dimension D = 10. 
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After the GSO projection the spectrum of the ten-dimensional RNS super- 
string has an equal number of bosons and fermions at each mass level. This is 
strong circumstantial evidence that the theory has space-time supersymme- 
try, even though this symmetry is extremely obscure in the RNS formalism. 
This suggests that there should exist a different formulation of the theory 
in which space-time supersymmetry becomes manifest. This chapter begins 
by describing the Green-Schwarz (GS) formulation of superstring theory, 
which achieves this. 

Since the bosonic string theory is defined in terms of maps of the string 
world sheet into space-time, a natural supersymmetric generalization to con- 
sider is based on maps of the string world sheet into superspace, so that the 
basic world-sheet fields are 

X^(a, t) and 0 a (cr, r). (5-1) 

This is the approach implemented in the GS formalism. 

The GS formalism has advantages and disadvantages compared to the 
RNS formalism. The basic disadvantage of the GS formalism stems from the 
fact that it is very difficult to quantize the world-sheet action in a way that 
maintains space-time Lorentz invariance as a manifest symmetry. However, 
it can be quantized in the light-cone gauge. This is sufficient for analyzing 
the physical spectrum. It is also sufficient for studying tree and one-loop 
amplitudes. An advantage of the GS formalism is that the GSO projec- 
tion is automatically built in without having to make any truncations, and 
space-time supersymmetry is manifest. Moreover, in contrast to the RNS 
formalism, the bosonic and fermionic strings are unified in a single Fock 
space. 
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5.1 The DO-brane action 

Let us begin with a warm-up exercise that shares some features with the 
GS superstring but is quite a bit simpler, specifically a space-time super- 
symmetric world-line action for a point particle of mass m. The example 
of particular interest, called the DO-brane, is a massive point particle that 
appears as a nonperturbative excitation in the type IIA theory. The DO- 
brane is a special case of more general Dp-branes, which are the subject of 
the next chapter. 

Recall that the action for a massive point particle in flat Minkowski space- 
time has the form 

S = —m J yJ-X^dr. (5.2) 

Our goal here is to find a generalization of this action describing a massive 
point particle that is supersymmetric in space-time. Any number, J\f, of 
supersymmetries can be described by introducing J\f anticommuting spinor 
coordinates Q Aa {r) with A = The index a labels the compo- 

nents of the space-time spinor in D dimensions. For a general Dirac spinor 
a = 1, . . . , 2 d / 2 if D is even. In the following it is assumed that the spinors 
are Majorana. This is the case of most interest, and it simplifies the for- 
mulas, because one can use identities such as t/q = — ^F^V’i- In the 
important case of ten dimensions, there exist Majorana-Weyl spinors, so a 
Weyl constraint can be imposed at the same time. 

Supersymmetry can be represented in terms of infinitesimal supersymme- 
try transformations of superspace 



SQ Aa = e Aa , 


(5.3) 


SX^ = £ A T^Q A . 


(5.4) 



Here, summation on the repeated index A is understood. Supersymmetry 
is a nontrivial extension of the usual symmetries of space-time. In particu- 
lar, a simple computation shows that the commutator of two infinitesimal 
supersymmetry transformations gives 

[<R, c> 2]0 A = 0 and [6i,6 2 ]X li = -2e?T li e£ = a l *. (5.5) 

This shows that the commutator of two infinitesimal supersymmetry trans- 
formations is an infinitesimal space-time translation of X ^ by a* 1 . The 
supergroup obtained by adjoining supersymmetry transformations to the 
Poincare group is called the super- Poincare group , and the generators de- 
fine the super-Poincare algebra. It is made manifest in the formulas that 




150 



Strings with space-time supersymmetry 



follow. These symmetries are global symmetries of the world-line action, so 
e Aa is independent of r. 

In order to construct the supersymmetric action, let us define the super- 
symmetric combination 

lift = X' 1 - Q a T^Q a . (5.6) 

The subscript 0 refers to the fact that both terms involve time derivatives. 
The corresponding formula for a Dp-brane is 

n» = d a x> x -@ A r»d a @ A , a = o,i,..., P . ( 5 . 7 ) 

In the case of the DO-brane, p = 0, and so the index a can only take the 
value 0. 

Since IIq is invariant under supersymmetry transformations, a space-time 
supersymmetric action can be constructed by making the replacement 

X 11 -»• lift (5.8) 

in the action (5.2). As a result, one obtains the action 

Si = —to J — IIo • n 0 dr. (5-9) 

This action is invariant under global super-Poincare transformations and 
local diffeomorphisms of the world line. 

The DO-branes are massive supersymmetric point particles that appears 
in the type IIA theory. Therefore, since this is a ten-dimensional theory, in 
the following we assume that D = 10. Since the type IIA theory has M = 2 
space-time supersymmetry, there are two spinor coordinates, 0 la and 0 2a , 
which are both Majorana-Weyl and have opposite chirality. One can define 
a Majorana (but not Weyl) spinor 

0 = 0 1 + 0 2 , (5.10) 

and obtain O 1 and 0 2 by projecting onto each chirality 

0 1 = 7^(1 + Tn)0 and 0 2 = l(l_r n )0, (5.11) 

where, as in Chapter 4, 

Tn = ToTi . . . Tg (5.12) 

satisfies T 2 X = 1 and {Tn,r M } = 0. In this case one can write 

lift = AT - OT l O, (5.13) 

since the cross terms between opposite-chirality spinors vanish. 
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It turns out that the action Sj , by itself, does not give the desired theory. 
This can be seen by deriving the equations of motion associated with X ^ 
and 0 A . The canonical conjugate momentum to X 11 is 



P„ = 



5 Si m 

5X^ \/ — IIq • IIq 



x, u - er M 0 



(5.14) 



The X 11 equations of motion imply 



P„. = o. 



(5.15) 



Not all the components of the momentum are independent. Squaring both 
sides of Eq. (5.14) gives the mass-shell condition 

P 2 = -m 2 . (5.16) 



On the other hand, the equation of motion for 0 is 

P • T0 = 0. (5.17) 

Multiplying this with P ■ T gives m 2 0 = 0, so for m/0 one obtains 0 = 0. 
There is nothing obviously wrong with this. However, the factor P ■ T 
is singular in the massless case. This corresponds to saturation of a BPS 
bound, a circumstance that reflects enhanced supersymmetry. This suggests 
that another contribution to the action may be missing whose inclusion 
would ensure saturation of a BPS bound and enhanced supersymmetry in 
the massive case as well. 

Suppose that there is a second contribution to the action that changes 
Eq. (5.17) to 

(P-T + mTii)0 = 0. (5.18) 



This equation only forces half the components of 0 to be constant without 
constraining the other half at all. The reason is that half of the eigenvalues 
of P ■ r + mT n are zero. As evidence of this consider its square 

(P-T + mTn) 2 = (P-r) 2 + m{P-r,rii} + (mTii) 2 = P 2 + m 2 = 0. (5.19) 



Thus the number of independent equations is only half the number of com- 
ponents of 0. This suggests that there are local fermionic symmetries such 
that half the components of 0 are actually gauge degrees of freedom. 

The missing contribution to the action that gives this additional term in 
the 0 equation of motion is 

S 2 = —m J 0Tn0 dr. (5.20) 

The choice of the sign of this term is arbitrary. If this choice describes a 
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DO-brane, then the opposite sign would describe an anti-DO-brane. To sum- 
marize, the complete space-time supersymmetric action for a point particle 
of mass m is 



S = Si + S 2 = -m 



j y/— IIo • ITo dr — m j 0Tn0 dr. (5.21) 



Kappa symmetry 

The action S is invariant under super-Poincare transformations and diffeo- 
morphisms of the world line. By adding the contribution S 2 , the point- 
particle action gains a new symmetry, called k symmetry, which is a local 
fermionic symmetry, k symmetry involves a variation 50, whose form is 
determined later, combined with a transformation of the bosonic variables 
given by 

5 x» = or^so = -sor^e. ( 5 . 22 ) 

This determines the transformation of Ilg to be 

5II& = - 260 ^ 0 . (5.23) 



The variation of the action S\ in Eq. (5.9) under a k transformation is 

'■ n 0 • 5u 0 



SSl = m J^f. % dT - 

Using (5.23) and the fact that Tn squares to 1, we obtain 
5S\ = —2m 



ns<se r „e dT = _ 2m I lS e 7 r 11 e dr, 



\/-Ho 



where 



Since 



r • n 0 

7 = lUBl rn - 



2 (r • n 0 ) 2 



7 = 



n 2 

il o 



= l, 



7 can be used to construct projection operators 

p ± = ^(1±7)- 



(5.24) 



(5.25) 



(5.26) 



(5.27) 



(5.28) 



The second contribution to the action, S 2 in Eq. (5.20), has the variation 



5S 2 = —2m 



<50Tn0 dr. 



(5.29) 
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Thus 

5(Si + S 2 ) = — 2m J 50(1 + 7 )Th 0 dr = — 4m j 50P + Fn© dr. (5.30) 

For a transformation 50 that takes the form 

50 = RP-, (5.31) 

with k(t) an arbitrary Majorana spinor, the action is invariant. So this 
describes a local symmetry of the action. To summarize, the DO-brane 
action S is invariant under the transformations 

50 = RP _ and SX 11 = -RP.F^Q. (5.32) 

The local fermionic k symmetry implies that half of the components of 
0 are decoupled and can be gauged away. The key point to realize is that 
without this symmetry there would be the wrong number of propagating 
fermionic degrees of freedom. What is required is a local fermionic symmetry 
that effectively eliminates half of the components of 0. 



Exercises 



Exercise 5.1 

Given two Majorana spinors 0i and 02 prove that 

0ir M 0 2 = -0 2 r M 0i. 



Solution 

In a Majorana representation the Dirac matrices are real. Since To is an- 
tihermitian and the spatial components T t are hermitian, this implies that 
To is antisymmetric and T, is symmetric. Using these facts and the Dirac 
algebra, it follows that the charge-conjugation matrix C = To satisfies 

cr^c - 1 = -rj. 

For Majorana spinors 

0ir M © 2 = 0|r o r M 0 2 = 0fcr M 0 2 . 

This can be written in the form 

-0^c T ©i = -e%cr fl @ 1 = -0 2 r M 0 1 , 
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which proves the desired result. 

More generally, the same reasoning gives 

©irV.^02 = (_i )^ +1 )/ 2 © 2 r w ...^0 1 , 



where we define 






and square brackets denote antisymmetrization of the enclosed indices. □ 



Exercise 5.2 

Check explicitly that the commutator of two supersymmetry transforma- 
tions gives the result claimed in Eq. (5.5). 

Solution 

Under the supersymmetry transformations in Eqs (5.3) and (5.4) the fermi- 
onic coordinate transformation is (50 A = e a . Therefore, (5i($20 A = <5 i£ A = 0, 
which implies that [4] , £ 2 ] 0 A = 0. Similarly, 

SifaX 1 * = Si (e A r M 0 A ) = e$T 

As a result, 

Pi, S 2 ] X» = e a T»e a - e a T»e a = -2e a T»e a , 
where we have used the result of the previous exercise. □ 



Exercise 5.3 

Show that ITq , as defined in Eq. (5.6), is invariant under the supersymmetry 
transformations in Eqs (5.3) and (5.4). 

Solution 

From the definition of IIq it follows that 

5(X M - 0 A r /i 0 A ) = -^(e A r^0 A ) - e a T^Q a - 0 A r^e A 

dr 

= e a T^Q a - e A r^0 A = 0. 



□ 



Exercise 5.4 

Derive the equations of motion for X ^ and 0 A obtained from the action S\. 
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Solution 

The momentum corresponding to the X fl coordinate is 

DM Ufl 

= — — = m- 



SX,, 

As a result, the equation of motion for X /t is 

P ^ = 0 . 

The equation of motion for the fermionic field is 

d 5C 5£ 



dr 5@ A 



= 0. 



This gives 



^ (p m ^ 1 0 a ) + p^© a = o, 



or, using = 0, 



P . T0 a = 0 



□ 



5.2 The supersymmetric string action 

As was discussed in Chapter 4, there are two string theories with J\[ = 2 
supersymmetry in ten dimensions, called the type IIA and type IIB super- 
string theories. Since in each case the supersymmetry is M = 2, there are 
two fermionic coordinates 0 1 and 0 2 . For the type IIA theory these spinors 
have opposite chirality while for the type IIB theory they have the same 
chirality, that is, 

T n 0 A = (— 1) A+1 0 A type IIA (5.33) 

r n 0 A = 0 A type IIB. (5.34) 

The two spinors 0 Aa , A = 1,2, are Majorana-Weyl spinors. 

In order to construct the GS world-sheet action for the type II super- 
strings, let us start with the bosonic Nambu-Goto action (for a' = 1/2 or 
T = 1/t r) 

Sng = ~~ j d 2 (J \j~ det ipaX^dpXfj). 



(5.35) 
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The obvious guess is that the supersymmetric string action takes the form 

Si = ~Jd 2 a^G, (5.36) 

with G = det G a p, G a p = II a • IIg and 

= daX 11 - Q A T^d a Q A . (5.37) 

This expression is supersymmetric even if the number of supersymmetries 
is different from J\f = 2. In the general case the index A takes the values 
A = 1, . . . , A f . However, the case of interest to us has D = 10, M = 2, 
and the spinors 0 A are Majorana-Weyl spinors with 16 independent real 
components (though we use a 32-component notation). 

As in the case of the D-particle, the action S\ is not the complete answer, 
because it is not invariant under k transformations. As before, a second 
term S 2 has to be added in order to produce local k symmetry and thereby 
decouple half of the components of the fermionic variables. The action Si 
is invariant under global super-Poincare transformations as well as local 
reparametrizations (diffeomorphisms) of the world sheet. These properties 
must be preserved by the new term 



Kappa symmetry 

In analogy to the discussion of the DO-brane, the bosonic variables transform 
under k transformations according to 

6X 1 * = 0 A T^<50 A = — e>0 A r M 0 A , (5.38) 

which implies 

511% = -28Q A r^ l d a Q A . (5.39) 

Using (5.39) one obtains 

SSi = ^ j d 2 (j'/^GG a Pll ll a 5® A T^dp® A . (5.40) 

The next step is to construct a second contribution to the action S 2 that 
also has global super-Poincare symmetry and local diffeomorphism symme- 
try. Moreover, its kappa variation 5 S 2 should combine nicely with 5S\ so as 
to ensure kappa symmetry of the sum. The analysis can be rather messy if 
one does it by brute force. It makes a lot more sense, however, if one focuses 
on the crucial geometrical aspects of the problem in the manner that follows. 
This methodology is generally applicable to problems of this type. 

There is a large class of world-volume theories for which the action takes 
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the form S\ + S 2 , where S\ is of the Nambu-Goto type and S 2 is of the 
Chern-Simons or Wess-Zumino type. These characterizations concern the 
way in which the diffeomorphism symmetry is implemented. S\ has the 
structure of a supersymmetrized volume. The term S 2 , on the other hand, 
is naturally described as the integral of a two-form 

S 2 = J n i = lJ d 2 <Je a ^ a p, (5.41) 

where f I 2 does not depend on the world-sheet metric. More generally, for a 
p-brane it would be an integral of a (p + l)-form. Such a geometric structure 
has manifest diffeomorphism symmetry. 

The way to make the symmetries of the problem manifest is to formally 
introduce an additional dimension and consider the three- form = dfi 2 . 

As a mathematical device, one may imagine that there is a three-dimensional 
region D whose boundary is the string world sheet M. The region D has no 
physical significance. In mathematical notation, M = dD. Then by Stokes’ 
theorem 




The advantage of this is that the symmetries of the problem are manifest in 
Q 3 . The differential form Q 3 is like a characteristic class in that it is closed 
and invariant under the symmetries in question. The differential form Q 2 is 
the corresponding Chern-Simons form. In general it is not invariant under 
the corresponding symmetry transformations. However, its variation is a 
total derivative, which is sufficient for our purposes. 

A key formula in this subject is an identity satisfied by a Majorana-Weyl 
spinor 0 in ten dimensions 

r^de deride = o. (5.43) 

In our notation wedge products are implicit, so the left-hand side of this 
equation is a three-form. This formula is crucial to the existence of super- 
symmetric Yang-Mills theory in ten dimensions, and it is also required in 
the analysis that follows. It is proved by considering Fierz transformations 
of the spinors, which are given in the appendix of Chapter 10. 

Let us focus on the implementation of global space-time supersymmetry. 
There are three one- forms that are supersymmetric, namely d© 1 , d© 2 , and 
= dX^ — Q A T IJ 'd@ A . So H 3 should be a Lorentz-invariant three-form con- 
structed out of these. Up to a normalization constant, c, to be determined 
later, the appropriate choice is 

h 3 = cid&r^de 1 - d© 2 r M d0 2 )nu 



(5.44) 
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The crucial minus sign in this formula is determined from the requirement 
that Q3 should be closed, that is, dQ 3 = 0. To see this substitute the explicit 
formula dIT l = — (dQ 1 T fl dQ 1 + dQ 2 V^ l dQ 2 ) into 

dn 3 = cid&r^de 1 - d0 2 r A( d0 2 )dir\ (5.45) 

The minus sign ensures the cancellation of the cross terms that have two 
powers of dQ 1 and two powers of dQ 2 . The terms that are quartic in dQ 1 
or dQ 2 , on the other hand, vanish due to Eq. (5.43). 

Let us now compute the kappa symmetry variation of ST3, 

6Q 3 = 2c(d5Q 1 T ^dQ 1 - d6Q 2 T^dQ 2 W 



-2c(d0 1 T f.dQ 1 - dQ 2 r^dQ 2 )5Q A T^ l dQ A . (5.46) 

Using Eq. (5.43) again, the second line of this expression can be recast in 
the form 



Therefore, 



5Q3 



2c(50 1 r Al d0 1 - 



2 c(<50 ] 



Tf.de 



S@ 2 T ndQ^dU^ . 

1 - <50 2 T M d0 2 )nH , 



(5.47) 

(5.48) 



and thus 



sn 2 = 2c(50 1 r /i d© 1 - 50 2 r M d0 2 )iP. (5.49) 

To be explicit, setting c = 1 /tt gives 

6S 2 = ^ J d 2 ae a d(5Q 1 Tf i d a Q l - 50 2 r M <9«0 2 )n^. (5.50) 

The term S 2 is required to have this variation, since then the variation of 
the entire action under k transformations takes the form 

6S = ^ J d 2 a£ a P(5Q l P + Tf.d a Q l - SQ 2 P-Tf.d a Q 2 )U^. (5.51) 

The orthogonal projection operators P± are defined by 



p ± = \ (! ± 7) 

with 

' “ 2 ^G 



(5.52) 



(5.53) 



It now follows that the action is invariant under the transformations 



50 1 = k 1 P- and 50 2 = k 2 P- 



(5.54) 
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for arbitrary MW spinors k 1 and n 2 of appropriate chirality. 

Let us now construct the term S' 2 . Using Eq. (5.44), O 3 = dQ -2 can be 
solved for hU- The solution, unique up to an irrelevant exact expression, is 

n 2 = c (@ 1 r /i d0 1 - Q 2 T^ L dQ 2 )dX^ - cQ 1 T fl dQ 1 Q 2 r fl dQ 2 . (5.55) 

Note that changing the sign of c corresponds to interchanging 0 1 and 0 2 , 
and therefore the choice is a matter of convention. The term S 2 can be 
reconstructed from this formula in the manner indicated in Eq. (5.41). Al- 
together, the ^-invariant action for the string is then 

S = S 1 + S 2 . (5.56) 

Other p-branes, some of which are discussed in Chapter 6 , also have world- 
volume actions with local n symmetry. One example is the supermembrane 
in D = 11 supergravity (or M theory). Other examples contain additional 
world-volume fields besides X ^ and 0. For example, the Dp-brane world- 
volume actions also contain U{ 1) gauge fields. This gauge field could be 
ignored in the special case p = 0 discussed earlier. 



Exercises 



Exercise 5.5 

Show that 7 , defined in Eq. (5.53), satisfies q 2 = 1, as required for P± = 
(1 ± q )/2 to be orthogonal projection operators. 

Solution 

The square of 7 is 

7 2 = (V^n ^) 2 = {r^r^j . 

Using the identity 

Tp, 2 jy 2 } = 

H1V1H2V2') 

and noting that the r /ilZ 7 1M2 ^ 2 term does not contribute, one obtains 
7 2 = ^ ai/3l £ Q2/32 (G Qia2 Gg 102 - G ai02 Gp lQ2 ) = 1. 

□ 
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5.3 Quantization of the GS action 

The GS action is difficult to quantize covariantly, since the equations of 
motion are nonlinear in the coordinates X ^ and B" 4 . Also, the canonical 
variables satisfy constraints as a consequence of the local k symmetry. These 
constraints are a mixture of first and second class (in Dirac’s classification). 
Standard methods require disentangling the two types of constraints and 
treating them differently. However, this separation cannot be achieved co- 
variantly. Many proposals for overcoming these difficulties have been made 
over the years, most of which were unsuccessful. More recently, Berkovits 
has found a scheme based on pure spinors , that does seem to work, but it 
is not yet understood well enough to include here. 

The following analysis uses the light-cone gauge in which the equations of 
motion become linear, and the quantization of the theory becomes tractable. 
This gauge choice is very convenient for analyzing the physical spectrum of 
the theory. It can also be used to compute tree and one-loop amplitudes. 
However, to be perfectly honest, it is very awkward for most other purposes. 



The light- cone gauge 

As in the case of the bosonic string, the diffeomorphism symmetry can be 
used to choose the conformally flat gauge in which the world-sheet metric 
takes the form 

h Q/ 3 = e't’rjap. (5.57) 

After choosing this gauge the action is still invariant under superconformal 
transformations. As explained in Section 2.5, this residual symmetry allows 
one to choose the light-cone gauge in which the oscillators a+, with n / 0, 
vanish, and therefore 

X + = x + +p + r. (5.58) 

As before, this leaves only the transverse coordinates X 1 with i = 1, ... ,8 
as independent degrees of freedom. As a result, the theory contains eight 
bosonic degrees of freedom corresponding to the eight transverse directions 
in ten dimensions. In the world-sheet theory these appear as eight left- 
movers and eight right-movers. 

Let’s consider the fermionic degrees of freedom. As was discussed earlier, 
a generic spinor in ten dimensions has 32 complex components. Imposing 
Majorana and Weyl conditions reduces this to 16 real components, which 
is the content of a Majorana-Weyl spinor. In the present set-up there are 
two Majorana-Weyl spinors B" 4 , which therefore have a total of 32 real 
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components. A factor of two reduction is provided by the local k symmetry, 
which can be used to gauge away half of the 32 fermionic degrees of freedom. 
The final factor of two that leaves eight real degrees of freedom, for both 
left-movers and right-movers, is provided by the equations of motion. 

A natural and convenient gauge choice is 

r+0 A = O, where T ± = ^(r°±r 9 ). (5.59) 

v2 

This reduces the number of fermionic degrees of freedom for each of the two 

0 s to eight. Note that r/^ = —1, so that T + = — T_ and T - = — T+. This 

gauge choice meshes nicely with gauge- fixing X + , since 5X + = e /l r + 0 yl 
vanishes. It could be justified by constructing a local k transformation that 
implements this choice. 

The GS action, in the version with a world-sheet metric, is 

S = S l + S 2 , (5.60) 

with 

Si = - — [ d 2 aV Z hh ap U a • Ug (5.61) 

2vr J 

and 

S 2 = lf d 2 a£ a/ 3 [- ^^(G 1 ^© 1 -© 2 ^^© 2 )— ©^da© 1 © 2 ^© 2 ]. 

(5.62) 

The equations of motion for the superstring in the GS formalism are highly 
nonlinear and given by 





n a • n j3 = -h a ph^ ’n 7 • n^, 


(5.63) 




r • r laP^dpQ 1 = r • u a pfd p & 2 = o, 


(5.64) 


d a \T-h (h al3 < 


dfsX^ - 2P^e 1 T^d p e 1 - 2 pf 3 © 2 ^ 1 ^© 2 ) 


= 0, (5.65) 


where 




(5.66) 


Once the gauge choices (5.58) and (5.59) are imposed, the equations of 
motion for the string become linear. The basic reason for this simplification 


is that the term 


Q A T^ l d a Q A 


(5.67) 
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vanishes for fi = i, + and is nonvanishing only for g = — . Using the fermion 
gauge choice (5.59), the first equation in (5.64) takes the form 

(r^p^e 1 = (r+n+ + u t n = o. (5.68) 



Multiplying this result by T + gives 

r+(r+n+ + unjjp^© 1 = 2n+p“%0 1 = o. (5.69) 

Using n+ = p + S a fl this gives 



P^dpQ 1 = 0 . 



(5.70) 



Using the definition of and the gauge choice h a p = e^g a g, this takes 
the form 

d d 



dr + da ] ®‘ =0 - 



(5.71) 



This is the equation of motion for 0 1 in the light-cone gauge. It is consid- 
erably simpler than the covariant equation of motion. Since this equation is 
linear, it can be solved explicitly. In a similar way, the equations of motion 
for X 1 and 0 2 also become linear. One learns, in particular, that O 1 and 0 2 
describe waves that propagate in opposite directions along the string. This 
fact can be traced back to the relative minus sign between the 0 1 and 0 2 
dependence in Si. 



The light- cone gauge action 

The superstring theories considered here have ten-dimensional Lorentz in- 
variance, but in the light-cone gauge only an 50(8) transverse rotational 
symmetry is manifest. The eight surviving components of each 0 form 
an eight-dimensional spinor representation of this transverse 50(8) group 
(or more precisely its Spin{ 8) covering group). There are two inequivalent 
spinor representations of Spin( 8), which are denoted by 8 S and 8 C . These 
two representations describe spinors of opposite eight-dimensional chirality. 
The ten-dimensional chirality of the spinors 0 1,2 determines whether an 8 S 
or 8 C representation survives in the light-cone gauge. Using the symbol 5 
for the surviving components of 0, multiplied by a factor proportional to 
y/jP, the choices are 



IIA : y/p+Q A -h 


• 8 S + 8 C = (5“, 5f), 


(5.72) 


IIB : -h 


► 8 S + 8 S = (5“, 5f). 


(5.73) 
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In the above formulas the letters a, 6, . . . label the indices of a spinor in 
the 8 S representation and dotted indices a,b,... label spinors in the 8 C 
representation. This should be contrasted with the result obtained for the 
RNS formalism in light-cone gauge, where the fermionic fields on the world 
sheet are vectors of SO( 8) rather than spinors. In the case of the group 
Spin( 8) there is a triality symmetry that relates the vector representation 
to the two spinor representations. This symmetry is manifested as an S 3 
symmetry of the Spin( 8) Dynkin diagram shown in Fig. 5.I. 1 




Fig. 5.1. Dynkin diagram for SO( 8) = D 4 . Triality refers to the symmetries of this 
diagram. 

In the notation where the components of 0 that survive after gauge fixing 
are denoted by S, as described above, the equations of motion take the very 
simple form 

d+d-X* = 0, d+Sf = 0 and dS% 01 & = 0. (5.74) 

These equations are identical to those for the fields X *, ip 1 , and ip l _ in the 
RNS formalism. The only difference is that now the fermions are in the 
spinor representation of Spin{ 8), whereas in the RNS formalism they were 
in the vector representation. By using the triality symmetry discussed above 
one can transform space-time spinors into vectors. As a result, these equa- 
tions of motion are very similar to those for superstrings in the RNS formal- 
ism, though there are important differences in their usage. 

The light-cone gauge action that gives rise to the above equations of mo- 
tion is 

S = [ d 2 ad a X i d a X i + - [ d 2 a(Sfd+Sf + SfcLSf), (5.75) 

2vr J 7 t J 

for the type IIB string. For the type IIA string one replaces Sf by S%- In 
the IIB case one can combine Si and S 2 into a two-component Majorana 



1 The representation theory of the groups Spin(2n) is described in Appendix 5. A of GSW. 
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world-sheet spinor giving the action 

5 = - — [ d 2 a(d a X i d a X i + S a p a 8 a S a ), (5.76) 

2 TT J 

where p a are the two-dimensional Dirac matrices described in Chapter 4. 
As a result, the light-cone gauge superstring in the GS formalism looks 
almost the same as in the RNS formalism. An important difference is the 
fact that, whereas the RNS formalism required two sectors (R and NS), the 
entire spectrum is obtained from a single sector in the GS approach. It 
is an interesting fact that before gauge fixing the GS fermions transform 
as world-sheet scalars, but after gauge fixing they transform as world-sheet 
spinors. 



Canonical quantization 

Canonical quantization of the coordinates X 1 is the same as in the case of 
the bosonic string or of the RNS string. Therefore, the equations of motion 
and the boundary conditions are solved by the same oscillator expansions. 
The fermionic coordinates satisfy anticommutation relations 

{s A “(a, r), S B V, r )} = K5 ab 5 AB 5(a - a'), (5.77) 

where A, B = 1, 2 and a, b = 1, . . . , 8. To determine the quantization condi- 
tions for the coefficients in the mode expansions of the fermionic fields, one 
must first choose boundary conditions for the fermionic coordinates. These 
determine the structure of the mode expansions, just as for the bosonic 
coordinates. There are several different possibilities: 

Open type I superstring 

The bosonic fields of the open or type I superstring satisfy Neumann bound- 
ary conditions at a = 0, tt. When they are required to end on lower- 
dimensional hypersurfaces (D-branes), Dirichlet boundary conditions, which 
are another possibility, are discussed in Chapter 6. The corresponding 
boundary conditions for the fermionic fields S 1 and S 2 require that they 
are related at the ends of the strings. 

In order to keep the fermionic zero mode, which is necessary for unbroken 
space-time supersymmetry, there is no arbitrariness for the choice of sign in 
the boundary conditions. This is in contrast to the situation in the RNS 
approach. Space-time supersymmetry is only possible for the same relative 
sign choice at both ends. Thus the appropriate boundary conditions are 

S la | a=0 = 5 2a | CT= o and S la \ a=7T = S 2a | CT=7r . (5.78) 
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Since the space-time supersymmetry transformation is 5Q A = e A (where 
the e A are constants) the above boundary conditions are only compatible 
with supersymmetry if e 1 = e 2 . As a result, open strings only have an 
J\f = 1 supersymmetry. Such open strings occur in the type I superstring 
theory, which therefore is a theory with J\f = 1 supersymmetry. The mode 
expansions for the fermionic fields of an open string satisfying Eqs (5.74) 
and (5.78) are 



- OO 

gla 1 \ A ga ^—in(r—a) 

~ V2 ^ n 

v n =— oo 


(5.79) 


oo 

g2 a 1 \ A ga ^—in{r-\-cj) 

~ V? ^ n 

v n =— oo 


(5.80) 


After quantization, the coefficients in the above mode expansions satisfy 


{S^,S b n } = 6 m+n , 0 S ab . 


(5.81) 


The reality condition implies Sf m = (S^y . 




Closed strings 

Closed strings require the periodicity 




S Aa (a,r) = S Aa (a + 7T,r), 


(5.82) 


since this is the only boundary condition that is compatible with supersym- 
metry. As a result, the mode expansions become 


OO 

gla ^ ^ ga g-2m(r-(j) 

— oo 


(5.83) 


oo 

g2a ^ ^ ga ^-2in(r-\-a) 


(5.84) 



— OO 



Each set of modes satisfies the same canonical anticommutation relations 
as in Eq. (5.81). S' 1 and S 2 belong to different spinor representations, 8 S 
and 8 C , for the type IIA theory and to the same spinor representation, 8 S 
or 8 C , for the type IIB theory. A left' right symmetrization (or orientifold 
projection) of the closed type IIB superstring gives a truncated spectrum 
that describes the closed type I superstring with J\f = 1 supersymmetry. 
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The free string spectrum 

Let us now examine the spectrum of free GS strings with space-time su- 
persymmetry in flat ten-dimensional Minkowski space-time starting with 
the type I open-string states. This is useful for closed strings, as well, 
since closed-string left-movers and right-movers have essentially the same 
structure as open strings. This implies that closed-string states can be con- 
structed as tensor products of open-string states, just as for the bosonic 
string. 



Open type I superstrings 

Open type I superstrings satisfy the mass-shell condition 

OO 

a'M 2 = £ («!_„< + nS a _ n S“) . (5.85) 

n= 1 

Note that there is no extra constant (previously called a), since the normal- 
ordering constants for the bosonic and fermionic modes cancel exactly. As 
a result, there is no tachyon in the spectrum, and so no analog of the GSO 
projection is required to eliminate a tachyon. Moreover, the ground state 
is degenerate since the operator Sft commutes with the mass operator. The 
ground-state spectrum must provide a representation of the zero-mode Clif- 
ford algebra 

{SS,S b 0 } = S ab a, 6=1,..., 8. (5.86) 

The representation consists of a massless vector 8 V , which we denote by |i), 

1 = 1, . . . , 8 , and a massless spinor partner |a), a = 1, . . . , 8, which belongs 
to the 8 C . These are related according to 2 

|a>=T^|i) and |*> = T^|a>. (5.87) 

This construction is identical to the one used for the zero modes of the 
Ramond sector in the RNS formalism in Chapter 4. The difference is that the 
role of a vector and spinor representation has been interchanged. However, 
because of the triality symmetry of Spin{ 8), the mathematics is the same. 

This is exactly the massless spectrum required by supersymmetry that 
was found earlier. This time it has been achieved in a single sector, without 
any GSO-like projection. The excited levels at positive mass are obtained 
by acting on the massless states with the negative modes (S°L n and cd_ n ) 
in the usual way. The methodology of this construction ensures that the 

2 The eight 8x8 Dirac matrices are the Clebsch-Gordon coefficients for combining the three 
inequivalent 8 s of Spin( 8) into a singlet. 
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supersymmetry generators can be expressed in terms of these oscillators, 
and therefore the physical spectrum is guaranteed to be supersymmetric. 

Type II superstring theories 

Type II superstrings, on the other hand, have the following spectrum. The 
ground state for the closed string is also massless and is given by the tensor 
product of left- and right-movers. Since the ground state for the open string 
is the 16-dinrensional multiplet given by 8 V + 8 C , there are 256 = 16 x 16 
states in the closed-string ground state. The resulting supermultiplets are 
different for the type IIA and type IIB theories. 

In the case of the type IIA theory one should form the tensor product of 
two supermultiplets in which the spinors have opposite chirality 

(8 V + 8 C )® (8 V + 8 S ). (5.88) 

This tensor product gives rise to the following bosonic fields: 

8 V <gi 8 V = 1 + 28 + 35 and 8 S <8> 8 C = 8 V + 56 t , (5.89) 

while the tensor products of 8 V <g) 8 S and 8 V <g) 8 C give rise to the corre- 
sponding fermionic superpartners. The product of the two vectors 8 V <g) 8 V 
decomposes into a scalar, an antisymmetric rank-two tensor and a symmet- 
ric traceless tensor. The corresponding fields are the dilaton, antisymmetric 
tensor and the graviton. The product of the two spinors of opposite chirality, 
denoted ( and y, is evaluated by constructing the independent tensors 

CTiX and CXijkX- (5-90) 

These describe 8 + 56 = 64 fermionic states, which is the expected num- 
ber. Equation (5.89) describes the massless bosons of the ten-dimensional 
type IIA theory. This is the same bosonic content that is obtained when 
11-dimensional supergravity is dimensionally reduced to ten dimensions. 
Furthermore, the fermions also match. This relationship has rather deep 
significance, as it suggests a connection between the two theories. This is 
explored in Chapter 8. 

The spectrum of massless particles of the type IIB theory is given by the 
tensor product of two supermultiplets in which the spinors have the same 
chirality. The massless ground states are then given by 

(8 v + 8 c )<g>(8 v + 8 c ). (5.91) 

This gives rise to the following bosonic fields: 

8 V ® 8 V = 1 T 28 T 35 and 8 C 8 C = 1 T 28 T 35-]_. (5.92) 
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Here 35 + describes a fourth-rank self-dual antisymmetric tensor. This spec- 
trum does not arise from dimensional reduction of a higher-dimensional the- 
ory. 

The above results show that both type II theories have the same field 
content in the NS-NS sector, 3 namely (in a mixed notation) 

8 V <8> 8 V = </> © Bfj, u © G^i/i (5.93) 

which are the dilaton, antisymmetric tensor and the graviton. In the R- 
R sector the type IIA and type IIB theories are different. The type II A 
theory contains odd rank potentials, namely 8 V and 56t, which are one- 
form and three-form potentials. The type IIB theory, on the other hand, 
contains even rank potentials, namely 1, 28 and 35_|_, which are a zero- 
form potential corresponding to an R-R scalar, a two-form potential and a 
four-form potential with a self-dual field strength in ten dimensions. 



Exercises 



Exercise 5.6 

Show that Q A T^d a @ A vanishes for (i = +,i. 

Solution 

The vanishing is obvious for /i = +, because T + 0 j4 = 0. To see it for the 
case /i = i insert 1 = — (T + T“ + T _ T + )/2. Then T + multiplies G" 4 either 
from the left or the right to give zero, and so each of the two terms vanishes. 
□ 

Exercise 5.7 

Show that 0 1 and 0 2 propagate in opposite directions along the string. 

Solution 

0 1 and 0 2 satisfy the equations of motion 

{d T + d a ) 0 1 = ( d T - d a ) 0 2 = 0. 

3 The GS formalism doesn’t have distinct sectors, but these are the states of the NS-NS sector 
in the RNS formalism. 
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As a result, 0 1 = 0 1 (r — a) is right-moving and 0 2 = 0 2 (r + a) is left- 
moving. □ 

Exercise 5.8 

Work out the decomposition of the tensor products 8 S ® 8 S and 8 C <g) 8 S . 



Solution 

This problem involves evaluating tensor products of representations of the 
Lie group Spin{ 8) = D^. Recall that it has three eight-dimensional repre- 
sentations, denoted 8 V , 8 S and 8 C . These are related to one another by the 
triality automorphism group. The tensor product 

8 V 8 V — IT 28 T 35 

is ordinary SO( 8) group theory: the decomposition of a second rank tensor 
tij into a trace, antisymmetric and symmetric-traceless parts. The product 
8 S <S> 8 S works the same way for a tensor t a b- One obtains 

8 S 8 S = 1 T 28 T 35— . 



The 1 and 28 are triality-invariant representations. However, there are 
three 35-dimensional representations related by triality. The 35+ and 35- 
can be described alternatively as the self-dual and anti-self-dual parts of a 
fourth-rank antisymmetric tensor 



j l I ^ -ijkli' j' k!V u 

tijkl ^i'j'k'l '• 



Each of these has | 




35 independent components. 



The tensor product 8 C <g> 8 S contains an 8 V given by T* where T' • is 
the invariant tensor described in the text. The remaining 56 components 
of the product form an irreducible representation 56t. It has an alternative 



description as a third-rank antisymmetric tensor tijk, which has 
independent components. 




56 

□ 



5.4 Gauge anomalies and their cancellation 

In the early 1980s it appeared that superstrings could not describe parity- 
violating theories, because of quantum inconsistencies called anomalies. The 
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1984 discovery that the anomalies could cancel in certain cases was impor- 
tant for convincing many theorists that string theory is a promising approach 
to unification. In the years that have passed since then, string theory has 
been studied intensively, and many issues are understood much better now. 
In particular, it is possible to present the anomaly cancellation mechanism in 
a more elegant way than in the original papers. The improvements that are 
incorporated in the following discussion include an improved understanding 
of the association of specific terms with specific string world sheets as well 
as some mathematical tricks. 

When a symmetry of a classical theory is broken by radiative corrections, 
so that there is no choice of local counterterms that can be added to the 
low-energy effective action to restore the symmetry, the symmetry is called 
anomalous. Anomalies arise from divergent Feynman diagrams, with a clas- 
sically conserved current attached, that do not admit a regulator compatible 
with conservation of the current. Anomalies only arise at one-loop order 
(Adler-Bardeen theorem) in diagrams with a chiral fermion or boson going 
around the loop. Their origin can be traced to the behavior of Jacobian 
factors in the path-integral measure. 

There are two categories of anomalies. The first category consists of 
anomalies that break a global symmetry. An example is the axial part 
of the flavor SU (2) x SU (2) symmetry of QCD. These anomalies are good in 
that they do not imply any inconsistency. Rather, they make it possible to 
carry out certain calculations to high precision. The classic example is the 
rate for the decay 7 r° — ► 77 . The second category of anomalies consists of 
ones that break a local gauge symmetry. These are bad, in that they imply 
that the quantum theory is inconsistent. They are our concern here. 

Parity-violating theories with chiral fields only exist in space-times with 
an even dimension. If the dimension is D = 2 n, then anomalies can occur 
in Feynman diagrams with one current and n gauge fields attached to a 
chiral field circulating around the loop. In four dimensions these are triangle 
diagrams, and in ten dimensions these are hexagon diagrams, as shown in 
Fig. 5.2. The resulting nonconservation of the current takes the form 

= aeW-^F^ • • • F M2n _ lM2n , (5.94) 

where a is some constant. 

In string theory there are various world-sheet topologies that correspond 
to one-loop diagrams, as was discussed in Chapter 3. In the case of type II or 
heterotic theories the only possibility is a torus. For the type I superstring 
theory it can be a torus, a Klein bottle, a cylinder or a Moebius strip. 
However, the anomaly analysis can be carried out entirely in terms of a low- 
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Fig. 5.2. Diagrams contributing to the gauge anomaly in four and ten dimensions. 
Each of these diagrams contains one current, while the remaining insertions are 
gauge fields. 



energy effective action, which is what we do here. Even so, it is possible to 
interpret the type I result in terms of string world sheets. The torus turns 
out not to contribute to the anomaly. For the other world-sheet topologies, it 
is convenient to imagine them as made by piecing together boundary states 
| B) and cross-cap states | C). Cross-caps can be regarded as boundaries that 
have opposite points identified. In this way {B\B) represents a surface with 
two boundaries, which is a cylinder, (B\C) and {C\B) represent surfaces 
with one boundary and one cross-cap, which is a Moebius strip, and (C\C) 
represents a surface with two cross-caps, which is a Klein bottle. The correct 
relative weights of the Feynman diagrams are encoded in the combinations 

«5| + <C|) x (\B) + |C». (5.95) 

The consistency of the SO (32) type I theory arises from a cancellation be- 
tween the boundary and cross-cap contributions. It should also be pointed 
out that the modern interpretation of the boundary state is in terms of a 
world sheet that ends on a D-brane, whereas the cross-cap state corresponds 
to a world sheet that ends on an object called an orientifold plane. These 
are discussed in Chapter 6. 



Chiral fields 

As we learned earlier, in ten dimensions (in contrast to four dimensions) 
there exist spinors that are simultaneously Majorana and Weyl. Another 
difference between four and ten dimensions is that in ten dimensions it is 
also possible to have chiral bosons! To be specific, consider a fourth rank 
antisymmetric tensor field A pup \, which is conveniently represented as a 
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four- form A 4 . Then the five- form field strength F$ = dA^ has a gauge in- 
variance analogous to that of the Maxwell field, namely 6 A 4 = (IA 3 , where 
A 3 is a three-form. Moreover, one can covariantly eliminate half of the de- 
grees of freedom associated with this field by requiring that F is self-dual 
(or anti-self-dual). Because the self-duality condition involves the e symbol, 
the resulting degrees of freedom are not reflection invariant, and they there- 
fore describe a chiral boson. When interactions are taken into account, the 
self-duality condition of the free theory is deformed by interaction terms. 
This construction in ten dimensions is consistent with Lorentzian signature, 
whereas in four dimensions a two-fornr field strength can be self-dual for 
Euclidean signature (a fact that is crucial for constructing instantons). 



Differential forms and characteristic classes 

To analyze anomalies it is extremely useful to use differential forms and 
characteristic classes. For example, Yang-Mills gauge fields are Lie-algebra- 
valued one- forms: 

A = s ^ j A“ l ( x )\ a dff. (5.96) 

p.,a 

Here the A a are matrices in a convenient representation (call it p) of the Lie 
algebra Q. The field strengths are Lie- algebra- valued two- forms: 

F= ^^F^dx" Adx u = dA + AAA. (5.97) 

/J,IS 

Note that this definition constrains F and A to be antihermitian in the case 
that the representation is complex and antisymmetric for real representa- 
tions . 4 Under an infinitesimal Yang-Mills gauge transformation 

S a A = dA+ [A, A] and 5 A F = [F, A], (5.98) 

where A is an infinitesimal Lie-algebra-valued zero-form. 

Gravity (in the vielbein formalism) is described in an almost identical 
manner. The spin connection one-form 

u = ^2^(x)X a dx^ (5.99) 

H,a 

is a gauge field for local Lorentz symmetry. The \ a are chosen to be in the 

4 To make contact with the hermitian fields that appear in the low-energy effective actions in a 
later chapter the fields have to be rescaled by a factor of i. 
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fundamental representation of the Lorentz algebra (D x D matrices). The 
curvature two-form is 

R = duj + u/\u. (5.100) 

Under an infinitesimal local Lorentz transformation (with infinitesimal pa- 
rameter 0) 

Squ = d@ + \u, 0] and SqR = [R, ©]. (5.101) 

Characteristic classes are differential forms, constructed out of F and R , 
that are closed and gauge invariant. Thus X(R,F) is a characteristic class 
provided that 

dX(R, F) = 0 and S A X(R, F) = 5 e X(R , F) = 0. (5.102) 

Some examples are 

tr(F A . . . A F) = tr(F k ), (5.103) 

tr(i?A... AR) =tr{R k ), (5.104) 

as well as polynomials constructed out of these building blocks using wedge 
products. 



Characterization of anomalies 

Yang-Mills anomalies and local Lorentz symmetry anomalies (also called 
gravitational anomalies) in D = 2 n dimensions are encoded in a character- 
istic class that is a (2n + 2)-form, denoted I 2n + 2 - You can’t really anti- 
symmetrize 2n + 2 indices in 2 n dimensions, so these expressions are a bit 
formal, though they can be given a precise mathematical justification. In 
any case, the physical anomaly is characterized by a 2n-form G 2n , which 
certainly does exist. The precise formula is 

<5^ = f G 2n . (5.105) 

Here, S e s represents the quantum effective action and the variation 5 is an 
infinitesimal gauge transformation. The formulas for G 2 n are rather ugly and 
subject to the ambiguity of local counterterms and total derivatives. On the 
other hand, by pretending that there are two extra dimensions, one uniquely 
encodes the anomalies in beautiful expressions I 2n + 2 ■ Moreover, any G 2n 
that is deduced from an I 2n + 2 by the formulas that follow is guaranteed to 
satisfy the Wess-Zumino consistency conditions. 
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The anomaly G 2 n is obtained from l 2 n +2 (i n a coordinate patch) by the 
descent equations 

hn+2 = du)2n+l (5.106) 

and 

Soj 2n+ i = dG 2n . (5.107) 

Here 5 represents a combined gauge transformation (that is, 6 = 5\ + 5q). 
The ambiguities in the determination of the Chern-Simons form u> 2 n +i and 
the anomaly form G 2 n from these equations are just as they should be and do 
not pose a problem. The total anomaly is a sum of contributions from each 
of the chiral fields in the theory, and it can be encoded in a characteristic 
class 

hn^^Y.in+2- (5-108) 

a 

The formulas for every possible anomaly contribution I ^ + 2 were worked out 
by Alvarez-Gaume and Witten. Dropping an overall normalization factor, 
because the goal is to achieve cancellation, their results are as follows: 



• A left-handed Weyl fermion belonging to the p representation of the Yang- 
Mills gauge group contributes 



h/2(R,F) 



A(R) tr p e lF 



\ 2n+2 



(5.109) 



The notation [• • -] 2 n +2 means that one should extract the (2 n + 2)-form 
part of the enclosed expression, which is a sum of differential forms of 
various orders. The factor tr p e lF is called a Chern character. The Dirac 
roof genus A(R ) is given by 



mr ) = n 

i=l 



Aj/2 

sinhAj/2 ’ 



(5.110) 



where the A, are the eigenvalue two- forms of the curvature: 
/ 0 Ar \ 

— Ai 0 

0 A 2 



(5.111) 



0 A n 
-A n 0 ) 



\ 
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The first few terms in the expansion of A(R) are 



A (R)_l + ±tr R2 + ± 



— (tr R 2 ) 2 + — tri? 4 
288 v ; 360 



+ 



(5.112) 



• A left-handed Weyl gravitino, which is always a singlet of any Yang-Mills 
groups, contributes I 3 / 2 (R), where 



h,m = ( E 2 <=«» -On ^ 75 ' 

3 * 

• A self-dual tensor gives a contribution denoted Ia(R), where 

Ia(R) = ~ \l(R ), 
where the Hirzebruch L-function is defined by 



l{r) = n 

i = 1 



tanhAj 



(5.113) 



(5.114) 



(5.115) 



In each case a chiral field of the opposite chirality (right-handed instead of 
left-handed) gives an anomaly contribution of the opposite sign. An identity 
that will be used later is 

A{R/ 2) = \Jl(R/4)A(R), (5.116) 

which is an immediate consequence of Eqs (5.110) and (5.115). 



Type IIB superstring theory 

Type IIB superstring theory is a ten-dimensional parity-violating theory, 
whose massless chiral Helds consist of two left-handed Majorana-Weyl grav- 
itinos (or, equivalently, one Weyl gravitino), two right-handed Majorana- 
Weyl spinors (or dilatinos) and a self-dual boson. Thus the total anomaly 
is given by the 12- form part of 



I(R) = I 3/2 (R ) - I l/2 {R) + I A (R). (5.117) 



An important result of the Alvarez-Gaume and Witten paper is that this 
12-form vanishes, so that this theory is anomaly-free. The proof requires 
showing that the expression 



5 

^2 ^2 cosh A j 

3 = 1 



2 )n 



Aj/2 

sinhAj/2 




i= 1 



Aj 

tanhAj 



(5.118) 
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contains no terms of sixth order in the A*. This involves three nontrivial 
cancellations. The relevance of this fact to the type I theory is that it allows 
us to represent I 3 / 2 (R) by Ii/ 2 {R) — Ia{R)- This is only correct for the 
12-form part, but that is all that is needed. 



Type I superstring theory 

Type I superstring theory has 16 conserved supercharges, which form a 
Majorana-Weyl spinor in ten dimensions. The massless fields of type I 
superstring theory consist of a supergravity multiplet in the closed-string 
sector and a super Yang-Mills multiplet in the open-string sector. 



The supergravity multiplet 

The supergravity multiplet contains three bosonic fields: the metric (35), a 
two- form (28), and a scalar dilaton (1). The parenthetical numbers are the 
number of physical polarization states represented by these fields. None of 
these is chiral. It also contains two fermionic fields: a left-handed Majorana- 
Weyl gravitino (56) and a right-handed Majorana-Weyl dilatino (8). These 
are chiral and contribute an anomaly given by 

Tmgra = “ [^3/2(-^) — ^1/2 (-^)] i 2 = — 2 [^(-^)ll2 = [-^(-^)]l2 • (5.119) 



The super Yang-Mills multiplet 

The super Yang-Mills multiplet contains the gauge fields and left-handed 
Majorana-Weyl fermions (gauginos), each of which belongs to the adjoint 
representation of the gauge group. Classically, the gauge group of a type I 
superstring theory can be any orthogonal or symplectic group. In the fol- 
lowing we only consider the case of SO(N), since it is the one for which the 
desired anomaly cancellation can be achieved. In this case the adjoint repre- 
sentation corresponds to antisymmetric N x N matrices, and has dimension 
N(N — l)/2. 

Adding the anomaly contribution of the gauginos to the supergravity con- 
tribution given above yields 



I = 



l -A(R)Tve iF + ^L(R) 



(5.120) 



The symbol Tr is used to refer to the adjoint representation, whereas the 
symbol tr is used (later) to refer to the IV-dimensional fundamental repre- 
sentation. 
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The Chern-character factorization property 

tr Pix P2 e ?F = (tr pi e lF ) (tr P2 e lF ) (5.121) 



allows us to deduce that, for SO(N), 

Tre lF = ^ (tre*^) 2 — ^tre 2iF = ^ (trcosF) 2 — Mr cos2F. (5.122) 

The last step used the fact that the trace of an odd power of F vanishes, 
since the matrix is antisymmetric. 

Substituting Eq. (5.122) into Eq. (5.120) gives the anomaly as the 12-form 
part of 

I = -A(R) (trcos F) 2 — -M(I?)tr cos2F -| L(R). (5.123) 

4 4 16 

Since this is of sixth order in R s and F s, the following expression has the 
same 12-form part: 

I' = ^A(R) (trcos F) 2 — 16H(i7/2)tr cosF + 256L(7?/4). (5.124) 

Moreover, using Eq. (5.116), this can be recast as a perfect square 

I' = Y 2 where Y = ^ \J A(R)tr cosF — 16y/L{R/Y). (5.125) 

There is no choice of N for which [l 7 ] 12 = [/]i 2 vanishes. However, as is 
explained later, it is possible to introduce a local counterterm that cancels 
the anomaly if [7] 12 factorizes into a product of a four-form and an eight- 
form. 

Indeed, a priori, Y is a sum of forms Yq + Y\ + Ys + . . . However, if the 
constant term vanishes (Yo = 0), then 

[7]i2 = [(Y 4 + Ys + . . - ) 2 ] 12 = 2^4*8, (5.126) 



as required. To evaluate the constant term Yq, note that L and A are each 
equal to 1 plus higher-order forms and that tr cos F = N + . . . Thus 



^0 = 



N - 32 
2 



(5.127) 



and the desired factorization only works for the choice IV = 32 in which case 
the gauge algebra is 50(32). 

Let us express Y as a sum of two terms Yb + Yq , where 




Y b 



A(R) tr cos F 



(5.128) 
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and 

y c = -1 6^L{R/4). (5.129) 

This decomposition has a simple interpretation in terms of string world 
sheets. 1 b is the boundary — or D-brane - contribution. It carries all the 
dependence on the gauge fields. Yc is the cross-cap - or orientifold plane - 
contribution. Note that 

V = Y 2 = Yjf + 21 b Y c + Yc (5.130) 

displays the anomaly contributions arising from distinct world-sheet topolo- 
gies: the cylinder, the Moebius strip, and the Klein bottle, as shown in 
Fig. 5.3. 



cylinder Moebius strip Klein bottle 

Fig. 5.3. World-sheet topologies contributing to the anomaly in type I superstring 
theory. Opposite edges with arrows are identified with the arrow aligned. 

Cancellation of the anomaly requires a local counterterm, Set, with the 
property that 

8 S ct = -jG 10 , (5.131) 

where Gio is the anomaly ten-form that follows, via the descent equations, 
from [7] 12 = 2 Y 4 Y 8 . As was mentioned earlier, there are inconsequential 
ambiguities in the determination of G 10 from [ 7] 12 . A convenient choice in 
the present case is 

G 10 = 2G 2 Y 8 , (5.132) 

where G 2 is a two-form that is related to Y 4 by the descent equations Y 4 = 
dco 3 and 8013 = dG 2 - This works because Yg is closed and gauge invariant. 
Specifically, for the normalizations given here, 

I 4 = J(tr7 ? 2 -trF 2 ) 



(5.133) 
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and C 03 = (ujzl — W 3 y)/ 4 , where 

doj 3 L = tr R 2 and duj 3 y = tr F 2 . (5.134) 

The type I supergravity multiplet contains a two-form gauge field denoted 
62 . It is the only R-R sector field of the type IIB supergravity multiplet 
that survives the orientifold projection. In terms of its index structure, it 
would seem that the Held C 2 should be invariant under Yang-Mills gauge 
transformations and local Lorentz transformations. However, it does trans- 
form nontrivially under each of them in just such a way as to cancel the 
anomaly. Specifically, writing the counterterm as 

S c t = hj C 2 Ys , (5.135) 

Eq. (5.131) is satisfied provided that 

nSC 2 = -2 G 2 . (5.136) 

The coefficient /i is a parameter whose value depends on normalization con- 
ventions that are not specified here. 

One consequence of the nontrivial gauge transformation properties of the 
field C 2 is that the naive kinetic term f \dC 2 \ 2 must be modified to give 
gauge invariance. The correct choice is J' | | 2 , where 

F 3 = dC 2 + 2 / u- 1 w 3 . (5.137) 

Note that lo 3 contains both Yang-Mills and Lorentz Chern-Simons forms. 
Only the former is present in the classical supergravity theory. 



The case of E 8 x E 8 

The preceding discussion presented the anomaly analysis for the type I the- 
ory in a way where the physical meaning of the various terms could be 
understood. In order to describe the situation for the E% x E$ theory, it is 
useful to begin by backing up and presenting the same result from a more 
“brute force” viewpoint. 

Writing down the various contributions to the anomaly 12-form charac- 
teristic class, one finds that the required factorization into a product of a 
four- form and an eight-form (/ ± 2 ~ YfY 8 ) requires that two conditions be 
satisfied: (1) the dimension of the gauge group must be 496 to ensure can- 
cellation of tri ? 6 terms, a condition that is satisfied by both SO( 32) and 
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Es x Eg] (2) TrE 6 must be re-expressible as follows: 

TrE 6 = — TrE 2 TrE 4 — (TrE 2 ) 3 . (5.138) 

48 14, 400 v v ' 

This identity is satisfied in the case of S'0(32) because of the following iden- 
tities relating adjoint representation traces to fundamental representation 
traces: 

TrE 2 = 30trE 2 , (5.139) 

TrE 4 = 24 trE 4 + 3(trE 2 ) 2 , (5.140) 

TrE 6 = 15 trE 2 trE 4 . (5.141) 

These identities follow from Eq. (5.122). Given these formulas, the factorized 
anomaly can be written in the form I \2 ~ X 4 Xg, 5 where 

X 4 = trR 2 - ^Tr F 2 (5.142) 

and 

V 8 = -trE 4 + — (tri? 2 ) 2 -— trE 2 TYE 2 + — TrE 4 - — — (TrE 2 ) 2 . (5.143) 
8 8 32 v J 240 24 7200 1 y ' 

In the case of Eg x Eg, Eq. (5.138) is also satisfied, and X 4 and Xg are 
again given by Eqs (5.142) and (5.143). To see this one needs to understand 
first that 

TrF 2n = TrF? n + TrF 2 2n , (5.144) 



where the subscripts 1 and 2 refer to the two individual Eg factors. In other 
words, 



F = 



F± 0 \ 

0 F 2 ) 



(5.145) 



Thus this formula re-expresses the trace of a 496-dimensional matrix as the 
sum of the traces of two 248-dimensional matrices. 

The following identities hold for each of the two Eg groups: 

T^ = T^ )2 and TlF ' = 7^0 (Tr ^ 2)3 i = 1 ’ 2 - (5 ‘ 146) 

Using these relations it is straightforward to verify Eq. (5.138). These for- 
mulas have a certain black-magic quality. It would be more satisfying to 
obtain a deeper understanding of where they come from, as was done in the 



5 We have introduced X 4 = 4 Y 4 and Xs = 48 Ys- 
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type I case. Such an understanding was achieved by Horava and Witten in 
1995, and it is very different from that of the type I theory. 

The key observation of Horava and Witten was that at strong coupling 
the E$ x Es heterotic string theory grows an eleventh dimension that is a 
line interval of length g s l s . In the detailed construction, which is described in 
Chapter 8, it is convenient to represent the line interval as an S' 1 / orbifold. 
Since the size of this dimension is proportional to the string coupling, it is 
invisible in perturbation theory, where the space-time appears to be ten- 
dimensional. However, a deeper understanding of the anomaly cancellation 
can be achieved by reconsidering it from an 11-dinrensional viewpoint. 

Theories in an odd number of space-time dimensions ordinarily are not 
subject to anomalies. However, in the case of the M-theory set-up appropri- 
ate to the Eg x Eg theory, the space-time has two ten-dimensional bound- 
aries, and there can be anomalies that are localized on these boundaries. 
The picture one gets is that each of the E% factors is associated with one of 
the boundaries. Thus, one set of Es gauge fields is localized on one bound- 
ary and the other set of E% gauge fields is localized on the other boundary. 
This gives a very nice intuitive understanding of why the gauge group is the 
direct product of two identical groups. Indeed, Horava and Witten carried 
out the anomaly analysis in detail and showed that, when M-theory has a 
ten-dimensional boundary, there must be an E% vector supermultiplet con- 
fined to that boundary. No other choice of gauge group is consistent with the 
anomaly analysis. This is one of many deep connections between M-theory 
and the Lie group E%. 

Since the two E% groups are spatially separated, the anomaly analysis 
should work for each of them separately. This requires that the factor- 
ized anomaly 12-form should be re- expressible as the sum of two factorized 
anomaly 12-fornrs 

X 4 X 8 = X^X^ + xf ] x£\ (5.147) 

where the first term on the right-hand side only involves the gauge fields 
of the first E%, and the second term only involves the gauge fields of the 
second E%. It is a matter of some straightforward algebra to verify that this 
identity is satisfied for the choices 

Xf = ^tri? 2 - ^Trif * = 1,2 (5.148) 

and 

X® = -tri? 4 + — (tri? 2 ) 2 — tr i? 2 Tr F 2 4 — - — ( Tr i 7,2 ) 2 i = 1,2. (5.149) 

8 8 32 v ; 120 * 3600 v l> ’ v ’ 
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Finally, the local counterterms that complete the anomaly analysis have the 
structure )Tb f B^ AX%\ where the integral is over the ith boundary. The 
held is obtained from the M-theory three-form held A^ vp by setting 
one index equal to 11 (the compact direction) and restricting to the ith 
boundary. 



Exercises 



Exercise 5.9 

Let us consider supergravity theories in six dimensions with J\f = 1 super- 
symmetry. Let us further assume that the minimal supergravity multiplet is 
coupled to a tensor multiplet as well as nu hypermultiplets and ny vector 
multiplets. Show that a necessary condition for anomaly cancellation is 

tih — ny = 244. 



Solution 

The helds of the gravity and tensor multiplets combine to give a graviton 
g pu , a two- form B pv , a scalar, a left-handed gravitino and a right-handed 
dilatino. The reason for combining these two multiplets is that one of them 
gives the self-dual part of H = dB and the other gives the anti-self-dual part. 
A vector multiplet contains a vector gauge held and a left-handed gaugino. 
A hypermultiplet contains four scalars and a right-handed hyperino. There- 
fore, the total purely gravitational anomaly is given by the eight-form part 
of 

h/2(R) + ( n v — n-H ~ 1)C/2(R)- 

Using the formulas in the text, the eight-form parts of I] / 2 (B) and / 3 / 2 (R) 
are 

= l 28 Eo <4 * rfil + 5( * rfi2)2) ' 

^% {R) = ifflEo ' 980 *^ 4 ~ 2i5 < trfl2 ) 2 )- 

By the same reasoning as in the text, a necessary requirement for anomaly 
cancellation is that the total anomaly factorizes into a product of two four- 
forms. A necessary requirement for this to be possible is the cancellation of 
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the tri? 4 terms, since tri? 4 cannot be factorized. This requirement gives the 
condition 980 + 4 (ny — nn — 1) = 0, which simplifies to nn — ny = 244. □ 

Exercise 5.10 

The type IIA NS5-brane, which is introduced in Chapter 8, has a six- 
dimensional world-volume theory with (0, 2) supersymmetry. This means 
that both supercharges have the same chirality. As a result, the theory is 
chiral, and there is an anomaly associated with it. The resulting anomaly 
cannot be canceled by the methods described in this chapter. Instead, the 
brane has interactions with fields of the ten-dimensional bulk that lead to an 
anomaly-inflow mechanism that cancels the anomaly. Determine the form 
of this interaction required for the cancellation. 

Solution 

The NS5-brane world volume has M = 2 supersymmetry, and the field con- 
tent is given by two matter multiplets. The first multiplet contains four 
scalars and a right-handed fermion. The second multiplet contains one anti- 
self-dual tensor, a single scalar and another right-handed fermion. Of these 
fields only the fermions and the anti-self-dual tensor are chiral and con- 
tribute to the anomaly. Since the theory is six-dimensional, the anomalies 
are characterized by eight-forms. For this problem, it is desirable to keep 
track of the overall normalization, which was not relevant in the previous 
discussions. For this purpose it is convenient to express the anomalies in 
terms of Pontryagin classes. These are defined by the formula 

p{R) =det(l + ^) = (l + (A*/2 tt) 2 ) . 

' ' i= 1 

Thus 

Pl = ~lj^fl trR2 and P2 = \w ) i (( tri?2 ) 2 - 2tr^ 4 ) 

and so forth. 

Expressed in terms of Pontryagin classes, including the overall normaliza- 
tion factor, the anomalies are 

l[ 8 l = — - — (7 p\ — 4p 2 ) and I*?* = — - — (16 p\ — 112 ^ 2 ) • 

4 / 2 5760 v A 5760 v 1 ’ 

So the total anomaly on the NS5-brane world volume is 

= M W - 4k) = i^2 (2^( trRl - I^T)' 



Is = 2 1<% + if 
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The descent equations in this case can be written in the form Ig = duj 7 
and 5uj 7 = dG§. The anomaly Gq is a certain six- form that depends on the 
infinitesimal parameter of a local Lorentz transformation. 

The type IIA theory contains a massless antisymmetric tensor B 2 in the 
NS-NS sector with a field strength H 3 = dB 2 . Now suppose that the low- 
energy effective action of the type IIA theory contains the term 

I Hg A u 7 . 

Under infinitesimal local Lorentz transformations this expression has the 
variation 

H 3 /\lu 7 = J H 3 A dG 6 = - j dH 3 A G 6 . 

The NS5-brane is a source for the gauge field B 2 , a fact that can be expressed 
in the form 




dH 3 = 6 w, 



where 5\y is a four-dimensional delta function with support on the 5-brane 
world volume. Therefore, in the presence of a 5-brane the variation of this 
term under an infinitesimal local Lorentz transformation is — f Gq. This 
term exactly cancels the anomaly contribution due to the chiral fields on 
the 5-brane world volume. Therefore, quantum consistency requires the 
ten-dimensional interaction f H 3 /\co 7 . 

Let us jump ahead in the story and mention that the strong-coupling limit 
of the type IIA theory is an 11-dimensional theory called M-theory. In the 
strong-coupling limit the type IIA NS 5-brane goes over to the M5-brane in 
11 dimensions. Also, the two-form B 2 becomes part of a three-form potential 
A 3 with a four- form field strength F± = dA 3 . The corresponding interaction 
in M-theory that cancels the world-volume anomaly of the M5-brane has 
the form 

J F 4 A uj 7 . 



□ 



Homework Problems 



Problem 5.1 

Show that the action in Eq. (5.21) is invariant under a reparametrization of 
the world line. 
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Problem 5.2 

In order to obtain a nontrivial massless limit of Eq. (5.21), it is useful to 
first restore the auxiliary field e(r) described in Chapter 2. 

(i) Re-express the massive DO-brane action with the auxiliary field e(r). 

(ii) Find the massless limit of the DO-brane action. 6 

(iii) Verify the n symmetry of the massless DO-brane action. 



Problem 5.3 

Prove that, for a pair of Majorana spinors, ©i and @ 2 , the flip symmetry is 
given by 

©ir^.,.^02 = (-1 )^ + 1 )/ 2 © 2 r M ,.. /in © 1 , 

as asserted at the end of Exercise 5.2. 

Problem 5.4 

Derive the relevant Fierz transformation identities for Majorana- Weyl spinors 
in ten dimensions and use them to prove that 

r^de deride = o. 



Problem 5.5 

Verify that the action (5.41) with 0 2 given by Eq. (5.55) is invariant under 
supersymmetry transformations. 

Problem 5.6 
Prove the identity 

'{T/ill'l; P/^^} = 

invoked in Exercise 5.5. 

Problem 5.7 

Verify that the action (5.62) is supersymmetric. 

Problem 5.8 

Construct the conserved supersymmetry charges for open strings in the 
light-cone gauge formalism of Section 5.3 and verify that they satisfy the 
supersymmetry algebra. Hint: the 16 supercharges are given by two eight- 
component spinors, Q + and Q~ . The Q + s anticommute to P + , the Q~ s 



6 This is sometimes called the Brink-Schwarz superparticle. 
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anticommute to P~ , and the anticommutator of Q + and Q~ gives the trans- 
verse momenta. 



Problem 5.9 

(i) Show that tr F A F is closed and gauge invariant. 

(ii) This quantity is a characteristic class proportional to C 2 , the second 
Chern class. Since it is closed, in a local coordinate patch one can 
write tr F A F = du> 3 , where u ) 3 is a Chern-Simons three- form. Show 
that 



ug = tr ( A A dA + -A A A A A 
o 



(iii) Similarly, one can write trE 4 = duj 7 . Find u 7 . 



Problem 5.10 

Check the identity in Eq. (5.122) for SO(N). 

Problem 5.11 

(i) Using the definition of Y in Eq. (5.125), obtain an expression for Y 4 . 

(ii) Apply the descent formalism to obtain a formula for G 2 in Eq. (5.132). 



Problem 5.12 

Prove the relations given in Eqs (5.139)-(5.141). 

Problem 5.13 

Verify that the identity (5.138) is satisfied for the gauge group Eg x Eg. 
Problem 5.14 

There is no string theory known with the gauge groups Eg X U(l ) 248 or 
U( l) 496 . Nevertheless, the anomalies cancel in these cases as well. Prove 
that this is the case. Hint: infer the result from the fact that the anomalies 
cancel for Eg x Eg. 

Problem 5.1 5 

Prove that TrE 4 = y^(TrE 2 ) 2 for the adjoint representation of Eg. Hint: 
use the Spin( 16) decomposition 248 = 120 + 128. 




6 

T-duality and D-branes 



String theory is not only a theory of fundamental one-dimensional strings. 
There are also a variety of other objects, called branes, of various dimension- 
alities. The list of possible branes, and their stability properties, depends on 
the specific theory and vacuum configuration under consideration. One clue 
for deciphering the possibilities is provided by the spectrum of massless par- 
ticles. Chapters 4 and 5 described the spectra of massless states that appear 
in the type I and type II superstring theories in ten-dimensional Minkowski 
space-time. In particular, it was shown that several antisymmetric tensor 
(or differential form) gauge fields appear in the R-R sector of each of the 
type II theories. These tensor fields couple naturally to higher-dimensional 
extended objects, called D-branes. However, this is not the defining prop- 
erty of D-branes. Rather, the defining property is that D-branes are objects 
on which open strings can end. A string that does not touch a D-brane must 
be a closed loop. Those D-branes that have charge couplings to antisym- 
metric tensor gauge fields are stable, whereas those that do not usually are 
unstable. 

One way of motivating the necessity of D-branes is based on T-duality, so 
this chapter starts with a discussion of T-duality of the bosonic string the- 
ory. Under T-duality transformations, closed bosonic strings transform into 
closed strings of the same type in the T-dual geometry. The situation is dif- 
ferent for open strings, however. The key is to focus on the type of boundary 
conditions imposed at the ends of the open strings. Even though the only 
open-string boundary conditions that are compatible with Poincare invari- 
ance (in all directions) are of Neumann type, Dirichlet boundary conditions 
inevitably appear in the equivalent T-dual reformulation. Open strings with 
Dirichlet boundary conditions in certain directions have ends with specified 
positions in those directions, which means that they have to end on specified 
hypersurfaces. Even though this violates Lorentz invariance, there is a good 
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physical reason for them to end in this manner. The reason this is sensible 
is that they are ending on other physical objects that are also part of the 
theory, which are called Dp-branes. The letter D stands for Dirichlet, and p 
denotes the number of spatial dimensions of the D-brane. For example, as 
discussed in the previous chapter, a DO-brane is a point particle. When the 
time direction is also taken into account, the world volume of a Dp-brane 
has p + 1 dimensions. 

Much of the importance of Dp-branes stems from the fact that they pro- 
vide a remarkable way of introducing nonabelian gauge symmetries in string 
theory: nonabelian gauge fields naturally appear confined to the world vol- 
ume of multiple coincident Dp-branes. Moreover, Dp-branes are useful for 
discovering dualities that relate apparently different string theories. T- 
duality is introduced in this chapter, because it can be understood in pertur- 
bative string theory. Most other string dualities are nonperturbative. The 
general subject of string dualities is discussed in more detail in Chapter 8. 



6.1 The bosonic string and Dp-branes 
T-duality and closed strings 

In order to introduce the notion of T-duality, let us first consider the sim- 
plest example, namely the bosonic string with one of the 25 spatial directions 
forming a circle of radius R. Altogether, the space-time geometry is cho- 
sen to be 25-dinrensional Minkowski space-time times a circle (IR 24, 1 x S' 1 ). 
Sometimes one describes this as compactification on a circle of radius R. 
In this case a T-duality transformation inverts the radius of the circle, that 
is, it maps R — ► R = a' /R, and it leaves the mass formula for the string 
invariant provided that the string winding number is exchanged with the 
Kaluza-Klein excitation number. Let us now explore how this works. 

To describe a closed bosonic string in a theory compactified on a circle of 
radius R, one takes periodic boundary conditions for one of the coordinates 

X 25 (o + tt,t) = X 25 (o,t) + 2irRW, W G Z, (6.1) 

where W is the winding number. The winding number W indicates the 
number of times the string winds around the circle and its sign encodes the 
direction, as shown in Fig. 6.1. Let us now consider the mode expansion for 
a closed string with winding number W. The expansion of the coordinates 
AT, for p = 0, , 24, does not change compared to the expansion in flat 26- 
dimensional Minkowski space given in Chapter 2. However, the expansion 
of X 25 (a, r) has to be changed, by adding a term linear in a, in order to 
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incorporate the boundary condition (6.1). The expansion is 

X 25 (a, t ) = x 25 + 2 a'p 25 T + 2RW a + . . . , (6.2) 

where the coefficient of a is chosen to satisfy (6.1). The dots refer to the 
oscillator terms, which are not modified by the compactffication. 




Fig. 6.1. Strings winding around a compact direction. 

Since one dimension is compact, the momentum eigenvalue along that 
direction, p 25 , is quantized. Remember that the quantum mechanical wave 
function contains the factor exp(ip 25 x 25 ). As a result, if x 25 is increased 
by 2nR, corresponding to going once around the circle, the wave function 
should return to its original value. In other words, it should be single- valued 
on the circle. This implies that the momentum in the 25 direction is of the 
form 

p 25 = ^, K€Z. (6.3) 

The integer K is called the Kaluza-Klein excitation number. Splitting the 
expansion into left- and right-movers, 

A 25 (a, r) = X 25 (t + a) + X 25 (r - a), (6.4) 

gives 

x r(t -<r) = \(x 25 - X 25 ) + (a'^-WR)(T-a) + ..., (6.5) 

xl 5 (r + a) = -^(x 25 + x 25 ) + {ot^r + WR)(t + a) + . . . , (6.6) 

2 K 

where x 25 is a constant that cancels in the sum. In terms of the zero modes 
ag 5 and do 5 , defined in Chapter 2, the mode expansion is 

Xr(t — a) = ^(x 25 - x 25 ) + v / 2a 7 ao 5 ( r ~ a ) + ■••> (6-7) 

A 25 (t + a) = ^(x 25 + x 25 ) + V / 2cddo 5 (r + cr) + . . . , 



(6.8) 
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where 



la'af = a'^~ - WR, 

IX 



(6.9) 



la'af = a^- + WR. 

IX 



( 6 . 10 ) 



The mass formula for the string with one dimension compactified on a cir- 
cle can be interpreted from a 25-dimensional viewpoint in which one regards 
each of the Kaluza-Klein excitations (labelled by K ) as distinct particles. 
The 25-dimensional mass squared is given by 



24 

M 2 = 

/ 1=0 



( 6 . 11 ) 



On the other hand, the requirement that the operators Lq — 1 and Lq — 1 
annihilate on-shell physical states still holds. The expressions for Lq and 
Lq include contributions from all 26 dimensions, including the 25th. As a 
result, the equations Lq = 1 and Lq = 1 become 

Ja'M 2 = (af) 2 + 21Vl - 2 = {af) 2 + 2 N R - 2. (6.12) 

Taking the sum and difference of these formulas, and using Eqs (6.9) and 
(6.10), gives 

N r -N l = WK (6.13) 



and 



a M 2 = a 




+ 21Vl + 21VR — 4. 



(6.14) 



Note that Eq. (6.13) shows how the usual level-matching condition IVl = N R 
is modified for closed strings with both nonzero winding number W and 
nonzero Kaluza-Klein momentum K . 

Equations (6.13) and (6.14) are invariant under interchange of W and K , 
provided that one simultaneously sends R — > R = a' / R. This symmetry of 
the bosonic string is called T-duality. It suggests that compactification on 
a circle of radius R is physically equivalent to compactification on a circle 
of radius R. In fact, this turns out to be exactly true for the full interacting 
string theory, at least perturbatively. 1 

In the example considered here, T-duality maps two theories of the same 



1 It is unclear whether the bosonic string theory actually exists nonperturbatively (due to the 
closed-string tachyon), so that it is only sensible to discuss this theory at the perturbative level. 
However, the corresponding statements for superstrings are true nonperturbatively, as well. 
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type (one with a circle of radius R and one with a circle of radius R = a' /R) 
into one another. The physical equivalence of a circle of radius R and a 
circle of radius R is a clear indication that ordinary geometric concepts and 
intuitions can break down in string theory at the string scale. This is not so 
surprising once one realizes that this is the characteristic size of the objects 
that are probing the geometry. Note that the W K interchange means 
that momentum excitations in one description correspond to winding-mode 
excitations in the dual description and vice versa. 

Omitting the superscript 25, the transformation can be expressed as 

«o — > —a o and do — > do, (6.15) 

as becomes clear from Eqs (6.9) and (6.10). In fact, it is not just the zero 
mode, but the entire right-moving part of the compact coordinate that flips 
sign under the T-duality transformation 

-Xr, — i ► — Nr and Xl —> Xl. (6.16) 

It is evident that this is a symmetry of the theory as physical quantities 
such as the energy-momentum tensor and correlation functions are invariant 
under this transformation. Equivalently, X is mapped into 

X(a,r) = X l (t + a) - X R {r - a), (6.17) 

which has an expansion 

~ K 

X(a, t) = x + 2c /— a + 2RWt + . . . (6.18) 

R 

Note that the coordinate x. which parametrizes the original circle with pe- 
riodicity 27 tR, has been replaced by a coordinate x. It is clear that this 
parametrizes the dual circle with periodicity 2irR, because its conjugate 
momentum is p 25 = RW/a' = W/R. 

T-duality and the sigma model 

The conclusion that T-duality interchanges X(r,a) and X(r,a) can also 
be understood from a world-sheet viewpoint. Consider the following world- 
sheet action: 

J {\v a V a - e al3 XdpV a ) d 2 a, (6.19) 

where an overall constant coefficient is omitted, because the considerations 
that follow are classical. Varying X, which acts as a Lagrange multiplier, 
gives the equation of motion e a/3 dgV a = 0, which can be solved by setting 
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V a = d a X, for an arbitrary function X. Substituting this into the action 
gives 

^ J d a Xd a Xd 2 o. (6.20) 

Alternatively, varying V a in the original action gives the equation of motion 
V a = —eoPdpX. Substituting this into the original action and using 

e a/3 e Q 7 = -V 37 , (6.21) 



where the minus sign is due to the Lorentzian signature, gives 

^ J d a Xd a Xd 2 o. (6.22) 

If we compare the two formulas for V a we get 

8 a X = -e a %X, (6.23) 

which is equivalent to the rule in Eq. (6.16). This type of world-sheet analysis 
of T-duality is repeated in a more general setting including background fields 
later in this chapter. Toroidal generalizations are discussed in the next 
chapter. 



T-duality and open strings 

Boundary conditions 

The dynamics of a bosonic string in 26-dimensional Minkowski space-time 
is described in conformal gauge by the action 

S = ( dTdag^daX^dnXu. (6.24) 

47 ra J 

For a small variation SX the variation of the action consists of a bulk term, 
whose vanishing gives the equations of motion, plus a boundary contribution 

55 = ~2ncd J dT ^«T=o- (6-25) 

As was discussed in Chapter 2, making this boundary variation vanish re- 
quires imposing suitable boundary conditions at the ends of open strings. 
The only choice of boundary conditions that is compatible with invariance 
under Poincare transformations in all 26 dimensions is Neumann boundary 
conditions for all components of X ^ 

d 

—X^to, t) = 0, for a = 0, n. 
do 



(6.26) 
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A natural question to ask at this point is what happens when a T-duality 
transformation is applied to a theory containing open strings. The first 
thing to note about open strings in a theory that is compactified on a circle 
is that they have no winding modes. Topologically, an open string can always 
be contracted to a point, so winding number is not a meaningful concept. 
Since the winding modes were crucial to relate the closed-string spectra of 
two bosonic theories using T-duality, one should not expect open strings to 
transform in the same way. Let us look at this in more detail. 

In order to find the T-dual of an open string with Neumann boundary 
conditions, recall that in Chapter 2 we saw that the mode expansion for a 
space-time coordinate with Neumann boundary conditions is 

X(r,a) = x + pr + i ^ —a n e~ mT cos(ncr), (6.27) 

77 - 

n/0 

where we have set l s = 1 or equivalently a' = 1/2. It is convenient to split 
the mode expansion into left- and right-movers, just as was done for closed 
strings. The expansions for these fields are 

V R (T - o) = + \p{T -°) + \Y. L„e-‘" (r -y (6.28) 

X L (r + a) = ^ + \ V (r + a) + % - ]T ^a n e~ in ^ . (6.29) 

n^O 

Compactifying, once again, on a circle of radius R and carrying out a 
T-duality transformation gives 

Ar — Ar and Al — Al- (6.30) 

For the dual coordinate in the 25 direction this implies 

A (r, a) = Al — Ar = x + pc r + —a n e~ inr sin(racr). (6.31) 

n 

njCO 

Now let us read off the properties of the T-dual theory. First, the dual open 
string has no momentum in the 25 direction, since Eq. (6.31) contains no 
term linear in r. Therefore, the coordinate of the T-dual open string only 
undergoes oscillatory motion. Next, Eq. (6.31) can be used to read off the 
boundary conditions satisfied by the T-dual open string in the circular A 
direction. At a = 0, ir the position of the string is fixed, since the oscillator 
terms vanish. This means that T-duality maps Neumann boundary condi- 
tions into Dirichlet boundary conditions (and vice versa ) in the relevant 
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directions, as can be seen by comparing the original field (6.27) with the 
T-dualized held (6.31). Explicitly, the boundary conditions are 

~ ~ nK ~ 

X(t, 0) = x and X(r, -k) = x -\ — — = x + 2ttKR, (6.32) 

R 

where we have used p = K/R and R = a! /R = 1/(27?) for the dual radius. 
Observe that this string wraps the dual circle K times. This winding mode 
is topologically stable, since the end points of the string are fixed by the 
Dirichlet boundary conditions. Therefore, this string cannot unwind without 
breaking. 




D-branes 

T-duality has transformed a bosonic open string with Neumann boundary 
conditions on a circle of radius R to a bosonic open string with Dirichlet 
boundary conditions on a circle of radius R. We started with a string that 
has momentum and no winding in the circular direction and ended up with 
a string that has winding but no momentum in the dual circular direction. 
The ends of the dual open string are attached to the hyperplane X = x, and 
they can wrap around the circle an integer number of times. The hyperplane 
X = x is an example of a Dirichlet-brane or a D-brane for short. In general, 
a D-brane is defined as a hypersurface on which an open string can end, as 
illustrated in Fig. 6.2. The important point to appreciate, though, is that 
this is not just an arbitrary location in empty space. Rather, it is a physical 
object. Usually one specifies the dimension of the brane and calls it a Dp- 
brane, where p denotes the number of spatial dimensions. In the example 
given here p = 24. By applying a T-duality transformation to open bosonic 
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strings with Neumann boundary conditions in all directions, we learned that 
in the dual theory the corresponding open strings have Dirichlet boundary 
conditions along the dual circle and therefore end on a D24-brane. 

This reasoning can be iterated by taking other directions to be circular and 
performing T-duality transformations in those directions, as well. Starting 
with n such circles (or an n-torus) one ends up with a T-dual description in 
which the open strings have Dirichlet boundary conditions in n directions. 
This implies that the string ends on a D(25 — n)-brane. What does this 
mean for the open strings in the original description, which had Neumann 
boundary conditions for all directions? Clearly this is just the n = 0 case, so 
those open strings should be regarded as ending on a space-time- filling D25- 
brane. In general, one can consider a set-up in which there are a number 
of D-branes of various dimensions. They are replaced by D-branes of other 
dimensions in T-dual formulations. 

To summarize: the general rule that we learn from the previous discussion 
is that if a D-brane wraps a circle that is T-dualized, then it doesn’t wrap 
the T-dual circle and vice versa. 



Open-string tachyons 

An important feature of the bosonic string theory is the existence of tachyons 
in the spectrum. As we saw in Chapter 2, this is true both for the closed- 
string spectrum and the open-string spectrum. It is also true for open strings 
that satisfy Dirichlet boundary conditions in some directions, as is shown in 
Exercise 6.1. 

Tachyons imply a quantum instability. The negative value of M 2 means 
that one is studying the theory at a point in field space where the effective 
potential is either at a maximum or a saddle point. This raises the follow- 
ing question: Where is the true vacuum? In the case of the open-string 
tachyons, it has been argued that the corresponding Dp-branes decay into 
closed-string radiation. Thus, once the string coupling is turned on, the 
bosonic string theory doesn’t really contain any D-branes (and hence any 
open strings) as stable objects. Unless the coupling is very small, these 
D-branes decay rapidly. This picture has been borne out by detailed com- 
putations in Witten’s open-string field theory. The basic idea is to find a 
string field configuration that minimizes the energy density and to show that 
its depth relative to the unstable tachyonic vacuum equals the energy den- 
sity (or tension) of the space-time-filling D-brane. Using an approximation 
technique, called the level-truncation method, agreement to better than 1% 
accuracy has been achieved. 
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Chan-Paton charges, Wilson lines and multiple branes 

In the preceding construction a single Dp-brane appeared naturally after 
applying T-duality to an open string with Neumann boundary conditions. 
This section shows that, when several Dp-branes are present instead of a 
single one, something rather interesting happens, namely nonabelian gauge 
symmetries emerge in the theory. 

An open string can carry additional degrees of freedom at its end points, 
called Chan-Paton charges. These are degrees of freedom that were orig- 
inally introduced, when string theory was being developed as a model for 
strong interactions, to describe flavor quantum numbers of quarks and anti- 
quarks attached to the ends of an open string. The original idea was to de- 
scribe the global SU (2) isotopic spin symmetry acting on a quark-antiquark 
pair located at the ends of the string, but it was eventually realized that the 
construction actually gives a gauge symmetry. 




Fig. 6.3. Chan-Paton charges at the ends of an open string. 

The Chan-Paton factors associate N degrees of freedom with each of the 
end points of the string. For the case of oriented open strings, which is the 
case we have discussed so far, the two ends of the string are distinguished, 
and so it makes sense to associate the fundamental representation N with 
the a = 0 end and the antifundamental representation N with the a = n 
end, as indicated in Fig. 6.3. In this way one describes the gauge group 
U(N). 

For strings that are unoriented, such as type I superstrings, the represen- 
tations associated with the two ends have to be the same, and this forces the 
symmetry group to be one with a real fundamental representation, specif- 
ically an orthogonal or symplectic group. Each state is either symmetric 
or antisymmetric under orientation reversal, an operation that interchanges 
the two ends. If the massless vectors correspond to antisymmetric states, 
then there are N(N — l)/2 of them and the group is SO(N). On the other 
hand, if they are symmetric, there are N(N + l)/2 of them and the group is 
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USp(N). Since symplectic matrices are even-dimensional, the latter groups 
only exist for N even. 

Let us consider the case of oriented bosonic open strings. In this case, 
every state in the open-string spectrum now has an additional N 2 multiplic- 
ity. In particular, the N' 2 massless vector states describe the U(N ) gauge 
fields. Since the charges that are associated with the ends of a string are 
associated with an unbroken gauge symmetry, they are conserved. Also, the 
energy-momentum tensor does not depend on the new degrees of freedom, 
so the conformal invariance of theory is unaffected. In general, the Chan- 
Paton charges are nondynamical in the world-sheet theory, so that a unique 
index is associated with each world-sheet boundary in a scattering process 
such as the one depicted in Fig. 6.4. This three-point scattering amplitude 
(and similarly for other open-string amplitudes) contains an extra factor 

S"’ 8 jj ' 8 kk ' \ = TrA 1 A 2 A 3 , (6.33) 

coming from the Chan-Paton matrices. The A matrices encode the charge 
states of the strings as described below. For a boundary on the interior of the 
string world sheet, one should sum over the associated Chan-Paton index, 
which gives a factor of N. This guarantees that the scattering amplitudes 
are invariant under the U(N ) symmetry. 

7 / _ 




Fig. 6.4. An interaction involving three open strings. 

A basis of open-string states in R 25,1 can be labeled by Fock-space states 
(f> (as usual), momentum k, and a pair of integers i,j = 1,2, ... ,N labeling 
the Chan-Paton charges at the left and right ends of the string 

\4>,k,ij). (6.34) 

This state transforms with charge +1 under U(l)i and charge —1 under 
U(l)j. To describe an arbitrary string state, we need to introduce N 2 her- 
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mitian matrices, the Chan-Paton matrices \j, which are representation 
matrices of the U(N) algebra. An arbitrary state can then be expressed as 
a linear combination 

N 

I (/>,k,\) = Y 1 4>,k,ij)\ij. (6.35) 

*J=i 

String states become matrices transforming in the adjoint representation of 
U(N). There are now N 2 tachyons, N 2 massless vector bosons and so on. 

In a theory compactified on a circle, a flat potential 2 can have nontrivial 
physical effects analogous to the Aharanov-Bohm effect. If the component 
of the gauge potential along the circle takes nonzero constant values, it gives 
a holonomy matrix, or Wilson line, 

r2i tR 

U = exp i / Adx. (6.36) 

Jo 

Diagonalizing the hermitian matrix A by a constant gauge transformation 
allows it to be written in the form 

" 4 = — 27rR diag (^i, 02 ’"-,^)- (6-37) 

The presence of nonzero gauge fields, characterized by the Wilson line, 
breaks the U(N) gauge symmetry to the subgroup commuting with U. For 
example, if the eigenvalues of U are all distinct, the symmetry is broken 
from U(N) to U(1) N . 

In the presence of Wilson lines the momentum assigned to a string state 
\(f>,k,ij) gets shifted so that the wave function becomes 

e ip2nR = e-W-eA' (6.38) 



This is derived in Exercise 6.2 and explored further in a homework problem. 
Therefore, the momentum in the circular direction becomes fractional 



K 6i - 6j 
R 2nR 



I< <E TL. 



(6.39) 



Applying the T-duality rules, one obtains the result that the 6i s describe 
the angular positions along the dual circle of N D24-branes. Indeed, since 
the momentum number gets mapped to the winding number, the fractional 
Kaluza-Klein excitation number introduced by the Wilson line is mapped 
to a fractional winding number. A fractional winding number means that 
the open string winds over a fraction of the circle, which is appropriate for 



2 A flat potential is one that gives a vanishing field strength, that is, F = dA + iA A A = 0. The 
factor of i appears when A is chosen to be hermitian (rather than antihermitian) . 
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an open string connecting two separated D-branes. Only when 9i = 6j do 
we have an integer number of windings. This is illustrated in Fig. 6.5. 




Fig. 6.5. Strings with fractional and integer winding number. 

The mode expansion of the dual ij open string becomes 

X 2 f = xo + OiR + 2Ro (k + + . . . , (6.40) 

so that one end is at xq + 9iR and the other end is at xq + 6jR. This is 
interpreted as an open string whose cr = 0 end is attached to the ith D-brane 
and whose a = n end is attached to the jth D-brane. Note that diagonal 
strings wind an integer number of times around the circle while off-diagonal 
strings generally do not. 



The spectrum 

The masses of the particles in the ij open-string spectrum of the bosonic 
string theory conrpactified on a circle are 3 




(K 9 ,- 9 , 

\R 2irR 



+ 1(JV-1). 
cr 



(6.41) 



This formula follows from the mass-shell condition and the fact that the p 25 
component of the momentum is shifted according to Eq. (6.39). 

Equation (6.41) shows that if all of the 9{ s are different, the only massless 
vector states are ones that arise from strings starting and ending on the 
same D-brane without wrapping the circle. All other vector string states 
are massive. Therefore, when no D-branes coincide, there are N different 
massless 17(1) vectors given by the diagonal strings with K = 0. As a result, 
the unbroken gauge symmetry is t/(l) jV . 



3 The number operator N should not be confused with the rank of the gauge group. 
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If two dj s are equal, so that two of the D-branes coincide, two extra off- 
diagonal string states become massless. This enhances the gauge symmetry 
from 17(1) x U( 1) to 17(2). If the D-branes are moved apart, the gauge 
symmetry is broken to 17(1) x 17(1), with the off-diagonal noncommuting 
gauge bosons becoming massive through a stringy Higgs mechanism. More 
generally, if Nq < N D-branes coincide, then the unbroken gauge symmetry 
contains a U(Nq) factor. Therefore, the possibility of having multiple co- 
incident D-branes gives a way of realizing nonabelian gauge symmetries in 
string theory. This fact is of fundamental importance. A collection of five 
parallel D-branes, which gives 17 ( 1 ) 5 gauge symmetry, is shown in Fig. 6.6. 




Let us find the concrete form of some of the states in more detail. Massless 
states generically come from open strings that can shrink to a point. These 
strings start and end on the same brane (or collection of coincident branes), 
and they are naturally regarded as living on the world volume of the brane 
(or branes). Concretely, one type of massless state that appears in the 
spectrum is the scalar particle arising from an oscillator excitation in the 
circle direction 

cdf 5 i|0,fc>, (6.42) 

which corresponds to a scalar field A-^ix). The rest of the components are 
tangential to the D24-brane 

a£i|0, A;) with n = 0, . . . , 24, (6.43) 

and correspond to a vector field A /t (x). Here x = (x °, . . . , x 24 ) denotes the 
coordinates on the Dp-brane. These are all 25 coordinates other than the 
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coordinate x 25 , of the circle, which is fixed at the position of the D-brane. 
So these states describe a gauge field on the D24-brane. 

When A 25 is allowed to depend on the 25 noncompact space-time coordi- 
nates, the transverse displacement of the D24-brane in the x 25 direction can 
vary along its world volume. Therefore, an A 25 background configuration 
can describe a curved D-brane world volume. More generally, starting with 
a flat rigid Dp-brane, transverse deformations are described by the values 
of the 25 — p world-volume fields that correspond to massless scalar open- 
string states. These scalar fields are the 25 — p transverse components of 
the higher-dimensional gauge field, and their values describe the transverse 
position of the D-brane. These scalar fields on the D-brane world volume 
can be interpreted as the Goldstone bosons associated with spontaneously 
broken translation symmetry in the transverse directions. The translation 
symmetry is broken by the presence of the D-branes. 

This discussion illustrates the fact that condensates (or vacuum expecta- 
tion values) of massless string modes can have a geometrical interpretation. 
There is a similar situation for gravity itself. String theory defined on a flat 
space-time background gives a massless graviton in the closed-string spec- 
trum, and the corresponding field is the space-time metric. The metric can 
take values that differ from the Lorentz metric, thereby describing a curved 
space-time geometry. The significant difference in the case of D-branes is 
that their geometry is controlled by open-string scalar fields. 



Exercises 



Exercise 6.1 

Compute the mass squared of the ground state of an open string attached 
to a flat Dp-brane in R 25,1 . 



Solution 



Let us label the coordinates that satisfy Neumann boundary conditions by 
an index i = 0, . . . ,p and the coordinates that satisfy Dirichlet boundary 
conditions at both ends by an index / = p+ 1, . . . , 25. The mode expansions 
for left- and right-movers are, as usual, 



*£ = 



X^ + 1 ,o „ , . i , 

n + Jl y( T + °) + o s 



0 



m 



2 




202 



T-duality and D-branes 
1 
2 



, rU x^ — 1 12 ,, , . i , 1 

= 2 + O l *^ T ~^ + 9 s 



m^O 



p -irn(r-cj) 

m m 



The mode expansions for the fields with Neumann and Dirichlet boundary 
conditions are 



X* = XI + X l R and X 1 = X I L -X I R , 
respectively. The two ends of the string have 

X J (0, r) = X : (p, t ) = x 1 , 

which specifies the position of the D-brane. In uncompactified space-time 
there can be no winding modes, so p 1 = 0. 

The energy-momentum tensor 

T++ = d+X^+Xi + d+X T d + X r = d + X^d+X Lll 

has the same mode expansion as in Chapter 2, independent of p, and thus 
the Virasoro generators, the zero-point energy, and the mass formula, are 
the same as before 

M 2 = 2 (IV — l)/lg- 

The main difference is that this is now the mass of a state in the (p + 1)- 
dimensional world volume of the Dp-brane, whereas in Chapter 2 only the 
space-time-filling p = 25 case was considered. The mass squared of the 
open-string ground state therefore is 

M 2 = -2 Hi = -1/a'. 



□ 



Exercise 6.2 

Consider a relativistic point particle with mass m and electric charge e 
moving in an electromagnetic potential A tl (x). The action describing this 
particle is 

S= J ( - m\J —X^Xn - eX^A^dr. 

Suppose that one direction is compactified on a circle of radius R. Show 
that a constant vector potential along this direction, given by 
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leads to a fractional momentum component along the compact direction 



where K is an integer. 



I< 

P= R + 



e6 

2 ttR’ 



Solution 



In the gauge r = A' 0 = t the action takes the form 

S = j ^ — my / 1 — v 2 — e(Ag + A ■ v^J dt , 



where v l = X 1 . The canonical momentum conjugate to the compact coor- 
dinate X, which is one of the X 1 s, is 



where 



„ SS 

P = — - = p — eA 
SX 



P + 



e6 

2^R’ 



mX 
\/l — v 2 



is the physical momentum. The wave function of the charged particle in- 
cludes a factor containing the canonical momentum 

T(x) ~ e lFX , 



since P ~ —id/dX. This must be single- valued, and thus P = K/R , where 
K is an integer. This gives 

K e6 
P ~ ~R ~ 2ttR 

□ 



6.2 D-branes in type II superstring theories 

D-branes also exist in superstring theories. Indeed, just as in the bosonic 
theory, adding D-branes to the type IIA or type IIB vacuum configuration 
gives a theory that has closed strings in the bulk plus open strings that 
end on the D-branes. Certain D-branes in superstring theories exhibit an 
important feature that does not occur in the bosonic string theory. Namely, 
they carry a conserved charge that ensures their stability. In such a case, the 
spectrum of open strings that start and end on the D-brane is tachyon-free. 

When D-branes are present, some of the symmetries of the superstring 
vacuum are broken. For example, consider starting with the Minkowski 
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space vacuum of a type II superstring theory, which has ten-dimensional 
Poincare invariance. Adding a flat Dp-brane, and neglecting its back reac- 
tion on the geometry, breaks the ten-dimensional 50(1, 9) Lorentz symmetry 
to 50(1, p) x 50(9 — p). Moreover, some or all of the supersymmetry is also 
broken by the addition of the Dp-brane. 

Recall that both of the type II superstring theories, in the ten-dimensional 
Minkowski vacuum, have J\f = 2 supersymmetry. Since each supercharge 
corresponds to a MajoranaWVeyl spinor, with 16 real components, there are 
a total of 32 conserved supercharges. However, the maximum number of 
unbroken supersymmetries that is possible for vacua containing D-branes 
is 16. There are several ways of seeing this. A simple one is to note that 
the massless open strings form a vector supermultiplet, and such super- 
multiplets only exist with 16 or fewer conserved supercharges. Thus, when 
D-branes are added to type II superstring vacua, not only is translational 
invariance in the transverse directions broken, but at least 16 of the original 
32 supersymmetries must also be broken. 



Form fields and p-brane charges 

The five superstring theories and M-theory contain a variety of massless 
antisymmetric tensor gauge fields, which can be represented as differential 
forms. An n-form gauge held is given by 

A n = — A^ ni2 ... tln dx^ 11 A dx^ 2 A • • • A dx ^ . (6.44) 

nl 

These can be regarded as generalizations of an ordinary Maxwell held, which 
corresponds to the case n = 1. With this in mind, one dehnes the (n + 1)- 
form held strength by F n+ \ = dA n , where 

F n + 1 = qy a dx A ' ' ' A dx^ n+1 . (6.45) 

Such a held strength is invariant under a gauge transformation of the form 
SA n = dA n _i, since the square of an exterior derivative vanishes ( d 2 = 0). 

Maxwell theory 

Recall that classical electromagnetism is described by Maxwell’s equations, 
which can be written in the form 



dF = 0 and d * F = 0, 



(6.46) 
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in the absence of charges and currents. Here F is the two- form field strength 
describing the electric and magnetic fields. Notice that the above equations 
are symmetric under the interchange of F and *F. 

More generally, one should include electric and magnetic sources. Electri- 
cally charged particles (or electric monopoles) exist, but magnetic monopoles 
have not been observed yet. Most likely, magnetic monopoles exist with 
masses much higher than have been probed experimentally. When sources 
are included, Maxwell’s equations become 

dF = *J m and d*F = *J e . (6.47) 

In each case J = J^dx^ 1 is a one-fornr related to the current and charge 
density as 

Jp = (p,T), (6-48) 

with [i = 0, . . . , 3 in the case of four dimensions. For a point-like electric 
charge the charge density is described by a delta function p = e6^\r), where 
e denotes the electric charge. Similarly, a point-like magnetic source has an 
associated magnetic charge, which we denote by g. These charges can be 
defined in terms of the held strength 

e = / -kF and g = I F, (6.49) 

Js 2 Js 2 

where the integrations are carried out over a two-sphere surrounding the 
charges. 

Electric and magnetic charges are not independent. Indeed, as Dirac 
pointed out in 1931, the wave function of an electrically charged particle 
moving in the held of a magnetic monopole is uniquely defined only if the 
electric charge e is related to the magnetic charge g by the Dirac quantization 
condition 4 

e-gG ‘li\7L. (6.50) 

The derivation of this result is described in Exercise 6.3. 

Generalization to p-branes 

The preceding considerations can be generalized to p-branes that couple to 
(p + l)-form gauge helds in D dimensions. To determine the possibilities for 
stable p-branes, it is worthwhile to consider the types of conserved charges 
that they can carry. This entails generalizing the statement that a point 
particle (or 0-brane) can carry a charge such that it acts as a source for a 

4 For dyons, which carry both electric and magnetic charge, the Dirac quantization rule gener- 
alizes to Witten’s rule: ei<72 — ^2 91 = 27 m. 
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one- form gauge field, that is, a Maxwell field A = A /1 dx fi . There are two 
aspects to this. On the one hand, a charged particle couples to the gauge 
field in a way that is described by the interaction 

A = e f dr A^ 




dx p 
dr ’ 



(6.51) 



where e is the electric charge. On the other hand, the charge of the particle 
can be determined by Gauss’s law. This entails surrounding the particle with 
a two-sphere and integrating the electric field over the sphere. Defining the 
held strength by F = dA , as usual, the relevant integral is f s 2 *F. Note that 
F is a two-form and in D dimensions its Hodge dual *F is a (D — 2)-form. 
In terms of components 

pUlW-VD 

= __ FixdiixD ' ( 6 . 52 ) 

In general, a (D— 2)-sphere can surround a point in D-dimensional Lorentzian 
space-time. For example, an electrically charged DO-brane in the type IIA 
theory can be surrounded by an eight-sphere S 8 . The magnetic dual of an 
electrically charged point particle carries a magnetic charge that is mea- 
sured by integrating the magnetic flux over a sphere that surrounds it. This 
is simply f F, which in the case of a Maxwell held is a two-dimensional 
integral. In D dimensions a two-sphere S 2 can surround a (D — 4)-brane. 
In four dimensions this is a point particle, but in the ten-dimensional type 
IIA theory the magnetic dual of the DO-brane is a D6-brane. 

The preceding can be generalized to an n-form gauge held A n with an 
(n + l)-form held strength F n+ \ = dA n . An n-form gauge held can couple 
electrically to the world volume of a brane whose world volume has n = p+ 1 
dimensions 

S[ n t = fip f A p+ 1 , (6.53) 



where /i p is the p-brane charge and the pullback from the bulk to the brane 
is understood. In other words, 



Ap+i — 



A 



dx Mi 



(p+1)! J w '" /ip+1 da 0 



dx ^ v+1 

daP 



d p+1 



< 7 . 



(6.54) 



This generalizes Eq. (6.51), which has p = 0 and e = po. This brane is 
electrically charged as can be seen by evaluating the electric charge using 
Gauss’s law p p = f *F P+ 2 . In D dimensions this is an integral over a sphere 
gD-p- 2 ^ j s the dimension required to surround a p-brane. The charge 

of the magnetic dual branes can be measured by computing the hux f F p+ 2 
through a surrounding S p+2 . In D dimensions an S p+2 can surround a 
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(D — p — 4)-brane. Thus, in the case of ten dimensions, the magnetic dual 
of a p - brane is a (6 — p)-brane. 

The Dirac quantization condition for point-like charges in D = 4, eg = 
27rn, has a straightforward generalization to the charges carried by a dual 
pair of p-branes. For our normalization conventions, in ten dimensions one 
has 

Up HQ-p € 27tZ. (6.55) 

This is derived by a generalization of the usual proof that is described in 
Exercise 6.4. The basic idea is to require that the wave function of an electric 
brane is well defined in the field of the magnetic brane. In all superstring 
theory and M-theory examples it turns out that a single p-brane carries the 
minimum allowed quantum of charge. In other words, the product of the 
charges of a single p-brane and a single dual (6 — p)-brane is exactly 27 t. 



Stable D-branes in type II superstring theories 

Specializing to the case of ten dimensions, the preceding considerations tell 
us that an ?r-form gauge Held can couple electrically to a p-brane with p = 
n— 1 and magnetically to a p-brane with p = 7 — n. Since the R-R sector of 
the type II A theory contains gauge fields with n = 1 and n = 3, this theory 
should contain stable branes that carry the corresponding charges. These 
are Dp-branes with p = 0, 2, 4, 6. Since this is giving even integers, it is 
natural to consider p = 8, as well. Larger even values are not possible, since 
the dimension of the brane cannot exceed the dimension of the space-time. 
The existence of a D8-brane would seem to require a nine-form gauge field 
with a ten-form field strength. Such a field is nondynamical, and therefore it 
did not arise when we analyzed the physical degrees of freedom of type IIA 
supergravity. In fact, stable D8-branes do occur in special circumstances, 
which are discussed later in this chapter. 

In the case of the type IIB theory the R-R sector contains n-form gauge 
fields with n = 0, 2, 4. Applying the rules given above the zero-form should 
couple electrically to a (— l)-brane. This is an object that is localized in 
time as well as in space. It is interpreted as a D-instanton, which makes 
sense in the Euclideanized theory. Its magnetic dual is a D7-brane which is 
well defined in the Lorentzian signature theory. However, since a D7-brane 
has codimension 2 it gives rise to a deficit angle in the geometry, just as 
occurs for a point mass in three-dimensional general relativity. The two-form 
couples electrically to a Dl-brane (also called a D-string) and magnetically 
to a D5-brane. The four-form couples both electrically and magnetically 
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to a D3-brane. However, these are not distinct D-branes. Since the field 
strength is self-dual, F , 5 = *^ 5 , the D3-brane carries a self-dual charge. 
In addition, one can also introduce space-time-filling D9-branes in the IIB 
theory, though there are consistency conditions that restrict when they can 
occur. Altogether, the conclusion is that type IIB superstring theory admits 
stable Dp-branes, carrying conserved charges, for odd values of p. 

The stable D-branes (with p even in the IIA theory or odd in the IIB the- 
ory) preserve half of the supersymmetry (16 supersymmetries). Therefore, 
they are sometimes called half- BPS D-branes. This fact implies that the as- 
sociated open-string spectrum has this much supersymmetry, and therefore 
it must be tachyon-free. To be explicit, let Q\ and Q 2 be the two super- 
symmetry charges of the string theory. These are Majorana-Weyl spinors, 
which have opposite chirality in the IIA case and the same chirality in the 
IIB case. Now suppose a Dp-brane extends along the directions 0,1, ... ,p. 
Then the supersymmetry that is conserved is the linear combination 

Q = Q 1 +T 01 -PQ 2 , (6.56) 

where the sign of the second term depends on conventions. Note that in all 
cases the two terms have the same chirality, since the Dirac matrix flips the 
chirality of the Q 2 term when p is even (the IIA case) but not when p is odd 
(the IIB case). 

To recapitulate, conserved R-R charges, supersymmetry, stability, and 
absence of tachyons are all features of these type II Dp-branes. 



Non-BPS D-branes 

The type II superstring theories also admit Dp-branes with “wrong” values 
of p, meaning that p is odd in the IIA theory or even in the IIB theory. These 
Dp-branes do not carry conserved charges and are unstable. They break all 
of the supersymmetry and give an open-string spectrum that includes a 
tachyon. The features of these branes are the same as those of Dp-branes 
with any value of p in the bosonic string theory. In the context of superstring 
theories, D-branes of this type are sometimes referred to as non-BPS D- 
branes. 



Type II superstrings and T-duality 

T-duality for the closed bosonic string theory, compactified on a circle of 
radius R, maps the theory to an identical theory on a dual circle of radius 
R = a! /R. In this sense the theory is self-dual under T-duality, and there 
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is a Z 2 symmetry at the self-dual radius R s d = '/a'. Let us now examine 
the same T-duality transformation for type II superstring theories. It will 
turn out that the type IIA theory is mapped to the type IIB theory and 
vice versa. Of course, if several directions are compactified on circles it is 
possible to carry out several T-dualities. In this case an even number of 
transformations gives back the same type II theory that one started with 
(on the dual torus). This is a symmetry if the torus is self-dual. 

Returning to the case of a single circle, imagine that the X 9 coordinate of 
a type II theory is compactified on a circle of radius R and that a T-duality 
transformation is carried out for this coordinate. The transformation of the 
bosonic coordinates is the same as for the bosonic string, namely 

Xl^Xl and (6.57) 

which interchanges momentum and winding numbers. In the RNS for- 
malism, world-sheet supersymmetry requires the world-sheet fermion ^ 9 to 
transform in the same way as its bosonic partner X 9 , that is, 

V’l -*■ V’l and V’r -> -V’r • (6.58) 

This implies that after T-duality the chirality of the right-moving Ramond- 
sector ground state is reversed (see Exercise 6.5). The relative chirality of the 
left-moving and right-moving ground states is what distinguishes the type 
IIA and type IIB theories. Since only one of these is reversed, it follows that 
if the type IIA theory is compactified on a circle of radius R, a T-duality 
transformation gives the type IIB theory on a circle of radius R. 

In the light-cone gauge formulation, only X 1 and ip 1 , i = 1,...,8, are 
independent dynamical degrees of freedom. In this case a T-duality trans- 
formation along any of those directions works as described above, but one 
along the x 9 direction is more awkward to formulate. 

Now let us examine what happens to type II Dp-branes when the theory 
is T-dualized. Since the half-BPS Dp-branes of the type IIA theory have 
p even, while the half-BPS Dp-branes of the type IIB theory have p odd, 
these D-branes are mapped into one another by T-duality transformations. 
A similar statement can also be made for the non-BPS Dp-branes. The 
relevant analysis is the same as for the bosonic string. Let us review the 
analysis for a pair of flat parallel Dp-branes that fill the dimensions x^, with 
/i = 0, . . . ,p, and have definite values of the other transverse coordinates. 
An open string connecting these two Dp-branes satisfies Neumann boundary 
conditions in p + 1 dimensions 



d a x % = 0 = d a x»\ a= „ = 0 , 



p = 0, . . . ,p, 



(6.59) 
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and Dirichlet boundary conditions for the transverse coordinates 

X l \ a=0 = d\ and X l \ a=7T = d l 2 , i = p + 1, . . . , 9, (6.60) 

where d\ and d\ are constants. These boundary conditions imply that the 
mode expansions are 

A m (t, a) = + p A V + i ^ —cx-n cos nae~ mT , (6.61) 

X 1 (t, a) = d\ + (do — d\)— + V —a* sin nae~ mr . (6.62) 

7 r ' n 

n^O 

Now consider a T-duality transformation along the circular X 9 direc- 
tion. The transformation interchanges Dirichlet and Neumann 

boundary conditions. Running the previous analysis in the reverse direction, 
one learns that in the dual description there is a pair of D-branes that wrap 
the dual circle and that the U( 2) gauge symmetry is broken to U( 1) x U{ 1) 
by a pair of Wilson lines. As in the bosonic theory, Dp-branes that were 
localized on the original circle of radius R are wrapped on the dual circle of 
radius R. 

Thus the general rule is that under T-duality the branes that are wrapped 
and those that are unwrapped are interchanged. If T-duality is performed 
in one of the directions of the original theory on which a p-brane is wrapped, 
then T-duality transforms this p-brane into a (p— l)-brane, which is localized 
on the dual circle. This is consistent with the requirement that the half-BPS 
Dp-branes of the type IIA theory, which have p even, are mapped into the 
half-BPS Dp-branes of the type IIB theory, which have p odd. Starting with 
any one of these half-BPS D-branes, all of the others can be accessed by 
repeated T-duality transformations. 

Mapping of coupling constants 

T-duality of the type IIA and type IIB superstring theories is a perturbative 
duality, which holds order by order in the string perturbation expansion. 
When the type IIA theory is compactified on a circle of radius R and the 
type IIB theory is compactified on a circle of radius R, the two theories are 
related by the T-duality identification RR = a! . This amounts to inverting 
the dimensionless parameter \fa' / R. Let us now examine the mapping of 
the string coupling constants implied by T-duality. To do this it is sufficient 
to consider the coupling constant dependence of the NS-NS part of the 
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low-energy effective action of the type IIA theory, which has the form 



1 

9s 



d 10 xC^ s . 



(6.63) 



For the NS-NS part of the type IIB theory, one has the same formula, with 
the IIA string coupling g s replaced by the IIB string coupling g s . The explicit 
formula for the Lagrangian £ns is given in Chapter 8. Compactifying each 
of these theories on a circle, and keeping only the zero-mode contributions 
on the circle gives 



2itR 

9s 



1 



d 9 xCj<ss 



(6.64) 



in the type IIA case, and 




(6.65) 



in the type IIB case. T-duality implies that these two expressions should be 
the same. Using the T-duality relation RR = a', one obtains the relation 
between the coupling constants 



9s = 




( 6 . 66 ) 



Although derived here by examining certain terms in the low-energy expan- 
sion, the relation in Eq. (6.66) is completely general. Since the two string 
coupling constants are proportional, a perturbative expansion in g s in type 
IIA corresponds to a perturbative expansion in g s in type IIB. 



K -theory 

Since D-branes carry conserved R-R charges that are sources for R-R gauge 
fields, which are differential forms, one might suppose that the charges could 
be identified with cohomology classes of gauge field configurations. This is 
roughly, but not precisely, correct. The appropriate mathematical general- 
ization uses K-theory, and classifies D-brane charges by K-theory classes. 



Type II D-branes 



Consider a collection of coincident type II D-branes - N Dp-branes and 
N' Dp-branes. Dp denotes an antibrane, which is the charge-conjugate of 
the Dp-brane. The important world-volume fields can be combined in a 
superconnection 



A 



A T 
T A' 



(6.67) 
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where A is a connection on a U(N ) vector bundle E, A' is a connection on 
a U(N') vector bundle E ' , and T is a section of E* <g) E' that describes an 
N x N' matrix of tachyon fields. The (p + l)-dimensional world volume of 
the branes, X, is the base of E and E' . The three types of fields arise as 
modes of the three types of open strings: those connecting branes to branes, 
those connecting antibranes to antibranes, and those connecting branes to 
antibranes. 

If the gauge field bundles E and E' are topologically equivalent {E ~ E') 
complete annihilation should be possible. This requires N = N' so that the 
total charge is zero. Moreover, the tachyon field matrix should take a value 
T = Tq that gives the true minimum of the tachyon potential. If there is 
complete annihilation, the minimum of the tachyon potential energy V ( T ) 
should be negative and exactly cancel the energy density of the branes so 
that the total energy is zero 

V(T 0 ) + 2NT Dp = 0. (6.68) 

As a specific example, consider the case p = 9 in the type IIB theory. 
Consistency of the quantum theory (tadpole cancellation) requires that the 
total R-R 9-brane charge should vanish, and thus N = N' . So we must have 
an equal number of D9-branes and D9-branes filling the ten-dimensional 
space-time X. Associated with this there are a pair of vector bundles ( E , E'), 
where E and E' are rank- IV complex vector bundles. 

We now want to define equivalence of pairs ( E , E') and (F. F ') whenever 
the associated 9-brane systems can be related by brane-antibrane annihila- 
tion and creation. In particular, E ~ E' corresponds to pure vacuum, and 
therefore 

(E , E 1 ) ~ 0 E ~ E 1 . (6.69) 

If we add more D9-branes and D9-branes with identical vector bundles H , 
this should not give anything new, since they are allowed to annihilate. This 
means that 

{E®H,E' ®H) ~ (6.70) 

In this way we form equivalence classes of pairs of bundles. These classes 
form an abelian group. For example, ( E',E ) belongs to the inverse class 
of the class containing (E,E'). If N and N' are unrestricted, the group is 
called K(X). However, the group that we have constructed above is the 
subgroup of K(X) defined by requiring N = N' . This subgroup is called 
K(X). Thus type IIB D-brane charges should be classified by elements of 
K(X). Let us examine whether this works. 
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The formalism is quite general, but we only consider the relatively simple 
case of Dp-branes that are hyperplanes in flat R 9,1 . For this purpose it is 
natural to decompose the space into tangential and normal directions 

R 9 ’ 1 = RP’ 1 x R 9-p , (6.71) 



and consider bundles that are independent of the tangential R Pi1 coordi- 
nates. If the fields fall sufficiently at infinity, so that the energy is nor- 
malizable, then we can add the point at infinity thereby compactifying the 
normal space so that it becomes topologically a sphere S 9 ~ p . Then the rele- 
vant base space for the Dp-brane bundles is X = S 9 ~ p . We can now invoke 
the mathematical results: 



K{S 9 ~ p ) 



7L p = odd 
0 p = even 



(6.72) 



This precisely accounts for the R R charge of all the stable (BPS) Dp-branes 
of the type IIB theory on R 9,1 . It should be noted that the unstable non- 
BPS type IIB D-branes, discussed earlier, carry no conserved charges, and 
they do not show up in this classification. 

Suppose now that some dimensions form a compact manifold Q of dimen- 
sion q , so that the total space-time is R 9-9,1 x Q. Then the construction 

of a Dp-brane requires compactifying the normal space R 9 ~ p_9 x Q to give 
S 9-p- 

q x Q. This involves adjoining a copy of Q at infinity. In this case 
the appropriate mathematical objects to classify D-brane charges are rela- 
tive K-theory groups K(S 9 ~ p ~ q x Q,Q). In particular, if Q = S 1 , we have 
K(S 8 ~ p x S' 1 , S' 1 ). Mathematically, it is known that this relative K-theory 
group can be decomposed into two pieces 

K(X x S' 1 , S’ 1 ) = K-\X) © K(X). (6.73) 

The physical interpretation of this formula is very nice. K(S 8 ~ P ) classifies 
the type IIB D-branes that are wrapped on the circle, whereas 

K~ 1 (S s ~ p ) “ K(S 9 ~ P ) (6.74) 



classifies unwrapped D-branes. So, altogether, in nine dimensions there are 
additive D-brane charges for all p < 8. 

The type IIA case is somewhat more subtle, since the space-time-filling 
D9-branes are unstable in this case. The right K-theory group in this case 
is K^ 1 (X), the same group that appeared in the previous paragraph. The 
mathematical results 



K~ 1 (S 9 ~ P ) 



7L for p = even 
0 for p = odd 



(6.75) 
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account for all the stable type IIA Dp-branes embedded in R 9,1 . Compact- 
ifying the type IIA theory on a circle gives the relative K-theory group 

K~\X x S 1 , S 1 ) = K(X) © K~ 1 (X). (6.76) 

This time K~ 1 (X) describes wrapped D-branes and K(X) describes un- 
wrapped ones. This result matches the type IIB result in exactly the way 
required by T-duality (wrapped unwrapped). 



Exercises 



Exercise 6.3 

Derive the Dirac quantization condition (6.50) for point particles in four- 
dimensional space-time. 

Solution 

In the case of Maxwell theory in D = 4 the vector potential is a one-form 
A\ whose field strength is a two-form F -2 = dA\. Let us denote the dual of 
this field strength *©2, which is also a two- form, by T© Then Gauss’s law 
is the statement that if a two-sphere S 2 surrounds an electric charge e, one 
has f s 2 T2 = e. Similarly, if it surrounds a magnetic charge g , f s2 T2 = g. 

Now consider the wave function ip(x) of an electrically charged particle, 
with charge e, in the held of a magnetic monopole of charge g. Such a wave 
function has the form 

ip(x) = exp (i.e J A^j 4>o(x), 

where the integral is along some path to the end point x. The choice of base 
point xq (and the contour) gives an overall x-independent phase that doesn’t 
matter. This formula can be understood as follows: the minimal coupling 
J • A ensures that the vector potential enters the Schrodinger equation only 
via the covariant derivative D ^ = 8^ — ieA tl . Then the phase factor isolates 
the non-gauge-invariant part of ip(x); the function tpo(x) is gauge invariant. 

Now consider the change in this wave function as x traces out a small 
circle 7. One obtains 

ip(x) — > U( / y)'ip(x), U( j) = e te ^ Al , 

where the contour integral is around the circle 7. Let D denote a disk whose 




6.2 D-branes in type II superstring theories 



215 



boundary is 7 . By Stokes’ theorem, 



A\ = 




F 2 . 



However, the choice of D is not unique, and any choice must give the same 
answer for the wave function to be well defined. Let D' be another choice 
that passes on the other side of the magnetic charge. Then the difference 
D — D' is topologically a two-sphere that surrounds the magnetic charge. In 
other words, 

/ F ‘2 — [ F 2 = f F 2 = g. 

Jd Jd 1 Jd-d' 



Thus the holonomy group element U(-y) is well defined only if exp (ieg) = 1. 
This gives the Dirac quantization condition 



eg € 

There is a mathematical issue that has been suppressed in the preceding 
discussion. Namely, the field of a monopole gives a topologically nontrivial 
U{ 1) bundle. This means that the region exterior to the nronopole can be 
covered by two open sets, O and O ' , on which the gauge field is A and A' . 
respectively. On the overlap OUO 7 , the two gauge fields differ by a gauge 
transformation: A — A' = dA , 5 It also means that the “wave function” is 
not a function, but rather a section of a line bundle. In the use of Stokes’ 
theorem the field A should be used for the extension to D, which is assumed 
to be interior to O, and the field A! should be used for the extension to 
D ' , which is assumed to be interior to O' . By explicitly integrating the 
difference of A and A' along 7 and requiring that U{ 7 ) is unique, one can 
give an alternative proof of the quantization condition. □ 



Exercise 6.4 

Generalize the reasoning of the preceding exercise to prove the Dirac quan- 
tization condition for p-branes in Eq. (6.55). 



Solution 

Equation (6.55) applies to ten dimensions. Let us be a bit more general, and 
consider D dimensions instead. Given an electrically charged p-brane with 
charge /x p , there is a (p + l)-form gauge field that has the minimal coupling 

5 If one only uses one field A it is singular along a line, called a Dirac string , which runs from the 
monopole to infinity. It should be emphasized that a Dirac string is a mathematical artefact 
and not a physical object. 
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Up f A p . |_i to the brane. The gauge-invariant field strength is F p+ 2 = dA v+ \ 
and its dual is 

Fd-p-2 = *T p+2 . 

Gauss’s law is the statement that if we loop the p-brane once with a sphere 
c/D-p- 2 ^ |-} ieri the c i iar g e given by 



Up 



I S d ~p ~ 2 



Fd-p-2- 



The magnetic dual of this brane is a (D — p — 4)-brane that can be encircled 
by a sphere S p+2 . Gauss’s law gives its magnetic charge 



^D—p — 4 




Fp+ 2- 



Requiring that both branes have nonnegative dimension gives 0 < p < D — 4. 

Now let’s consider a probe electric p-brane in the field of a magnetic 
(D — p — 4)-brane. For the argument that follows, the topology of the 
magnetic brane doesn’t matter, but it is extremely convenient to choose the 
electric brane to be topologically a sphere S p . Let us denote this p-cycle by 
/3. Then, for the same reason as in the previous exercise, the wave function 
of the p-brane has the form 



V>(/3) = exp 




A 



p+i 



ih(P) 



where V’o is gauge invariant. The lower limit is a fixed p-cycle (3q and the 
integral is over a region that is a “cylinder” whose topology is a line interval 
times S p . As before, it does not matter how this is chosen. 




Fig. 6.7. This illustrates, for the case p = 1, how a loop of p-dimensional spheres 
can trace out a (p + l)-dimensional sphere 7 . 
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Fig. 6.8. This illustrates, for the case p = 0, that the difference of two (p + 2)- 
dimensional balls D and D' with a common boundary 7 (a (j> + l)-dimensional 
sphere) that pass on opposite sides of a magnetic brane is a (p + 2)-dimensional 
sphere that encircles the magnetic brane. 



Now we need to generalize the step in the previous exercise in which the 
electric charge traced out a circle. What we want is for the p-brane to trace 
out a surface 7 that is topologically a sphere S p+1 . The way to achieve this 
is shown in Fig. 6.7. For a vanishingly small cycle (3 this gives the result 
that 

->• U (7) = exp (^in p j A p+i 

Now let D be a ball whose boundary is 7. Stokes’ theorem gives 




\+i — 




F v+ 2 - 



Again D is not unique, and we can consider two different choices D and 
D' that pass on opposite sides of the magnetic brane. Their difference is 
topologically a sphere S p+2 that surrounds the magnetic brane, as indicated 
in Fig. 6.8. Thus, 




I D-D' 



F p + 2 — I^D—p— 4 - 



Now requiring that U( 7) is well defined gives exp(i/U p /i£>_ p _4) = 1, and 
hence 



t^p t^D—p— 4 £ 27 tTL. 



□ 
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Exercise 6.5 

Show that a T-duality transformation reverses the chirality of the right- 
moving Ramond-sector ground state. 

Solution 

T-duality reverses the sign of the right-moving bosons 

v9 y9 

A /J - * _A iJ- 

World-sheet supersymmetry requires the fermions to transform in the same 
way as the bosons, that is, 

In particular, the zero mode of in the Rarnond sector transforms is 
reversed 

d 9 — > — d 9 
°o ^ a o- 

In Chapter 4 we learned that there is a relation between R-sector zero modes 
and ten-dimensional Dirac matrices 

T^ = y/2, d$. 

Thus, under a T-duality transformation 

T^ -> T M (for ^ + 9) and T 9 -T 9 . 

We conclude that the chirality operator behaves as 

Tn = r 0 Ti ■ ■ ■ T 9 — ► —Tii, 

so the chirality of the right-moving Rarnond ground state is reversed. This 
may seem paradoxical until one realizes that both ten-dimensional chiralities 
correspond to nonchiral spinors in nine dimensions. □ 



Exercise 6.6 

T-duality has been described for superstrings in the RNS formulation. How 
do the world-sheet fields transform under a T-duality transformation in the 
x 3 direction in the light-cone GS formulation? 



Solution 

The world-sheet fields consist of left-movers X £ and Sf and right-movers 
X R and S% (type IIA) or S% (type IIB). As always, the left-movers are un- 
changed, and the only nontrivial bosonic transformation is X R — > — X R . So 
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the issue boils down to finding the transformation rule for the S 2 s. There 
is really only one sensible possibility. In Chapter 5 we introduced the Dirac 
matrices T* ; = T; , which were also interpreted as Clebsch-Gordon coefh- 

ab ba 

cients for coupling the three inequivalent eight-dimensional representations 
of Spin{ 8). Clearly, the rule 

Sf -> T{ d S b 2 (for IIA) and Sf -> TD S h 2 (for IIB) 

respects the symmetries of the problem and maps the type IIA theory to the 
type IIB theory and vice versa. Also, it squares to the trivial transformation 
because TAT? = 5 ac and r^Tjb = Sac, where the index j is unsummed. 

For multiple T-dualities, such as along x 1 and x 2 , there is a sign ambiguity. 
Depending on the order, one could get S 2 — » Ti^S^ or S 2 —> ^TiS^ = 
— Ti^S^. However, the sign reversal S 2 — > —S 2 is a trivial symmetry of 
both the type IIA and IIB theories, so this is inconsequential. □ 

Exercise 6.7 

T-duality transforms a p-brane into a (p — l)-brane if a direction along the 
brane is T-dualized, while it transforms a p-brane into a (p+l)-brane if a di- 
rection orthogonal to the brane is T-dualized. Let us analyze this statement 
for a concrete brane configuration. Consider a system of one DO-brane, D2- 
brane, D4-brane and D6-brane. The last three branes are extended along 
the (8, 9), (6, 7, 8, 9) and (4, 5, 6, 7, 8, 9) directions, respectively. What brane 
configurations can be obtained after T-duality? 

Solution 

The relative orientation of the different branes is illustrated in the table 
below. 





0 


12 3 4 


5 


6 


7 


8 


9 


D6 


X 


X 


X 


X 


X 


X 


X 


DA 


X 


X 


X 






X 


X 


D2 


X 










X 


X 


DO 


X 















Let us just consider transformations along a single circle. Then the original 
type IIA configuration gets mapped to a type IIB configuration. A T-duality 
transformation along the 1, 2 or 3 directions gives a D7, D5, D3, D1 con- 
figuration. A T-duality transformation along the 4 or 5 directions gives a 
D5, D3, D3, D1 configuration. A T-duality transformation along the 6 or 7 
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directions gives a D5, D5, D3, D1 configuration. A T-duality transformation 
along the 8 or 9 directions gives a D5, D3, Dl, D1 configuration. 

One might also consider a T-duality transformation along the time direc- 
tion. However, this only makes sense in the context of finite temperature, 
where one has a periodic Euclidean time coordinate. That would lead one 
to an object that is localized in the time direction. Quite aside from the 
issue of T-duality, one could consider an object that fills some spatial di- 
rections and is localized in time and the other spatial directions. This is a 
higher-dimensional analog of an instanton, called an S-brane. Like instan- 
tons, it is not a physical object, but rather a possible stationary point of a 
path-integral that could play a role in the nonperturbative physics. 

□ 



6.3 Type I superstring theory 
Orientifold projection 

Type I superstring theory can be understood as arising from a projection of 
type IIB superstring theory. Type IIB superstrings are oriented, and their 
world sheets are orientable. The world-sheet parity transformation 

n : c r — > —a (6.77) 

reverses the orientation of the world sheet. World-sheet parity exchanges the 
left- and right-moving modes of the world-sheet fields AT and ip* 1 . This Z 2 
transformation is a symmetry of the type IIB theory and not of the type IIA 
theory, because only in the IIB case do the left- and right-moving fermions 
carry the same space-time chirality. When one gauges this ZQ symmetry, 
the type I theory results. The projection operator 

P=\{ 1 + 0) (6.78) 

retains the left -right symmetric parts of physical states, which implies that 
the resulting type I closed strings are unoriented. 

The type I closed-string spectrum is obtained by keeping the states that 
are even under the world-sheet parity transformation and eliminating the 
ones that are odd. The massless type IIB closed-string states in the NS-NS 
sector are given by the tensor product of two vectors. Only states that are 
symmetric in the two vectors survive the orientifold projection. These are 
the dilaton and the graviton, while the antisymmetric tensor B 2 is elimi- 
nated. 

The two gravitino fields of type IIB superstring theory, and Tf), are 
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associated with the Fock-space states 

6^1/2 1 0; a) and b l ^ 1 , 2 \a;0). (6.79) 

Here the label a denotes a spinor index for a Ramond-sector ground state. 
Under world-sheet parity |0;a) <-> |a;0), and left-moving and right-moving 
excitations are exchanged, which implies that only the sum + survives 
the projection. Similarly, one of the two type IIB dilatinos survives, so that 
one is left with a total of 56 + 8 = 64 massless fermionic degrees of freedom. 
The fact that only one gravitino survives implies that the type I theory has 
half as much supersymmetry as the type IIB theory (16 conserved super- 
charges instead of 32). This supersymmetry corresponds to the diagonal 
sum of the left-moving and right-moving supersymmetries of the type IIB 
theory. 

Which massless R-R sector states survive the world-sheet parity projec- 
tion can be determined by counting degrees of freedom. Since there is a 
massless gravitino field in the spectrum, the theory must be supersymmet- 
ric, and therefore the number of massless fermionic and bosonic degrees of 
freedom have to be equal. The only way to achieve this is to require that Co 
and C4 are eliminated while the two-form C 2 survives. To summarize, after 
the projection the massless closed-string bosonic fields are the graviton and 
the dilaton in the NS-NS sector and the two-form C 2 in the R-R sector. 
This gives a total of 35 + 1 + 28 = 64 bosonic degrees of freedom, which 
matches the number of fermionic degrees of freedom. Together, these give 
the M = 1 supergravity multiplet. 

In addition, it is necessary to add a twisted sector - the type I open 
strings. These are strings whose ends are associated with the fixed points 
of a — > —a, which are at a = 0 and a = 7r. 6 Since this applies for all X 1 *, 
and open strings always end on D-branes, the existence of these open strings 
signals the presence of space-time-filling D9-branes. The open strings must 
also respect the H symmetry, so they are also unoriented. 

The type IIB fundamental string (F-string) is a stable BPS object that 
carries a conserved charge that couples to £>2- Since the orientifold pro- 
jection eliminates B 2 , the type I fundamental string is not a stable BPS 
object. It can break. However, the amplitude for breaking is proportional 
to the string coupling constant. So at weak coupling, which is assumed in 
perturbation theory, type I superstrings are long-lived. At strong coupling, 
fundamental type I strings cease to be a useful concept, since they quickly 
disintegrate. 

6 To obtain the usual open-string a interval of length 7r, one should start with a closed-string 

coordinate a of period 2-7T, which is double the choice that has been made previously. 
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Anomalies 



As was explained in Chapter 5, type I supergravity in ten-dimensional 
Minkowski space-time by itself is inconsistent due to gravitational anoma- 
lies. Moreover, the only way to eliminate anomalies is to couple it to super 
Yang-Mills theory with an SO (32) or E$ x E$ gauge group. Only the group 
50(32) is possible for type I superstrings, and it can be realized by including 
open strings with Chan-Paton charges corresponding to this gauge group. 
Under world-sheet parity the open-string coordinates can transform with 
either sign. Taking into account the Chan-Paton degrees of freedom, repre- 
sented by labels i,j, the transformation rule for open-string states becomes 

Obr_ 1/2 \0,ij) = ±b^ 1/2 \0,ji), (6.80) 

because the world-sheet parity transformation interchanges the two ends of 
the string. If one chooses the plus sign in Eq. (6.80), then the projection picks 
out symmetric matrices, which corresponds to a symplectic gauge group. 
If, on the other hand, one chooses the minus sign the projection leaves 
antisymmetric matrices, which corresponds to an orthogonal group. So this 
is the choice that is needed to describe the anomaly-free supersymmetric 
50(32) theory. 

Another way of interpreting the preceding conclusion is as follows. The 
orientifold projection results in the appearance of a space-time- filling ori- 
entifold plane. The plus sign in Eq. (6.80) results in the appearance of an 
09 + plane with +16 units of D9-brane charge, whereas the minus sign in 
Eq. (6.80) results in the appearance of an 09“ plane with —16 units of D9- 
brane charge. Consistency requires the cancellation of this D9-brane charge. 
This corresponds to the cancellation of R-R tadpoles, which also ensures the 
cancellation of all gauge anomalies. This cancellation can be achieved in the 
first case (the plus sign) by the addition of 16 anti-D9-branes. This results in 
a theory with U Sp( 32) gauge symmetry. However, the presence of anti-D9- 
branes breaks all of the supersymmetry. In the second case (the minus sign) 
consistency is achieved by adding 16 D9-branes, which results in 50(32) 
gauge symmetry. As discussed above, this preserves one of the two type IIB 
supersymmetries. 

The tension of both kinds of 09-planes is — 16Tbg. Therefore, in both 
cases the total energy density of the vacuum is zero. In the supersymmetric 
50(32) case this is ensured to all orders in the string coupling constant 
by supersymmetry. In the nonsupersymmetric USp( 32) case, perturbative 
corrections to the free theory are expected to generate a nonzero vacuum 
energy. 
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The only massless R-R field in the type I spectrum is CV Therefore, aside 
from the D9-branes, the only stable type IIB D-branes that survive the 
orientifold projection are the ones that couple to this field. They are the 
Dl-brane and its magnetic dual, the D5-brane. 

The world-volume theories of these D-branes are more complicated than 
in the type IIB case. The basic reason is that there are additional massless 
modes that arise from open strings that connect the Dl-brane or the D5- 
brane to the 16 D9-branes. Moreover, this is taking place in the presence of 
an 09~ plane. 

Let us consider first a system of N coincident Dl-branes. In the type 
IIB theory the world- volume theory would be a maximally supersymmetric 
U(N) gauge theory. However, due to the presence of the orientifold plane in 
the type I theory, the gauge symmetry is enhanced to SO(2N ), and there is 
half as much unbroken supersymmetry as in the type IIB case. Moreover, 
the world-volume theory contains massless matter supermultiplets that arise 
as modes of open strings connecting the Dl-branes to the D9-branes. These 
transform as (2N, 32) under SO(2N) x 50(32). The 50(32) gauge sym- 
metry of the ten-dimensional bulk is a global symmetry of the Dl-brane 
world-volume theory. 

The analysis of the world-volume theory of a system of N coincident D5- 
branes is carried out in a similar manner. The U(N ) gauge symmetry that 
is present in the type IIB case is enhanced to U Sp(2N) due to the 09“ 
plane, and the amount of unbroken supersymmetry is cut in half. Moreover, 
there are massless supermultiplets that arise as modes of open strings con- 
necting the D5-branes to the D9-branes. They transform as (2N, 32) under 
USp(2N) x 50(32). 

The K-theory analysis of possible charges of type I D-branes, which is not 
presented here, accounts for all of the D-branes listed above. Moreover, it 
also predicts the existence of a stable point particle in R 9,1 that carries a TL^ 
charge and is not supersymmetric. Thus this particle is a stable non-BPS 
DO-brane. This particle, like all D-branes, is a nonperturbative excitation 
of the theory. Moreover, it belongs to a spinor representation of the gauge 
group. Its existence implies that, nonperturbatively, the gauge group is 
actually Spin( 32)/^2 rather than 50(32). The stability of this particle 
is ensured by the fact that it is the lightest state belonging to a spinor 
representation. The mod 2 conservation rule is also an obvious consequence 
of the group theory: two spinors can combine to give tensor representations. 
In Chapter 8 it is argued that type I superstring theory is dual to one of 
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the heterotic string theories. The non-BPS DO-brane of the type I theory 
corresponds to a perturbative excitation of the dual heterotic theory. 



The type I' theory 

Let us now examine the T-dual description of the type I theory on a space- 
time of the form 1R 8 ' 1 x S 1 , where the circle has radius R. Since the type 
IIB theory is T dual to the type IIA theory, and the type I theory is an 
orientifold projection of the type IIB theory, one should not be surprised to 
learn that the result is a certain orientifold projection of the type IIA theory 
compactified on the dual circle S 1 of radius R = a 1 /R. The resulting T-dual 
version is called the type 1 1 theory. The name type IA is also used. 

Recall that T-duality for a type II theory compactified on a circle corre- 
sponds to the world-sheet transformation 

Xr — > -X R , i/j r — > -Y\r, (6.81) 

for the component of X and ip along the circle. This implies that 

X = X L + X R —> X = X L — X R . (6.82) 

In the case of type II theories, X describes the dual circle S 1 . In the type 
I theory world-sheet parity Q, which corresponds to Ti <-> Xr , is gauged. 
Evidently, in the T-dual formulation this corresponds to 

X -> —X. (6.83) 

Therefore, the gauging of Q gives an orbifold projection of the dual circle, 
5 1 /Z 2 . More precisely, the Z 2 action is an orientifold projection that com- 
bines X — ► —X with fb As noted earlier, fl is not a symmetry of the IIA 
theory, since left-moving and right-moving fermions have opposite chirality. 
However, the simultaneous spatial reflection X — ► —X compensates for this 
mismatch. 

The quotient 5' 1 /Z 2 describes half of a circle. In other words, it is the 
interval 0 < X < ttR. The other half of the circle is present as a mirror 
image that is also H reflected. Altogether, the statement of T-duality is the 
equivalence of the compactified IIB orientifold 

(R 8,1 x S 1 )/^, (6.84) 

with the type IIA orientifold 

(r 8 ’ 1 x s^/n-i, 

where the symbol X represents the reflection X —> —X. 



(6.85) 
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The fixed-point set in the type V construction consists of a pair of ori- 
entifold 8 -planes located at X = 0 and X = nR. Each of these carries —8 
units of R~R charge. Consistency of the type I' theory requires adding 16 
D 8 -branes, which are localized at points in the interval 0 < X < nR while 
filling the nine noncompact space-time dimensions. Clearly, these D 8 -branes 
are the T-duals of the D9-branes of the type I description. 

The positions of the D 8 -branes along the interval are determined in the 
type I description by Wilson lines in the Cartan subalgebra of 50(32). 
Since this group has rank 16, its Cartan subalgebra has 16 generators. The 
corresponding Wilson lines take values in compact U{ 1) groups, so these 
values can be characterized by angles 8 j that are defined modulo 27r. These 
angles determine the dual positions of the D 8 -branes to be 

Xj = 8 r R, 1 = 1,2,..., 16. ( 6 . 86 ) 

The 50(32) gauge symmetry is broken by the Wilson lines. In terms of the 
type V description the unbroken gauge symmetry is given by the following 
rules: 

• When N D 8 -branes coincide in the interior of the interval, this corresponds 
to an unbroken U(N) gauge group. 

• When N D 8 -branes coincide with an 08“ plane they give an unbroken 
SO(2N ) gauge group. 

In both cases the gauge bosons arise as zero modes of D 8 -D 8 open strings. 
In the second case the mirror-image D 8 -branes also contribute. 

The case of trivial Wilson lines (all 8 j = 0) corresponds to having all 16 
D 8 -branes (and their mirror images) coincide with one of the 08“ planes. 
This gives 50(32) gauge symmetry, of course. In addition, there are two 
0(1) factors. The corresponding gauge fields arise as components of the 
ten-dimensional metric and O 2 field: 9 and 9 . 

Somewhat more generally, consider the Wilson lines given by 

81 = 0 for I = 1, . . . , 8 + N and 81 = n for I = 9 + IV, . . . , 16. (6.87) 

This corresponds to having 8 + N D 8 -branes coincide with the 08“ plane 
at X = 0 and 8 — N D 8 -branes coincide with the 08~ plane at X = nR. 
Generically, according to the rules given above, this gives rise to the gauge 
symmetry 

50(16 + 2 N) x 50(16 - 2N) x O(l) 2 . ( 6 . 88 ) 

However, for the particular value of the radius R = a/ g s Na ' / 8 one finds the 
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gauge symmetry enhancement' 

50(16 — 21V) x [/(l) -4 Eg-jy. (6.89) 

This is a nonperturbative symmetry enhancement. As such, it cannot be ex- 
plained using the tools that have been described so far. It is best understood 
in terms of the S-dual heterotic string described in Chapter 8. 



Exercises 



Exercise 6.8 

Show that under a T-duality transformation in the x 9 direction the world- 
sheet parity operator fl of the type IIB theory transforms as follows: 

n in IIB -> I g n in II A, 

where Ig inverts the sign of the ninth coordinates X 9 —> — X 9 and ip 9 — > 
— ip 9 . How does QIg act on the type II A space-time fermions? 

Solution 

The orientifold projection 0 in type IIB corresponds to TgflTg in type IIA, 
because the Xg operations map back and forth between type IIA and type 
IIB. Therefore, the desired result is obtained if one can verify the identity 

TgQTg = I 9 n. 

This identity holds because 

TgQTg : (X 9 l ,X 9 r ) -+ (X 9 l ,-X 9 r ) -+ (~X 9 R ,X 9 L ) -+ (-X 9 R ,-X 9 L ) 

and 

W : (X 9 l ,X 9 r ) -+ (X 9 r ,X 9 ) -+ (-X 9 r , -X 9 ). 

The fermi coordinate ip 9 transforms in exactly the same way. 

The combined operation IgQ maps R-NS type IIA space-time spinors to 
NS-R space-time spinors of the same chirality. The operation 0 interchanges 
the R-NS and NS-R fermions, and the operation Ig reverses their chirality. 
This is what must happen in order to define a nontrivial projection operator. 
□ 

7 Eq, £ 7 , and Es are exceptional Lie groups. The meaning of E n with n < 6 can be inferred by 
extrapolating Dynkin diagrams. This gives £5 = 50(10), £4 = 5f/(5), £3 = SU(3) x SU( 2), 
£2 = SU (2) x U( 1) and £1 = SU( 2 ). 
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6.4 T-duality in the presence of background fields 

The previous sections have discussed T-duality for string theories compact- 
ified on a circle with the assumption that the remaining space-time dimen- 
sions are described by Minkowski space-time and that all other background 
fields vanish. In this section we shall discuss the generalization of the T- 
duality transformations along a circle in curved space-times with background 
fields. The first part considers NS-NS background fields: the graviton g lu/ , 
two- form tensor B^ v and dilaton <f>, while the second part considers the 
nontrivial R-R background fields. 



NS-NS sector fields 

The massless fields that appear in the closed bosonic-string spectrum or the 
NS-NS sector of either type II superstring consist of the space-time metric 
g flu . the two- form B^ u and the dilaton 4>. So far we have only considered a 
flat background with vanishing B lxv . The value of exp($) gives the string 
coupling constant g s . which has been assumed to be constant and small. One 
can analyze more general possibilities by introducing the background fields 
into the world-sheet action. This cannot be done in an arbitrary way, since 
the action only has the required conformal symmetry for backgrounds that 
are consistent solutions of the theory. One possibility that works is for all of 
the background fields to be constants. There are more general possibilities, 
which are explored in this section. 

The appropriate generalization of the world-sheet action in conformal 
gauge that includes NS-NS background fields is 



5 


— Sg + Sb + <5$, 


(6.90) 


5 - 1 ) 


f d 2 a^hh a0 g^ d a x*d i3 x v , 


(6.91) 


9 Aira' J 


B 47T a' 


J d 2 oe ap B tlv d a X^dgX v , 


(6.92) 


S $ = 


[ d 2 o^h&R (2) . 
4v r J 


(6.93) 



The first term replaces the Minkowski metric with the more general space- 
time metric in the obvious way. The second term expresses the fact that the 
fundamental string carries NS-NS two-form charge, just as the half-BPS 
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D-branes carry R-R charge. In differential form notation for the pull- 
back field, it is proportional to f B 2 . The coefficient says that the two- form 
charge is equal to the string tension. For suitable normalization conven- 
tions, this is required by supersymmetry. The d> term is higher-order in the 
a' expansion. Note also that both the B term and the <1? term are total 
derivatives for constant fields. Even so, they have an important influence on 
the physics. The Sb term contributes to the world-sheet canonical momenta 
and hence to the canonical commutation relations. The dilaton determines 
the string coupling constant precisely due to the term 5$, as was discussed 
in Chapter 3. 

If the background fields are independent of the circular coordinate (for 
example, X 9 in the case of the superstring), the T-dual world-sheet theory 
can be derived by a duality transformation of the X 9 coordinate. The for- 
mulas can be derived by using the Lagrange multiplier method introduced 
in Section 6.1. Introducing a Lagrange multiplier X 9 , consider the action 

4 Tra'S = f d 2 a[V^hh a P( - g 99 V a V p - 2 g 9lx V a d p X» - g^c d a X^d p X v )+ 

£ a ^B 9lx V a dpX^ + B lu ,d a X^d p X v ) + X^£^d a Vp + a 'V^hR {2) $(X )] . 

(6.94) 

In the above action //, v = 0, . . . , 8 refer to all space-time coordinates except 
A' 9 . The A 9 equation of motion, 

£ a0 d a Vp = 0, (6.95) 

is solved by writing Vg = dpX 9 . Substituting this into the action returns us 
to the original action (6.90). On the other hand, using the V a equations of 
motion to eliminate this field, gives the dual action 

S = S-g + S s + S& (6.96) 

where the background fields of the dual theory are given by 

1 - B 9fl ~ . B 9/1 B 9l/ - g 9fl g 9u 

599 = — , SV = , 9iw = 9fj,u H • 

599 599 599 

A>„ = -B„ 9 = b„„ = b„„ + »>b 8 ,-b 9 „^ (6 . 97) 

599 5 99 

The dilaton transformation rule requires a different analysis. We argued 
in Section 6.2 that the type II A and type IIB coupling constants are related 
by g s = 5 s v / cd /R- For the identifications g 99 = R 2 /a' and g 99 = R 2 /a ' , this 
implies that 



$ = - - log 599 



(6.98) 
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at least if we assume = <79 M = 0. Equation (6.66) can be understood as 
the vacuum expectation value of this relation. 



R-R sector fields 

The massless spectrum of each of the superstring theories also contains 
bosonic Helds in the R-R sector. There is an obstruction to describing 
their coupling to the string world sheet in the RNS formulation, a fact that 
is a fundamental limitation of this approach. They can be coupled to the 
world sheet in the GS formulation, in which case they have couplings of the 
form 0r^ "^0F w ... Mn . 

A possible approach to understanding the behavior of R-R background 
fields under T-duality is to go back to the construction of these fields as 
bilinears in fermionic fields in the GS formulation of the superstring and 
use the fact that under T-duality the right-moving fermions are multiplied 
by a Dirac matrix (see Exercise 6.6). Alternatively, since they couple to 
D-branes, one can use the T-duality properties of D-branes to deduce the 
transformation rules. Either method leads to the same conclusion. In total, 
the effect of T-duality on the R-R tensor fields of the type IIA theory is to 
give the following type IIB R-R fields: 

C9 = C, C tJ = 9, Cftu 9 = C^, a = C/j.uX9- (6.99) 

As a result, the odd- form potentials of the type IIA theory are mapped to 
the even-form potentials of the type IIB theory. These formulas can be read 
backwards to describe the transformations in the other direction, that is, 
from type IIB to type IIA. These formulas are only valid for trivial NS-NS 
backgrounds = 0, g^ u = r^n, and constant $). Otherwise, they need to 
be generalized. 



6.5 World-volume actions for D-branes 

Let us now turn to the construction of world- volume actions for D-branes. 
The basic idea is that modes of the open strings that start and end on a 
given D-brane can be described by fields that are restricted to the world 
volume of the D-brane. In order to describe the dynamics of the D-brane at 
energies that are low compared to the string scale, only the massless open- 
string modes need to be considered, and one can construct a low-energy 
effective action based entirely on them. Thus, associated with a Dp-brane, 
there is a (p+ l)-dimensional effective field theory of massless fields (scalars, 
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spinors, and vectors), that captures the low-energy dynamics of the D-brane 
in question. 

Restricting our attention to the half-BPS D-branes, p is even for the type 
IIA theory and odd for the type IIB theory. As was explained, these are 
the stable D-branes that preserve half of the space-time supersymmetry. 
Associated with such a brane there is a world- volume theory that has 16 
conserved supercharges. The way to construct this theory is to use the GS 
formalism with k symmetry. This construction is carried out here for a flat 
space-time background. 8 In fact, this was done already in Chapter 5 for the 
case of a DO-brane in the type IIA theory. 

There are a number of interesting generalizations. One is the extension 
to a curved background, as well as the coupling to background fields in 
both the NS-NS and R R sectors. Such actions are described later, but 
only for the truncation to the bosonic sector, which has no k symmetry. 
An extension that is especially interesting is the generalization to multiple 
coincident D-branes. In this case the world-volume theory has a nonabelian 
gauge symmetry, and there are interesting new phenomena that emerge. 



Kappa symmetric D-brane actions 

The D-brane world-volume theories that follow contain the same ingredients 
as in Chapter 5 as well as one new ingredient. The familiar ingredients are 
the functions 

which describe the embedding of the D-brane in ten-dimensional Minkowski 
space-time. Here the coordinates a a , a = 0,1, ... ,p, parametrize the D p- 
brane world volume. The other familiar ingredient is a pair of Majorana- 
Weyl spinors, 

0 la (<r) and 0 2a (cr), 

which extends the mapping to AA = 2 superspace. The new ingredient is an 
abelian world- volume gauge field A a (o). 

Counting of degrees of freedom 

There are several ways of understanding the necessity of the gauge field. 
Perhaps the best one is to realize that it is part of the spectrum of the 
open string that starts and ends on the D-brane. As a check, one can verify 

8 It can be generalized to other backgrounds, provided that they satisfy the classical supergravity 
field equations. 
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that there are an equal number of physical bosonic and fermionic degrees 
of freedom, as required by supersymmetry. In fact, after all local symme- 
tries are taken into account, the physical content should be the same as 
in maximally supersymmetric Maxwell theory, which also has 16 conserved 
supercharges. That theory has eight propagating fermionic states and eight 
propagating bosonic states. In ten dimensions the relevant massless super- 
multiplet in the open-string spectrum consists of a massless vector and a 
Majorana-Weyl spinor. 

The fields @ Aa have 32 real components. Kappa symmetry gives a factor 
of two reduction and the Dirac equation implies that half of the remaining 16 
components are independent propagating degrees of freedom. This is correct 
counting for all values of p. The bosonic degrees of freedom come partly 
from X ^ and partly from A a . Taking account of the p + 1 diffeomorphism 
symmetries that are built into the world- volume theory, only 10 — (p+l) = 
9 — p components of the X M are propagating degrees of freedom. These 
are the components that describe transverse excitations of the Dp-brane. 
The gauge field A a has p + 1 components, but for a gauge-invariant theory 
two of them are nondynamical, so A contributes p — 1 physical degrees 
of freedom. Altogether, the total number of physical bosonic degrees of 
freedom is (9 — p) + (p — 1) = 8, as required by supersymmetry. 

Born-Infeld action 

Before the advent of quantum mechanics, Born and Infeld proposed a nonlin- 
ear generalization of Maxwell theory in an attempt to eliminate the infinite 
classical self-energy of a charged point particle. They suggested replacing 
the Maxwell action by 

S B i ~ J \J~ det (r) a/3 + kF a/3 ) riV, (6.100) 

where k is a constant. Expanding in powers of F gives a constant plus the 
Maxwell action plus higher powers of F. The Born-Infeld action was an 
inspired guess in that exactly this structure appears in low-energy effective 
D-brane actions. They were led to this structure by realizing that it would 
be generally covariant if the Lorentz metric were replaced by an arbitrary 
space-time metric. This reasoning does not give a unique result, however. 

To see evidence that such a formula is required in string theory, consider 
specializing to the two-dimensional Dl-brane case and supposing that the 
spatial dimension is a circle. Evaluating the determinant in this case gives 

/ A-* 2F »vv 



( 6 . 101 ) 
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By T-duality there should be a dual interpretation in terms of a DO-brane 
on a dual circle. In this case it was shown in Chapter 5 that 

* - -db* 1 - (6 ' 102) 

where X 1 is the coordinate on the dual circle. This gives a field strength 

1 ~i 

Foi = — - — -v where v = X . (6.103) 

2na 

Here v is the velocity of the DO-brane on the dual circle. The spatial integra- 
tion gives a constant factor, and one is left with the action for a relativistic 
particle (compare with Chapter 2) 





— m j y/l — v 2 dt, 


(6.104) 


for the choice 




k = 27tc/. 


(6.105) 



Thus the Born-Infeld structure is required for Lorentz invariance of the 
T-dual description. 

Generalizing to p + 1 dimensions, the Born-Infeld structure combines 
nicely with the usual Nambu-Goto structure for a Dp-brane (discussed in 
Chapter 2) to give the action 

Si = -T np j d p+ 1 a yj- det(G af3 + kF a0 ), (6.106) 

where Tb p is the tension (or energy density), and k = 2ira'. For type 
II superstrings in Minkowski space-time supersymmetry is incorporated by 
defining 

G a j3 = jg, (6.107) 

where 

= d a x» - 0 a T^ 9«0 a . (6.108) 

This is the same supersymmetric combination introduced in Chapter 5. 
Also, 

F a g = F af) + b a /3, (6.109) 

where F = dA is the usual Maxwell field strength and the two-form b is a 
©-dependent term that is required in order that T is supersymmetric. The 
concrete expression, whose verification is a homework problem, is 

- -0 A T^d0 A ). 

2 > 



b = (©^d© 1 - 0 2 T p d0 2 ){dX» 



( 6 . 110 ) 
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An action with the general structure of Si is usually referred to as a DBI 
action, referring to Dirac, Born and Infeld, even though it would make sense 
to refer to Nambu and Goto, as well. As in the examples described in 
Chapter 5, a Chern-Simons action S 2 still needs to be added in order to 
implement k symmetry. The form of S 2 is determined below. 

D-brane tensions 

As was already mentioned, the DBI Lagrangian density can be expanded in 
powers of the field strength. The first term is proportional to y 1 — det G a g. 
A convenient gauge choice is the static gauge in which the diffeomorphism 
symmetry is used to set the first p + 1 components of AT equal to the 
world- volume coordinates <7°, while the other 9 — p components survive as 
scalar fields on the world volume that describe transverse excitations of the 
brane. In the static gauge, the Lagrangian density consists of the constant 
term — Td p plus field-dependent terms. Thus the Hamiltonian density, which 
gives the energy density of the brane, is +7b p plus positive field-dependent 
terms. The zero-point energies of the world-volume fields exactly cancel, 
thanks to supersymmetry, so this remains true in the quantum theory. The 
Maxwell term (the term quadratic in k in the expansion of Si) can be written 
in the form (see Exercise 6.6) 

^Maxwell = ~^2 j F af) F^d P+1 a. (6.111) 

Here g is the gauge coupling in p+ 1 dimensions, which is proportional to the 
dimensionless open-string coupling constant g 0 pen , since the gauge field is 
an open-string excitation. The open-string coupling is related in turn to the 
closed-string coupling g s by g s = Po pen . These facts imply that the Dp- brane 
tension is given by 

Td p = -■ ( 6 . 112 ) 

9s 

The numerical factor c p is derived below. 

The tension of a Dp-brane (in the string frame) is proportional to 1 / g s . 
This shows that D-branes are nonperturbative excitations of string theory, 
which become very heavy at weak coupling. This justifies treating them 
as rigid objects in the weak-coupling limit. The tension of a D-brane in- 
creases more slowly for g s — * 0 than more conventional solitons, such as the 
NS5-brane, the magnetic dual of the fundamental string, whose tension is 
proportional to l/g^. When the growth is this rapid, there is no longer a 
weak-coupling regime in which it is a valid approximation to neglect the 
gravitational back reaction on the geometry in the vicinity of the brane. 
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One reason D-branes are useful probes of string geometry is that a tension 
proportional to 1 / g s does allow for such a regime. Chapter 12 considers a 
situation in which the number of D-branes N is increased at the same time 
as g s — ► 0 with N ~ l/g s . The gravitational effects of the D-branes survive 
in this limit. 

The same type of reasoning used earlier to relate the type IIA and IIB 
string coupling constants can be used to determine D-brane tensions. T- 
duality exchanges a wrapped Dp-brane in the type IIA theory and an un- 
wrapped D(p— l)-brane in the type IIB theory (and vice versa). Using this 
fact, compactification of the D-brane action on a circle gives (for p even) the 
relation 2ttRTd p = T D ( p _ 1 ), or 



2 7 T R Cp Cp — | 

9s 9s 



(6.113) 



Inserting the relation between the string coupling constants in Eq. (6.66) 
gives 



Cp — 




(6.114) 



If one sets Tbo = (5s V^) l , a result that is derived in Chapter 8, then one 
obtains the precise formula 



TDp 5s(2vr)P(a')(P + T/ 2 ' 



(6.115) 



As before, it is understood that the type IIA string coupling constant is used 
if p is even, and the type IIB coupling constant is used if p is odd. 



The construction of S 2 

Supersymmetric D-brane actions require k symmetry in order to have the 
right number of fermionic degrees of freedom. As in the examples of Chap- 
ter 5, this requires the addition of a Chern-Simons term, which can be 
written as the integral of a (p + l)-form 

S 2 = J n p+l . (6.116) 

However, as in the case of the superstring, it is easier to construct the (p+2)- 
form dQp+i. It is manifestly invariant under supersymmetry, whereas the 
supersymmetry variation of is a total derivative. 

The analysis is rather lengthy, but it involves the same techniques that 
were described for simpler examples in Chapter 5. Let us settle here for a 
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description of the result. The answer takes the form 

dn p+1 = d® A T AB d& B , (6.117) 

where T AB is a 2 x 2 matrix of p-form valued Dirac matrices and A, B = 1,2 
is summed. Comparing to the result for the DO-brane given in Chapter 5, 
gives in that case 

Di = —mQTudQ = m{@ l d 0 2 - & 2 d 0 1 ), (6.118) 

which implies that 

% = m(_° 1 J). (6.119) 

The formula for D-brane tensions gives the identification 

m = T do = — =■ (6.120) 

fl'sV or 

Now let us present the general result for S 2 . It turns out to be simpler to 
give all the results at once rather than to enumerate them one by one. In 
other words, the expression for 

OO 

T ab = ^T ab (6.121) 

p = 0 

can be written relatively compactly. 9 In the type IIA case the sum is over 
even values of p, and in the type IIB case the sum is over odd values of p. 
Given T, which is a sum of differential forms of various orders, one simply 
extracts the p-form part to obtain T p and construct the Chern-Simons term 
S 2 of the Dp-brane action. Forms of order higher than 9 are not relevant. 
The expression for T turns out to have the form 

T ab = me 2 ™ 1 ^ f AB {if), (6.122) 

where T is given in Eq. (6.109), and ip is a matrix- valued one- form given by 

iP=-L=V p W a da a . (6.123) 

V 27ra 

In the type IIA case 

'<*>=( -c o°^ CO o") 

9 Recall that sums of differential forms of various orders were encountered earlier in the anomaly 
discussion of Chapter 5. 
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and in the type IIB case 

V)- (6 - l25) 

The formulas for the functions / ensure that the matrix is symmetric or 
antisymmetric for the appropriate powers oi ip, as required when T is sand- 
wiched between Majorana-Weyl spinors. It is not obvious that the formulas 
for dQ p + 1 presented here are closed. However, with a certain amount of 
effort, this can be proved and the formulas for flp+i can be extracted. 

The static gauge 

As was briefly mentioned earlier, the static gauge consists of using the diffeo- 
morphism symmetry of the Dp-brane action to identify p+1 of the space-time 
coordinates X ^ with the world- volume coordinates <7°. Let us then relabel 
the remaining 9 — p coordinates as to emphasize the fact that they 

are scalar fields of the world-volume theory with mass dimension equal to 
one. Doing this, the bosonic part of the DBI action collapses to the form 

-Sdbi = -Td p j d p+1 a \J — det (r/aff + k‘ 1 d ol &dp& + kF a/3 ), (6.126) 

where k = 2ira', as before. 

Now let us generalize this result to include fermion degrees of freedom, 
by considering first the D9-brane case. This requires making a gauge choice 
for the k symmetry. A particularly nice choice, which maintains manifest 
Lorentz invariance, is to use this freedom to set one of the two G" 4 s equal 
to zero. This completely kills the Chern-Simons term, because the matrices 
and are entirely off-diagonal. Making this gauge choice in the 
special case p = 9 and renaming the remaining Majorana-Weyl 0 variable 
as kX gives the action Sd 9 equal to 

Tog J d U) a\J — det (r) a p + kF a p — 2k 2 \T a dp\ + L 3 Ar'i'<9 Q AAr 7 <9 ( gA) . 

(6.127) 

It is truly remarkable that this nonlinear extension of ten-dimensional 
super-Maxwell theory has exact unbroken supersymmetry. In addition to 
the usual 16 linearly realized supersymmetries of super-Maxwell theory, it 
also has 16 nonlinearly realized supersymmetries that represent the sponta- 
neously broken supersymmetries that gave rise to A as a Goldstone fermion. 
Put differently, this action combines features of the Born-Infeld theory with 
features of the Volkov-Akulov theory of the Goldstone fermion. 

The static gauge Dp-brane actions with p < 9 can be obtained in a similar 
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manner. However, a quicker method is to note that they can be obtained 
by dimensional reduction of the gauge-fixed D9-brane action in Eq. (6.127). 
Dimensional reduction simply means dropping the dependence of the world- 
volume fields on 9 — p of the coordinates. This works for both even and odd 
values ofp. For example, dimensional reduction of Eq. (6.127) to four dimen- 
sions gives an exactly supersymmetric nonlinear extension of M = 4 super 
Maxwell theory. The supersymmetry transformations are complicated, be- 
cause the gauge-fixing procedure contributes induced k transformations to 
the original e transformations of the fields. 



Bosonic D-brane actions with background fields 

The D-brane actions obtained in the previous section are of interest as they 
describe D-branes in flat space. However, one frequently needs a general- 
ization that describes the D-brane in a more general background in which 
the various bosonic massless supergravity fields are allowed to take arbitrary 
values. These actions exhibit interesting features, that we shall now address. 

The abelian case 

The background fields in the NS-NS sector are the space-time metric g^ u , 
the two- form Bp U and the dilaton $. These can be pulled back to the world 
volume 

P[g + B] a g = (e hxv + B^daX^dpXr (6.128) 

Henceforth, for ease of writing, pullbacks are implicit, and this is denoted 
9a/3 + Ba/3- Note that this g a p is the bosonic restriction of the quantity 
that was called G a p previously. With this definition, the DBI term in static 
gauge takes the form 

Sd p = ~Tn p J d p+l cre^^° — det (g a/3 + B a/3 + k 2 d a &dp& + kF a0 ). 

(6.129) 

Since the string coupling constant g s is already included in the tension Tb p , 
the dilaton held is shifted by a constant so that it has vanishing expectation 
value (<h = log^s + $o)- This is the significance of the subscript. Note that 
invariance under a two-form gauge transformation 

5B = dA (6.130) 

requires a compensating shift of the gauge held A. 

The possibility of R-R background helds should also be considered. They 
do not contribute to the DBI action, but they play an important role in 
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the Chern-Simons term. Let us denote an n-form R-R field by C n and 
the corresponding field strength by F n+ \ = dC n . Previously, it was stated 
that the complete list of these fields in type II superstring theories involves 
only n = 0, 1, 2, 3, 4. However, it is convenient to introduce redundant fields 
C n for n = 5, 6, 7, 8. This makes it possible to treat electric and magnetic 
couplings in a more symmetrical manner and leads to more elegant formulas. 
The idea is to generalize the self-duality of the five-form field strength by 
requiring that 

*F n +i = Fg- n . (6.131) 



This requires that the R-R gauge fields are harmonic. This can be general- 
ized to allow for interactions by including additional terms in the definitions 
of the field strengths F n+ \ = dC n + . . . 

The C' n fields are differential forms in ten-dimensional space-time. How- 
ever, they can also be pulled back to the D-brane world volume, after which 
they are represented by the same symbols. Then the Chern-Simons term 
must contain a contribution 






/ 



a 



p+i) 



(6.132) 



where /i p denotes the Dp-brane charge, since a Dp-brane couples electrically 
to the R-R field C p + ±. However, this is not the entire Chern-Simons term. 
In the presence of a background B field or world-volume gauge fields, the 
D-brane also couples to R-R potentials of lower rank. This can be described 
most elegantly in terms of the total R-R potential 



8 

C = J2 c n. (6. 1.33) 

71=0 

The result then turns out to be 

Scs = FvJ (c , e B+fcF ) (6.134) 

The subscript means that one should extract the (p-l-l)-form piece of the in- 
tegrand. Since B and F are two-forms, only odd-rank R-R fields contribute 
for even p (the IIA case) and only even-rank R-R fields contribute for odd 
p (the IIB case). The B and F fields appear in the same combination as in 
the DBI term, and so the two-form gauge invariance still works in the same 
way. The structure of the Chern-Simons term implies that a Dp-brane in 
the presence of suitable backgrounds can also carry induced charge of the 
type that is associated with a D(p — 2n)-brane for n = 0, 1, . . . Generically, 
this charge is smeared over the (p+ l)-dimensional world volume, though in 
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special cases it may be concentrated on a lower-dimensional hypersurface, 
for example a brane within a brane. 

In the presence of space-time curvature the Chern-Simons term contains 
an additional factor involving differential forms constructed from the curva- 
ture tensor. We won’t describe this factor, since it would require a rather 
long digression. It reduces to 1 in a flat space-time, which is the case con- 
sidered here. 



The nonabelian case 

When N Dp-branes coincide, the world- volume theory is a U(N ) gauge the- 
ory. Almost all studies of nonabelian D-brane actions use the static gauge 
from the outset, since otherwise it is unclear how to implement diffeomor- 
phisrn invariance and k symmetry. In the static gauge the world-volume 
fields are just those of a maximally supersymmetric vector supermultiplet: 
gauge fields, scalars and spinors, all in the adjoint representation of U(N). 
If one only wants to describe the leading nontrivial terms in a weak-field ex- 
pansion, the result is exactly super Yang-Mills theory. This approximation 
is sufficient for many purposes including the important examples of Matrix 
theory, based on DO-branes, and AdS/CFT duality, based on D3-branes, 
which are discussed in Chapter 12. 

When one tries to include higher powers of fields to give formulas that cor- 
rectly describe nonabelian D-brane physics for strong fields, the subject can 
become mathematically challenging and physically confusing. The reason it 
can be confusing concerns the domain of validity of DBI-type actions. They 
are meant to capture the physics in the regime of approximation in which 
the background fields and the world-volume gauge fields are allowed to be 
arbitrarily large, but whose variation is small over distances of order the 
string scale. The requirement of slow variation is meant to justify dropping 
terms involving derivatives of the world-volume fields. The tricky issue in 
the nonabelian case is that one should use covariant derivatives to maintain 
gauge invariance, but there are relations of the form 

[D a , Dg\ ~ F a p. (6.135) 

This makes it somewhat ambiguous whether a term is derivative or not, and 
so it is not obvious how to suppress rapid variation while allowing strong 
fields. Nonetheless, some success has been achieved, which will now be 
described. 

Henceforth all fermion fields are set to zero and only bosonic actions are 
considered. In addition to the background fields g , B, and C, the desired 
actions contain adjoint gauge fields A and 9 — p adjoint scalars T*, both of 
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which are represented as hermitian N x N matrices. The notation that is 
used is 

A a = J2 A{ a ] Tn and & = & H T n , (6.136) 

n n 

where T n are N 2 hermitian N x N matrices satisfying Tr (T m T n ) = N5 mn . 
We also define 10 

F a /3 = d a Ap — dfjA a -j- i[A a , Ag], (6.137) 

D a & = d a & + i[A a , <JT] . (6.138) 

Let us start with the nonabelian D9-brane action, which is relatively sim- 
ple, because there are no scalar fields. In this case the proposed DBI term 
is 

Si = -T D9 J d 10 ae~^° Tr ^ yj - rlet (g a/3 + B a/3 + kF a/ s)^j . (6.139) 

This innocent-looking formula requires explanation. The determinant refers 
to the 10 x 10 matrix labelled by the Lorentz indices. However, the expression 
inside the determinant is also an N x IV matrix, assuming that g and B are 
multiplied by unit matrices. The understanding is that the square root of 
the determinant is computed for each of the N' 2 matrix elements, though 
only the diagonal entries are required, since the trace of the resulting N x N 
matrix needs to be taken. This is the simplest prescription that makes 
sense, and it has survived a number of checks. For example, if one chooses 
the positive branch of the square root in each case, then the trace is N plus 
field-dependent terms. This gives an energy density of N times the tension 
of a single brane, as one expects for N coincident branes. 

In similar fashion, the proposed nonabelian D9-brane Chern-Simons term 
is 

S 2 = M f Tr (c e B+kF ^j ^ . (6.140) 

Starting from this ansatz for the p = 9 case, Myers was able to deduce a 
unique formula for all the p < 9 cases by implementing consistency with 
T-duality. This required allowing the background fields to be functionals 
of the nonabelian coordinates and the introduction of nonabelian pullbacks. 
The formula that was obtained in this way has a complicated dependence. 
Rather than describing it in detail, we settle here for pointing out an inter- 
esting feature of the result: in the abelian case a Dp- brane can couple to 



10 When the T n s are chosen to be antihermitian, the factors of i do not appear. 
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the R-R potentials C p - i, C p - 3 , ... in addition to the usual C p+ \. The sur- 
prising result in the nonabelian case is that the Dp-brane can also couple to 
the higher-rank R-R potentials C p+ s, C p+ 5 , . . . 

The Myers effect 

The coupling of nonabelian D-branes to higher-rank R-R potentials has 
some interesting physical consequences. The simplest example, due to My- 
ers, concerns N coincident DO-branes in the presence of constant four-form 
flux F 4 = (IC 3 . The flux is chosen to be electric, meaning that the only 
nonzero components have a time index and three spatial indices Toijfc- It 
is sufficient to restrict the nonvanishing components to three spatial direc- 
tions and write Fq^j. = feijk, where / is a constant. All other background 
fields are set to zero, and the background geometry is assumed to be ten- 
dimensional Minkowski space-time. The result to be described concerns the 
point-like DO-brane system becoming polarized into a fuzzy two-sphere by 
the electric held. 

The relevant terms that need to be considered are a kinetic energy term 
proportional to Tr($*$*), which comes from the DBI term, and a potential 
energy term 

V($) ~ ~Tr([<h\<F][ck\<h^ - l -fe ijk TV(W<E> fc ). (6.141) 

The first term in the potential comes from the DBI action, and the second 
term in the potential, which is the coupling to the R-R four-form electric 
held, comes from the nonabelian CS action. Now let us look for a static 
solution for which the potential is extremal, which requires 

W, H = 0. (6.142) 

A class of solutions of this equation is obtained by letting 4> l = fa 1 / 2, where 
a 1 is an N- dimensional representation of SU( 2) satisfying 

[a*,a4] = 2 i€ijka k . (6.143) 

This gives many possible solutions (besides zero) if N is large - one for 
each partition of N. However, the one of lowest energy is given by the 
N-dimensional irreducible representation of 51/(2), which satishes 

TV (aV') = ^N(N 2 - 1 )S ij . (6.144) 

Recall that in the abelian theory 27ra /< f > * is interpreted as a transverse 
coordinate of the D-brane. In the nonabelian theory this becomes an N x N 
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matrix, so this identification is not so straightforward anymore. In the ab- 
sence of the four-form electric field, the preferred configurations that min- 
imize the potential have [<&*, <!>■?] = 0. This allows one to define a moduli 
space on which these matrices are simultaneously diagonal. One can inter- 
pret the diagonal entries as characterizing the positions of the N D-branes. 
The pattern of U (N) symmetry breaking is encoded in the degeneracies of 
these positions. 

In the presence of the four-form flux, the <f>* no longer commute at the 
extrema of the potential, and so the classical interpretation of the D-brane 
positions breaks down. There is an irreducible fuzziness in the description of 
their positions. One can say that the mean-square value of the ith coordinate 
(averaged over all N D-branes) is given by 

<m 2 ) = ^(2W) 2 Tr[(d>*) 2 ]. (6.145) 

Summing over the three coordinates gives a “fuzzy sphere” whose radius 
R squared is the sum of three such terms. Substituting the ground-state 
solution gives 

R 2 = (ira' f) 2 (N 2 - 1). (6.146) 

For large N the sphere becomes less fuzzy, and the radius is approximately 
R = na'fN. Specifically, the uncertainty 5R is proportional to 1/N. So 
the radius is proportional to the strength of the electric field and the num- 
ber of DO-branes. If one used a reducible representation of SU (2) instead, 
one would find a set of concentric fuzzy spheres, one for each irreducible 
component. However, such solutions are energetically disfavored. 

The fuzzy sphere has an alternative interpretation as a spherical D2-brane 
with N dissolved DO-branes. For large N this can be analyzed using the 
abelian D2-brane theory. The total D2-brane charge is zero, though there is 
a nonzero D2-charge electric dipole moment, which couples to the four- form 
electric field. The previous results can be reproduced, at least for large N, 
in this picture. 



Exercises 



Exercise 6.9 

Expand (6.106) to quartic order in k and show that the quadratic term gives 
the Maxwell action (6.111). 
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Solution 



Because 

det(G Q( g -f- kF a p) det(G Q| (3 T ^F a p) det(G Q( g kF a p), 
this is an even function of k. Using a matrix notation, let us define 

M = kG~ l F. 



Then 

\J — det(G + kF) = \/ — det G\J det(l + Af) 

r -| 1/4 

= \/— det G det(l — Af 2 ) 

Next, we use the identity 

logdet(l — Af 2 ) = trlog(l — Af 2 ) = — tr^Af 2 + ^M 4 + . . 



Thus 



det(l — Af 2 ) ^ = exp ( — Mr Af 2 — -trAf 4 + 

J V 4 8 / 

= 1 - -trAf 2 - -trAf 4 + — (trAf 2 ) 2 + . . . 

4 8 32 v ; 

The final form of the action has a constant energy-density term, a quadratic 
Maxwell-type term, plus higher-order corrections 

Si = ~T Dp f d p+ 1 a ^j-det(G a 0 + kF a 0) 



= ~Tb p J d p+1 er V / --detG^l + ^ F 0 ,F“ 3 

-^(F a/3 F^) 2 + ^F ap F^F^F Sa + ...). 

Indices are raised in this formula using the inverse of the induced metric 
G a p. The Maxwell term has the normalization f F a gF a/3 d p+1 a for the 

identification g 2 = (27r) p_2 tf _3 g s . □ 

Exercise e.io 

Consider the static-gauge DBI action for a Dp-brane given in Eq. (6.126) 

Sdbi = -Top J dP +1 cr \J — det(?y a/3 + k' 2 d a &dp& + kF a0 ). 
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What types of charged soliton solutions is this theory expected to have? 
What are their physical interpretations? 

Solution 

This is a (p + l)-dimensional theory containing a 17(1) gauge field. A one- 
form gauge field can couple electrically to a point-like charge in any di- 
mension. Furthermore, as we have learned, it can couple magnetically to a 
(p — 3)-brane for D = p + 1. Therefore, a solitonic 0-brane solution could 
be an electric source of the gauge field and a solitonic (p — 3)-brane solution 
could be a magnetic source of the gauge field. 

If these solitons do actually exist (finding them is homework), then they 
should have an interpretation from the point of view of the ten-dimensional 
superstring theory that contains the Dp-brane. The defining property of a D- 
brane is that a fundamental string can end on it. Moreover, the fundamental 
string carries a unit of Chan-Paton electric charge at its end. Thus the 
electrically charged 0-brane soliton should be interpreted as the end of a 
fundamental string. 

Recall that the scalars d>* can be interpreted as transverse displacements 
of the D-brane. Using this fact, the solution that one finds actually exhibits 
a spike sticking out from the D-brane that asymptotically approaches zero 
thickness. So the solution allows one to see the entire string, not just its 
end point. In fact, the solution describes a smooth transition from a p- 
dimensional D-brane to a one-dimensional string. 

The magnetic solution is somewhat similar. In this case a (p — 3)-brane 
soliton is the end of a D (p — 2)-brane. In other words, a D (p — 2)-brane 
can end on a Dp-brane. When it does so, its end, which has p — 2 spatial 
dimensions, is interpreted as a magnetic source of the U{ 1) gauge field in the 
Dp-brane world-volume theory. Again, the explicit soliton solution allows 
one to see the entire D(p — 2)-brane protruding from the Dp-brane. □ 



Homework Problems 



Problem 6.1 

Consider the type IIA and type IIB superstring theories compactified on a 
circle so that the space-time is M\q = IR 8,1 x S' 1 , where 1R 8 ' 1 denotes nine- 
dimensional Minkowski space-time. Show that the spectrum of the type IIA 
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theory for radius R agrees with the spectrum of the type IIB theory for 
radius R = a' / R. 

Problem 6.2 

Equations (6.38) and (6.39) describe a generalization of the result of Exer- 
cise 6.2 from a U{ 1) gauge field to a U(N) gauge field 

A = ~^~^ dias ^ 1 ’ 02 ’---’ 0N ^ 
where the 9 s are again constants. Derive these equations. 

Problem 6.3 

The T-duality rules for R-R sector tensor fields can be derived by taking into 
account that the field strengths are constructed as bilinears in Majorana- 
Weyl spinors in the covariant RNS approach. Explicitly, 

P/n = V’Lr /il ... Mn V’R- 

(i) Explain why n is even for the type IIA theory and odd for the type 
IIB theory. 

(ii) Explain why (in differential form notation) F n = *i 7 \o-n- 

(iii) Show that, for both the type IIA and type IIB theories, the number of 
independent components of the tensor fields agrees with the number 
of degrees of freedom of a tensor product of two Weyl-Majorana 
spinors in ten dimensions. 



Problem 6.4 

Show that the Dirac equations for and ip r in the previous problem imply 

that the held equations and Bianchi identities for the held strengths are 
satished, that is, 

Also, show that, when these equations for F n are re-expressed as equations 
for Eio-m the held equation and Bianchi identity are interchanged. 

Problem 6.5 

Derive the T-duality transformation formulas for NS-NS background helds 
in (6.97). You may ignore the dilaton term and set h a p = r/ Q( g. Verify that if 
the transformation is repeated a second time, one recovers the original held 
conhguration. 
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Problem 6.6 

Show that the Born-Infeld action (6.100) gives a finite classical self-energy 
for a charged point particle. Hint: show that the solution to the equations 
of motion with a point particle of charge e at the origin is given by 

Er = Frt = 77 A i 40 r 0 = 2na ' e - 

V v + r o) 



Problem 6.7 

Consider the DBI action in Eq. (6.106). 

(i) Derive the equation of motion for the gauge field. 

(ii) Expand this equation in powers of k to obtain the leading correction 
to the usual Maxwell Held equation of electrodynamics in the absence 
of sources. You may use the result of Exercise 6.9. 



Problem 6.8 

Consider a D0-D8 system in the type I ' theory, where the DO-brane is 
coincident with the D8-brane. There are also other D8-branes and 08-planes 
parallel to the D8-brane, as described in Section 6.3. 

(i) Determine the zero-point energy of a D0-D8 open string in the NS 
sector. 

(ii) Describe the supersymmetries that are preserved by this configura- 
tion. How many of them are there? Hint: Eq. (6.56) shows which su- 
persymmetries are preserved by a single D-brane. The problem here 
is to determine which ones are preserved by both of the D-branes. 



Problem 6.9 

Consider a type V configuration in which N\ D8-branes are coincident at 
X ^ = O^R' and the remaining N 2 = 16 — N\ D8-branes are coincident at 

x^ = d R m. 

(i) What is the gauge symmetry for generic positions X' h and Yp? 

(ii) What is the maximum enhanced gauge symmetry that can be achieved 
for N\ = N ‘2 = 8? How are the D8-branes positioned in this case? 



Problem 6.10 

Show that the right-hand side of Eq. (6.117) is closed. 
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Problem 6.11 

(i) Determine how the two-form b, defined in Eq. (6.110), transforms 
under a supersymmetry transformation. 

(ii) Determine the supersymmetry transformation of the gauge field A for 
which the field strength J-, defined in Eq. (6.109), is supersymmetric, 
that is, invariant under supersymmetry transformations. 



Problem 6.12 

By taking account of the pullback on the Dp-brane world volume show that 
the action (6.129) is invariant under (6.130) if a compensating shift of the 
gauge field A is made. 

Problem 6.13 

Consider the static-gauge DBI action for a Dp-brane given in Eq. (6.126) 
that was discussed in Exercise 6.10. 

(i) Find the action for a D3-brane in spherical coordinates (' t , r, 8, (j>) for 
the special case in which the only nonzero fields are At(r) and one 
scalar <J>(r). 

(ii) Obtain the equations of motion for Af (r) and 3>(r). 

(iii) Find a solution of the equations of motion that corresponds to an 
electric charge at the origin, and deduce the profile of the string 
that is attached to the D3-brane. For what range of r are the DBI 
approximations justified? 



Problem 6.14 

As in the preceding problem, consider the static-gauge DBI action for a 
Dp-brane given in Eq. (6.126) that was discussed in Exercise 6.10. 

(i) Find the action for a D3-brane in spherical coordinates (' t , r, 8, (f>) for 
the special case in which the only nonzero fields are A < p(8) and one 
scalar 4>(r). 

(ii) Obtain the equations of motion for A^{0) and <!>(?’) . 

(iii) Find a solution of the equations of motion that corresponds to a 
magnetic charge at the origin and deduce the profile of the D-string 
that is attached to the D3-brane. For what range of r are the DBI 
approximations justified? 
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Problem 6.15 

Compute the minimum of the potential function in Eq. (6.141) when the N- 
dimensional representation of SU( 2) is irreducible. What is the minimum 
of the potential if the N - dimensional representation of SU( 2) is the sum 
of two irreducible representations? How does it compare to the previous 
result? Describe the fuzzy sphere configuration in this case. 




7 

The heterotic string 



The preceding chapters have described bosonic strings as well as type I 
and type II superstrings. In the case of the bosonic string, one was led to 
26-dimensional Minkowski space-time by the requirement of cancellation of 
the conformal anomaly of the world-sheet theory. Similar reasoning led to 
the conclusion that the type I and type II superstring theories should have 
D = 10. 

In all of these theories the world-sheet degrees of freedom can be divided 
into left-movers and right-movers, though in the case of open strings these 
are required to combine so as to give standing waves. In the case of the 
type II superstring theories, the left-moving and right-moving modes in- 
troduce independent conserved supersymmetry charges, each of which is a 
Majorana-Weyl spinor with 16 real components. Thus, the type II super- 
string theories have two such conserved charges, or W = 2 supersymme- 
try, which means that they have 32 conserved supercharges. The type IIA 
and type IIB theories are distinguished by whether the two Majorana-Weyl 
spinors have the same (IIB) or opposite (IIA) chirality. In the case of the 
type I theory, as well as related theories whose construction involves an 
orientifold projection, the only conserved supercharge that survives the pro- 
jection is the sum of the left-moving and right-moving supercharges of the 
type IIB theory. Thus these theories have J\f = 1 supersymmetry in ten 
dimensions. 

There is an alternative method of constructing supersymmetrical string 
theories in ten dimensions with M = 1 supersymmetry, which is the topic 
of this chapter. These theories, known as heterotic string theories , imple- 
ment this supersymmetry by combining the left-moving degrees of freedom 
of the 26-dimensional bosonic string theory with the right-moving degrees 
of freedom of the ten-dimensional superstring theory. It is surprising at first 
sight that this is a sensible thing to do, but it leads to interesting new super- 
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string theories. Since heterotic string theories have AT = 1 supersymmetry 
in ten dimensions, they are subject to the consistency conditions required 
by anomaly cancellation that were described in Chapter 5. This means that 
their spectrum must contain massless super Yang-Mills multiplets based on 
either an 50(32) or E$ x E$ gauge group. 

The heterotic construction is the only construction of a ten-dimensional 
superstring with E% x E% gauge symmetry, though there is an interesting 
connection to M-theory, which is explored in Chapter 8. On the other hand, 
the heterotic string provides an alternative realization of 50(32) gauge sym- 
metry, which is the gauge group for the type I superstring derived in Chap- 
ter 5. Chapter 8 shows that these two 50(32) theories are actually dual 
descriptions of the same theory. 



7.1 Nonabelian gauge symmetry in string theory 

String theory naturally gives rise to the most interesting types of local gauge 
symmetries. These symmetries are general coordinate invariance, associated 
with a spin 2 quantum (the graviton), local supersymmetries associated with 
spin 3/2 quanta (gravitinos), and Yang-Mills gauge invariances associated 
with spin 1 quanta (gauge particles). Experimentally, the only one of these 
that is unconfirmed is supersymmetry, though there is some indirect evidence 
for it. It would be astonishing if such a wonderful opportunity were not 
utilized by Nature. In fact, if string theory is correct, supersymmetry must 
play a role at least at the Planck scale, if not at lower energies. What is 
certainly observed, and therefore should be incorporated in string theory, is 
local gauge symmetry. Indeed, the standard model of elementary particles, 
which describes the strong, weak and electromagnetic interactions, is based 
on 51/(3) x 51/(2) x U( 1) local gauge symmetry. 



D-branes and orientifold planes 

In the description of string theory presented so far, only one mechanism 
for realizing nonabelian gauge symmetries was described. It involved open 
strings ending on D-branes whose ends carry Chan-Paton charges. The 
50(32) gauge symmetry of the type I superstring theory is achieved in 
this way. In this theory the open strings end on a collection of 16 space- 
time-filling D9-branes, and there is also a space-time-filling orientifold plane. 
However, even though 50(32) is a very large group, it is not a very good 
starting point for embedding the standard model. The possibilities for 
achieving nonabelian gauge symmetry utilizing D-branes and orientifold 
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planes become much more elaborate in the context of compactification of 
extra dimensions. 

In the case of the type II superstring theories, after compactification of the 
extra dimensions, various D-branes may fill the four noncompact dimensions 
and wrap various cycles 1 in the compact dimensions. As was explained in 
Chapter 6, N coincident D-branes have a U(N) gauge symmetry on their 
world volume. If, in addition, there are orientifold planes or singularities in 
the compactification, other types of gauge groups can also arise. Thus by 
incorporating various collections of D-branes, and perhaps orientifold planes, 
a rich variety of gauge theories can be achieved. This is one of the main 
approaches that is being studied for constructing a realistic string model of 
elementary particles. Such constructions are explored in later chapters. 



Isometries of the internal space 

Another possibility for generating gauge symmetry is for the compactifica- 
tion space to have isometries. Then the zero modes of the ten-dimensional 
graviton on the compact manifold give rise to gauge fields in the noncompact 
dimensions that realize the symmetry of the manifold as a gauge symmetry. 
This is a basic feature of Kaluza-Klein compactification. For example, if 
the compact space is an IV-torus T N , one obtains a U(1) N gauge symme- 
try. Similarly an IV-sphere S N gives rise to an SO(N + 1) gauge symmetry 
and a projective space with N complex dimensions CP N gives SU(N + 1) 
gauge symmetry. The case of S 5 plays an important role in the AdS/CFT 
correspondence in Chapter 12. 



Heterotic strings 

The heterotic string theories described in this chapter utilize yet another 
mechanism, special to theories of strings, for implementing local gauge sym- 
metry. The heterotic theories are oriented closed strings, and the properties 
of the left-moving and right-moving modes are different. As was mentioned 
above, the supersymmetry charges are carried by the right-moving currents 
of the string. The heterotic theories realize Yang-Mills gauge symmetries in 
a similar way. Namely, the conserved charges of Yang-Mills gauge symme- 
tries are carried by the left-moving currents of the string. Thus the charges 
are distributed democratically along closed strings. This is to be contrasted 
with the case of the type I superstring theory, where gauge-symmetry charges 
are localized at the end points of open strings. 



1 Supersymmetric cycles are discussed in Chapter 9. 
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7.2 Fermionic construction of the heterotic string 

In this section we would like to construct the action for the heterotic string. 
The conformal gauge action describing the bosonic string is 

S = -l- J d 2 ad a X^d a X^ (7.1) 

where the dimension of space-time is D = 26. This is supplemented by 
Virasoro constraints for both the left-moving and right-moving modes. The 
corresponding conformal gauge action for superstrings in the RNS formalism 
is 

s = -7^J d 2 G{d a x„d a x» + r P a d a yg. (7.2) 

In this case D = 10, and there are super-Virasoro constraints for both the 
left-moving and right-moving modes. The world-sheet fields are ten 
two-component Majorana spinors. This superstring action has world-sheet 
supersymmetry. Space-time supersymmetry arises by including both the R 
and NS sectors and imposing the GSO projection, as explained in Chapter 5. 

In order to incorporate gauge degrees of freedom, let us consider a slightly 
different extension of the bosonic string theory. Specifically, let us add world- 
sheet fermions that are singlets under Lorentz transformation in space-time 
but which carry some internal quantum numbers. Introducing n Majorana 
fermions A' 4 with A = 1 , ,n, consider the action 

S = -^~ J d 2 a (d a X^d a X^ + X A p a d a X A ) . (7.3) 

This theory has an obvious global SO{n ) symmetry under which the A' 4 
transform in the fundamental representation and the coordinates X ^ are 
invariant. Since a fermion contributes half a unit to the central charge, the 
requirement that the total central charge should be 26 is satisfied provided 
that D + n/2 = 26. This is one way of describing a compactification of the 
bosonic string theory to D < 26. 

Examining this theory more carefully, one sees that the symmetry is ac- 
tually larger than SO(n). Indeed, writing the terms out explicitly in world- 
sheet light-cone coordinates gives 

s =l J d 2 a {2d+X^d-X^ + iX A d+X A + iX A d-X A ) . (7.4) 

Written this way, it is evident that the theory actually has an (unwanted) 
SO(n ) l x SO(n)i{. global symmetry under which the left-movers and right- 
movers transform independently. One could try to discard the right-movers, 
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for example, and work only with left-moving fermions, which would leave 
only the SO(n) l global symmetry. The problem with this, of course, is that 
then it would not be possible to satisfy the central-charge conditions for 
both the left-movers and right-movers at the same time. 

Until now we have discussed bosonic strings, for which the critical dimen- 
sion is 26, and superstrings, for which the critical dimension is 10. In both 
cases the world-sheet left-movers and right-movers are completely decou- 
pled. This independence of the left-movers and right-movers was utilized 
by Gross, Harvey, Martinec and Rohm to propose a type of string theory 
in which the bosonic string structure is used for the left-movers and the 
superstring structure is used for the right-movers. They named this hybrid 
theory the heterotic string. 

Space-time supersymmetry is implemented in the right-moving sector that 
corresponds to the superstring. Associated with this sector there are right- 
moving super-Virasoro constraints and a GSO projection of the usual sort. 
This ensures the absence of tachyons, which are removed by space-time 
supersymmetry. 

Since the left-moving modes correspond to the bosonic string theory, the 
left-moving central charge should be 26, and there are constraints given by 
a left-moving Virasoro algebra. One possibility, known as the fermionic 
construction of the heterotic string is to have ten bosonic left-movers and 32 
fermionic left-movers X A , since this gives a central charge 10 + 32/2 = 26. 
This description makes it clear that this is a ten-dimensional theory, since 
the ten coordinates have both left-moving and right-moving degrees of 
freedom. The rest of the degrees of freedom are described by left-moving 
and right-moving fermions. This formulation of the heterotic string theory 
is pursued in the remainder of this section. 

There is an equivalent bosonic construction of the heterotic string, which 
uses 26 left-moving bosonic coordinates. It is surprising in that it appears 
that the number of space-time dimensions is different for the left-moving and 
right-moving sectors. In this description one could wonder how many space- 
time dimensions there really are. However, as we have already asserted, this 
description is equivalent to the fermionic description in which it is clear that 
this is a ten-dimensional theory. The bosonic description of the heterotic 
string is given in Section 7.4. 

The action for the heterotic string in the fermionic formulation is 




7 r 



32 

d 2 a(2d + X lx d-X> x + iVdy^,, + i X A d.X A ), 

A= 1 



(7.5) 
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where g = 0, . . . , 9 labels the vector representation of the ten-dimensional 
Lorentz group 50(9, 1), while A' 4 are Lorentz singlets. Both sets of fermions 
are one-component Majorana-Weyl spinors from the point of view of the 
two-dimensional world-sheet Lorentz group. 

Once one solves the equations of motion, there are ten right-moving bosons 
X^(t — a) and ten left-moving bosons (r + a). In addition, there are 
ten right-moving fermions ^(t — a) and 32 left-moving fermions A' 4 (t + <t). 
These fields give a right-moving central charge c = 3c/2 = 10 and a left- 
moving central charge c = 26, since each Majorana fermion contributes c = 
1/2. Once the b and c ghosts are introduced for left-movers and right-movers 
and the (3 and 7 ghosts are introduced for right-movers only the central 
charges cancel. Thus, one has a right-moving superconformal symmetry 
and a left-moving conformal symmetry. 

As we remarked earlier, this action has a manifest SO (32) symmetry 
under which the A' 4 transform in the fundamental representation. This 
global symmetry of the world-sheet theory gives rise to a corresponding 
local gauge symmetry of the space-time theory. At this point it may appear 
rather mysterious how one could ever hope to achieve an Eg x Eg gauge 
symmetry. The key to discriminating the different possibilities is the choice 
of GSO projections for the A' 4 , as is explained in Section 7.2. 

For the right-moving modes there is a world-sheet supersymmetry, whose 
transformations are given by 

SX M = ieip 1 ' 1 and 5^ = —2ed-X^ . (7.6) 

This is what survives in conformal gauge of the local supersymmetry that is 
present before gauge fixing. This original local supersymmetry is the reason 
that the right-moving constraints are given by a super-Virasoro algebra. 
There is no supersymmetry for the left-movers. 



The 50(32) heterotic string 

Let us start with an analysis of the 50(32) heterotic string using methods 
that are similar to those used for the superstring in Chapter 4. 

Right-movers 

The right-moving modes of the heterotic string satisfy super-Virasoro con- 
straints like those of right-moving modes of type II superstrings. As in that 
case, there is an NS and an R sector. In both sectors one should impose the 
GSO projections that were described in Chapter 5. 
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• An on-shell physical state \4>) in the NS sector must satisfy the conditions 

G r \<t>) = L m \4>) = ^L 0 - 0 \4>) = 0, r, m > 0, (7.7) 

where the various super-Virasoro generators are given by the same formu- 
las as in Chapter 4. The mass-shell condition is given by the Lq equation 

(l 0 ~ 0 \d>) =(j + N *-\) 1 ^) = ( 7 - 8 ) 

where 

OO OO 

Nr = y, a- n -a n + ^2 rb -r ■ K- (7.9) 

n = 1 r = 1/2 

• In the R sector the physical-state conditions are 

F m \4>) = L m \4>) = 0, m > 0, (7-10) 

which includes the mass-shell condition 

Lo\d>)= (j + Nr) !</>) = o, (7.11) 

where 

OO 

Nr — ^ ' CXn T Tld— n • dn) . (7.12) 

n= 1 

Alternatively, if one uses the light-cone GS formalism of Chapter 5, then 
there is a very simple description of the right-moving modes that does not 
involve combining separate sectors or imposing GSO projections. Rather 
one simply has 

Lo\4>)= (j + Nr ) l^> = ° s (7 ' 13) 

where 

OO 

NR = ^2(ai n a i n + nS a _ n S^). (7.14) 

n = 1 

As explained in Chapter 5, the transverse index i and the spinor index a 
each take eight values. The mass-shell condition in this formalism is 

M 2 = 8Nr, (7.15) 



which already shows that there are no tachyons, as expected from super- 
symmetry. 
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Left-movers 

The left-moving fermionic fields A" 4 can have periodic or antiperiodic bound- 
ary conditions, just like the fermionic coordinates 0^ in the RNS formalism. 
Periodic boundary conditions define the P sector, which is the analog of the 
R sector of the superstring. The mode expansion in the P sector is 

\ a (t + a) = Y \ne~ 2in(T+a) ■ (7.16) 

These modes satisfy the anticommutation relations 

{\t\*}=6 AB 6 m+n ,o. (7.17) 

Antiperiodic boundary conditions define the A sector, which is the analog 
of the NS sector of the superstring. The mode expansion in the A sector is 

X A (r + a) = Y ^re~ 2ir{T+a) - (7-18) 

rez+i/2 

These modes satisfy the anticommutation relations 

{X A ,Xf}=5 AB 5 r+sfi . (7.19) 

The left-moving modes of the heterotic string satisfy Virasoro constraints 

L m \4>) = (T 0 - a)\4>) = 0, m > 0. (7.20) 

If one goes to light-cone gauge and solves the Virasoro constraints, then only 
the eight transverse components a l n are relevant. For the left-movers the A 
and P sectors need to be treated separately. 

• For the P sector 

(To - op) |0) = + JV L - a P ) |0) = 0, (7.21) 

where 

OO 

N h = ]T(d_ n • a n + nX A n X A ). (7.22) 

n = 1 

• In the A sector we have 

(To - o A ) |0) = (y + N L - o A ) |0) = 0, (7.23) 

where 

OO OO 

N L = Y ®~ n • “n + Y rX -r^r- 
n= 1 r= 1/2 



(7.24) 
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Now let us compute the left-moving normal-ordering constants a a and ap. 
The general rule is most easily understood in the light-cone gauge, where 
only physical degrees of freedom contribute. The normal-ordering constant 
due to the zero-point energy of a periodic boson is 1 / 24, for an antiperiodic 
fermion is 1/48 and for a periodic fermion is —1/24. 2 Using these rules, we 
obtain the following value for the normal-ordering constants: 



8 32 

° A “ 24 + 48 “ 

8 32 

“ P “ 24 ~~ 24 “ ~~ ' 



(7.25) 

(7.26) 



Thus, the mass formula for the states in the A sector is 



\m 2 = N K = AT - 1, (7.27) 

O 

and in the P sector it is 

\m 2 = N r = N l + 1. (7.28) 

O 



These equations show that massless states must have AT = 0. Therefore, in 
the A sector there are massless states, which have to satisfy AT = 1. On the 
other hand, there are no massless states in the P sector, since IVl cannot be 
negative. 



Massless spectrum 

Massless states are constructed by taking the tensor product of right-moving 
modes with AT = 0 and left-moving modes with AT = 1 in the A sector, as 
there are no massless states in the P sector. 

• For the right-moving sector the states with AT = 0 are those of the 
D = 10 vector supermultiplet, as in the superstring theories. Explicitly, 
in light-cone gauge notation, the massless modes in the AT = 0 sector are 

|*)r and | o) R , (7.29) 

which are the ground states in the bosonic and fermionic sectors corre- 
sponding to the vector 8 V and the spinor 8 C representations of the trans- 
verse rotation group Spin( 8). 

• The left-moving modes with AT = 1 consist of 

«ii|0) L , (7.30) 

2 The derivation of these normal-ordering constants is given in Chapter 4. 
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which is an SO (32) singlet and an 50(8) vector, and 

a - 1/2 a - 1/2 |0)l» (7.3i) 

which is an antisymmetric rank-two tensor of dimension 32 x 31/2 = 
496. The latter states are Lorentz singlets and transform in the adjoint 
representation of the gauge group 50(32). 

Since the heterotic string theory is a closed-string theory, the physical states 
are given by the tensor product of right-movers and left-movers. Let us 
consider the contributions of cP_i|0)l first. In the bosonic sector this gives 
the massless states 

K>R®dii|0> L . (7.32) 

These 64 states can be decomposed into a symmetric traceless part (gravi- 
ton) , an antisymmetric tensor and a scalar (dilaton) . In the fermionic sector 
the massless states are 

|o)r <8> di 1 |0) L , (7.33) 

which decomposes into a gravitino with 56 components and a dilatino with 
eight components. Altogether, these 64 bosons and 64 fermions form the 
J\f = 1 supergravity multiplet. 

The tensor product of the other 496 IVl = 1 left-moving states of the form 
in Eq. (7.31) with the 16 right-moving states with Nr = 0 gives the D = 10 
vector supermultiplet for the gauge group 50(32). It is important that all 
the massless vector states have appeared in the adjoint representation, as is 
required by Yang-Mills theory. The massless fermionic gauginos, which are 
their supersymmetry partners, are also in the adjoint representation. 

A GS O-type projection 

The modes in the A sector are constrained to satisfy Nr = Nr — 1. This 
condition has interesting implications for the left-movers. Recall that Nr as 
defined in Eq. (7.14) has only integer eigenvalues, whereas IVl can have half- 
integer eigenvalues, which arise whenever an odd number of A' 4 oscillators 
act on the Fock-space vacuum. The relation Nr = IVl — 1 implies that these 
half-integer eigenvalues do not contribute to the physical spectrum. This 
projecting out of states with an odd number of A 4 oscillators is reminiscent of 
the GSO projection. In fact, it is a projection of exactly the same type, since 
it says that there must be an even number of A -oscillator excitations. A 
similar projection condition is required for the P sector by one-loop unitarity. 
It cannot be discovered just from level-matching, since P-sector modes are 
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integral in the first place. The projection condition in this case is (— l)^ = 1, 
where 

(~1) F = A 0 (-1) E i° A -" A " (7.34) 

and 

Ao = AqA5 . . . Aq 2 (7.35) 

is the product of the fermionic zero modes. The N l = 0 level contributes 
only half of the 2 16 modes that one might otherwise expect . This corresponds 
to an irreducible spinor representation of Spin( 32), which is the universal 
covering group of 50(32). In fact, because of this projection condition only 
one of the two possible conjugacy classes of spinors occurs in the physical 
spectrum. As a result, the gauge group of the theory is most precisely 
described as 5pin(32)/Zj2. This means that two of the four conjugacy classes 
of Spin( 32) survive: the adjoint conjugacy class (corresponding to the root 
lattice) and one for the two spinor conjugacy classes. The conjugacy class 
containing the vector 32 representation and the other spinor conjugacy class 
do not occur. 



The Eg X Eg heterotic string 

The anomaly analysis in Chapter 5 showed that in addition to 50(32) 
there is one other compact Lie group, 3 namely Eg x Eg, for which there 
could be a consistent supersymmetric gauge theory in ten dimensions. This 
group shows much more promise for phenomenological applications, since 
the gauge group of the standard model, 517(3) x 517 ( 2) x 17(1), fits inside 
Eg through a nice chain of embeddings: 

517(3) x 51/(2) x U{ 1) C 50(5) C 50(10) C E 6 c E 7 c Eg. (7.36) 

The various groups that appear in this sequence are precisely the ones that 
have been most studied as candidates for grand unification symmetry groups. 
This gives additional motivation for trying to realize an Eg x Eg gauge 
symmetry in the fermionic description of the heterotic string theory. 

The construction of the 50(32) heterotic string retained the manifest 
50(32) symmetry of the world-sheet action at all stages of the analysis by 
assigning the same boundary conditions (A or P) to all of the 32 left-moving 
fermions A" 4 in each of the sectors. So there was just one P sector and one A 
sector. If maintaining the 50(32) symmetry is no longer an objective, then 

3 For a brief introduction to Lie groups, and Es in particular, see Polchinski Section 11.4 and 
GSW, Appendix 6. A, respectively. 
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it is natural to consider introducing sectors in which there are A boundary 
conditions for some of the fermions and P boundary conditions for the rest of 
them. Of course, as long as the goal is to achieve a supersymmetric theory, 
there should be no change in the treatment of the right-moving fermions 
or S a . So let us now explore the possibilities for introducing different A' 4 
sectors. 



Boundary conditions for fermions 

Suppose that n of the fermions A" 4 satisfy the same boundary conditions, 
either A or P, and the other (32 — n) fermions independently satisfy A or 
P boundary conditions. If this results in a consistent theory, this would be 
expected to break the 50(32) symmetry group to the subgroup SO(n ) x 
50(32 -n). 

There are four different sectors, denoted AA, AP, PA and PP, where the 
first label refers to the boundary condition of the first n components of 
A a and the second label refers to the boundary condition of the remaining 
(32 — n) components. As a result, there are four different choices for the 
normal-ordering constant a. Recall again that the normal-ordering constant 
for a boson is +1/24, while a periodic fermion has —1/24 and an antiperiodic 
fermion has +1/48. Taking this into account, the values for the normal- 
ordering constants are 



8 n 32 — n 
° AA = 24 + 48 + “48“ = lj 



(7.37) 
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(7.38) 

(7.39) 



8 n 32 — n 

dpp = = — 1 . 

24 24 24 



(7.40) 



The sectors labeled AA and PP are the same as the ones labeled A and P 
in the 50(32) theory discussed in the previous section, but the ones labeled 
AP and PA are new. 

In each sector there is a level-matching condition of the form Nr = Nr — a. 
The eigenvalues of Nr are always integers, and the eigenvalues of Nr can 
be integers or half-integers. Therefore, there are no solutions unless a is an 
integer or half-integer, which implies that n must be a multiple of 8. In this 
notation the n = 32 or 0 case corresponds to the theory constructed in the 
previous section, as stated above. The cases n = 8 and n = 24 would lead 
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to a spectrum that is inconsistent due to gauge anomalies. Therefore, only 
the n = 16 case remains to be considered. 

The n = 16 case 

This is the case of most interest. It would naively appear to have an 
50(16) x 50(16) gauge symmetry, but it turns out that each 50(16) factor 
is enhanced to an Eg. The AP and PA sectors have a = 0 for n = 16. 
This value makes it possible to contribute states to the massless spectrum, 
a fact that proves to be very important in understanding the symmetry 
enhancement. 

Let us now examine the massless spectrum in the n = 16 case. The right- 
movers have IVr = 0 (in the light-cone GS description) and contribute a 
vector supermultiplet, which should be tensored with the massless states of 
the left-moving sectors. The left-movers can have the boundary conditions: 

• The PP sector does not contribute to the massless spectrum, as before. 

• The AA sector, on the other hand, does contribute states with N l = 1. 
These include states of the form 



«-i 0 )l 


(7.41) 


l/2^-l/2 0 )l- 


(7.42) 



The eight states (7.41), when tensored with the right-moving vector mul- 
tiplet give the M = 1 gravity supermultiplet, just as in the case of the 
50(32) theory. The 496 states in (7.42) are exactly those that gave the 
50(32) gauge supermultiplets previously. They will do so again unless 
some of them are projected out. To see what is required, let us examine 
how they transform under 50(16) x 50(16): 

( 120 , 1 ) if A,B = 1,...,16, 

( 1 , 120 ) if A,B = 17, , 32, (7.43) 

( 16 , 16 ) if A = 1, . . . , 16, B = 17, ...,32. 

Here 120 = 16 x 15/2 denotes the antisymmetric rank-two tensor in the 
adjoint representation of 50(16) and 16 denotes the vector representa- 
tion. Clearly, if we want to keep only the 50(16) x 50(16) gauge fields, 
then we need a rule that says that the ( 120 , 1 ) and the ( 1 , 120 ) multiplets 
are physical, while the ( 16 , 16 ) multiplet is unphysical. The way to do 
this is to require that the number of A" 4 excitations involving the first 
set of 16 components and the second set of 16 components should each 
be even. This is more restrictive than just requiring that their sum is 
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even, and it eliminates the ( 16 , 16 ) multiplet while retaining the other 
two multiplets. This rule, which is required to obtain the desired gauge 
symmetry, corresponds to using one and the same GSO projection for all 
sectors. 

• Now consider the massless states in the PA and AP sectors. Since a = 0, 
states in the massless sector should have N l = 0. The 16 components 
of A a with periodic boundary conditions have zero modes. Therefore, as 
usual, the Fock-space ground states should furnish a spinor representation 
of the corresponding 50(16) group (more precisely, its Spin( 16) covering 
group). If we denote the two inequivalent spinor representations of 50(16) 
by 128 and 128 ', then the possible additional massless states transform 
as 

PA : ( 128 , 1 )© ( 128 ', 1 ), 

AP : ( 1 , 128 ) 0 ( 1 , 128 '). 1 ' 

However, as in previous cases, not all of these states survive in the physical 
spectrum. There is a GSO-like projection that eliminates some of them. 

The 32 fermions A" 4 are divided into two sets of 16. As we already 
learned from studying the AA sector, separate projection conditions should 
be imposed for each of these two sets. Indeed, given the previous results, 
the rule is pretty clear. The analysis of the AA sector showed that for a 
set of 16 A" 4 with A boundary conditions, there should be an even number 
of A' 4 excitations. Now this needs to be supplemented with the corre- 
sponding rule for P boundary conditions. 

The rules for the A and P sectors are the same as in the 50(32) theory, 
except that they are applied to each set of 16 components separately. 
Thus, for example, if the first 16 A' 4 have P boundary conditions, then 
a physical state is required to be an eigenstate, with eigenvalue equal to 
one, of the operator 

(-1)* = aW(-1)£- 1^=!^, (7.45) 

where 

A« = A 4 A§...A 46 . (7.46) 

The rule is the same for the second set of 16, of course. If they have P 
boundary conditions, then a physical state is required to be an eigenstate, 
with eigenvalue equal to one, of the operator 

(— !) F2 = j\^ 2 )(— i)E“=i Ea^ A - n A^ 



(7.47) 




7.2 Fermionic construction of the heterotic string 



263 



where 

A< 2 > = A+J« . . . A” (7.48) 

This rule eliminates one of the two spinors from each of the AP and PA 

sectors. Therefore, their surviving contribution to the massless spectrum 

is 

( 128 , 1 )©( 1 , 128 ). (7.49) 

Each of the left-moving multiplets (7.49) is tensored with the right-moving 
vector multiplet and therefore contributes additional massless vectors. To 
understand what this means let us focus on the massless vector Helds. The 
massless spectrum contains vector fields that transform as ( 120 , 1 ) + ( 128 , 1 ) 
as well as ones that transform as ( 1 , 120 ) + ( 1 , 128 ). The only way this can 
make sense is if these 248 states form the adjoint representation of a Lie 
group. 

Here is where E 8 enters the picture. This Lie group is the largest of the 
five exceptional compact simple Lie groups in the Cartan classification. It 
has rank eight and dimension 248. Moreover, it contains an 50(16) sub- 
group with respect to which the adjoint decomposes as 248 = 120 + 128 . 
This is exactly the content that we found, so it is extremely plausible that 
the heterotic theory with the projections described here gives a consistent 
supersymmetric string theory in ten dimensions with E$ x E$ gauge sym- 
metry. 

This suggests that there exists a consistent heterotic string theory with 
e 8 x E 8 gauge symmetry. First indications appeared already from the 
anomaly analysis in Chapter 5, where this gauge group is one of the two 
possibilities that was singled out. The GSO-like projections introduced here 
are a straightforward generalization of those that gave the 50(32) heterotic 
theory (as well as those of the RNS string), and they give precisely the 
necessary massless spectrum. 



Exercises 



Exercise 7.1 

Consider left-moving currents 

J‘(z) = 1ts b a+)a+), 




264 



The heterotic string 



where A A (z) are free fermi fields that transform in a real representation R 
of a Lie group G. The representation matrices T a satisfy the Lie algebra 

j jabcrj-tc 

Verify that the currents have the OPE 

uxab fdbc 

r(z)j\w) = — + iG—J c {w) + ..., 



2 (z — w) 2 z — w 



where the level k is given by 



tr(T“T 6 ) = kd ab 



This defines a level k Kac-Moody algebra of the type discussed in Sec- 
tion 3.1. Show that k = 1 in the special case of the vector representation of 
SO(n). 



Solution 



The free fermion fields satisfy the OPE 



X A (z)X B {w) 



5 ab 

z — vj' 



and as a result the leading term in the OPE is given by 



{\T% B X A {z)X B { Z ) l -T b CD X c {w)X D {w)) 



1 tr(T a T 6 ) 

2 (z — w ) 2 



kS ab 

2 (z — w ) 2 



Note that the two contractions ( AC)(BD ) and ( AD){BC ) have contributed 
equally due to the antisymmetry of the representation matrices and anti- 
commutation of the fermi fields. The second term in the OPE works in a 
similar manner with four possible single contractions contributing. These 
combine in pairs to give commutators of the representation matrices, which 
are evaluated using the Lie algebra. 

In the special case of the vector representation of SO(n ) there are n free 
fermi fields each of which contributes 1 /2 to the central charge giving a total 
of n/2. This should be compared with the general formula for the central 
charge at level k given in Section 3.1 



_ k dim G 
k + h,G 



In the present case dimG = n(n — l)/2 and he = n — 2. Thus, for n > 2, 
c = n/2 corresponds to k = 1. □ 
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Exercise 7.2 

Derive the mass formulas for states in the A and P sector, Eqs (7.27) and 
(7.28), respectively. 

Solution 

Consider first the A sector. Because the right-moving sector is a superstring, 
from Chapter 4 we know that the mass formula is 

\m 2 = A'r. 

For the left-moving sector we have a a = 1, which leads to the mass-shell 
condition 

Lo — 1 = 

Thus altogether 

-M 2 
8 

In the P sector the left-movers 
gives 

-M 2 
8 

□ 



0 - M 2 = A L - 1. 

8 

= Ar = N l - 1. 

have ap = —1, and so the same reasoning 
= Ar = A l + 1. 



7.3 Toroidal compactification 

Chapter 6 examined compactification on a circle in considerable detail. It 
was shown that the consequences for string theory are much more than 
one might expect based on classical geometric reasoning. One important 
lesson was the existence of T-duality, which relates radius R to radius a' / R. 
Another lesson was the existence of D-branes associated with open strings, 
which emerge after T-duality. 

What is demonstrated here is that the generalization to compactification 
on an n-dimensional torus T n adds additional interesting structure. The 
T-duality group becomes enlarged to an infinite discrete group, and there 
are interesting new possibilities for realizing nonabelian gauge symmetry. 
The details depend on which string theory one considers. 
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The bosonic string 

Let us consider closed bosonic strings on a toroidally compactified space- 
time. Specifically, the space-time manifold is described by the metric 

d— 1 n 

ds 2 = g^dX^dX" + G IJ dY I dY J , (7.50) 

/x,zv=0 I,J=1 

with d + n = 26. Here the first term describes flat Minkowski space-time 
parametrized by coordinates A Al and the second term describes the “inter- 
nal” torus T n with coordinates Y 1 , each of which has period 27 t. 

The physical sizes and angles that characterize the T n can be encoded 
in the constant internal metric Gjj. For example, in the special case of a 
rectangular torus the n internal circles are all perpendicular and the internal 
metric is diagonal resulting in 

Gij = Rjdjj, (7.51) 

where Rj is the radius of the Y l circle. A more general internal metric with 
off-diagonal elements would describe a torus with nonorthogonal circles. 

A closed bosonic string is described by the embedding maps A M (er, r) and 
Y 1 (<r, r), where 0 < o < it. The fact that the string is closed implies 

X^(cr + 7r, r) = AT(ct, t), 

(7.52) 

Y 1 (o + 7 r, r) = Y J (o, t) + 2-kW 1 with W 1 G TL. 

Here W 1 are the winding numbers which give the number of times (and 
direction) that the string winds around each of the cycles of the torus. 

Mode expansions 

The mode expansion for the external and internal components of A is a 
slight generalization of the expansion for a string compactified on a circle in 
Chapter 6. The mode expansions (for l s = 1) for the noncompact coordinates 
take the form 

A^(cr,r) = X^(t + o) + X^(t - o), 

X £(T + o) = ^ + <(r + .) + iE^o^- 2m(T+ff) , (7.53) 

X r( t - = \ X>1 + Pr( t ~ a ) + 5 En^o safe _2in(T_ff) , 

Pl = Pr = \p ,J - 



where 



(7.54) 
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The compact coordinates Y I (a, r) have analogous expansions given by 



y J (cr, r) 


= Y l{r + a) + YI(t - c t), 




Ylfr + a) 


= y +p{{T + a) + | En^O \*n e - 2in{T+ °\ 


(7.55) 


y t{ ( t ~ a ) 


= W +Pr{t - a) + | En^O n a n e_2in(r_<r) - 





Notice that in these formulas p[ and p ^ do not have to be equal. Thus the 
first terms in the expansion of Y 1 are 

T 7 (cj,r) =yI(t+o)+yI{t-(j) = y 1 +(pI+P I r)t+(p I l -P I r )<J+. ■ ■ , (7.56) 

and the second equation in (7.52) implies that the difference between p[ and 
Pr is an integer given by the winding number 

p[ ~ Pr = with W 1 e Z. (7.57) 

Moreover, the sum of p £ and p the momenta along the circle directions, 
must be quantized, so that e wy is single- valued. In the simplest case of a 
rectangular torus and no background B fields, this implies that 

Ph + Pr = Ki with Kj £ Z. (7.58) 

These quantized internal momenta correspond to the Kaluza-Klein excita- 
tions. 



Mode expansions with constant background fields 

The above results hold for the case of no background B fields and a diagonal 
internal metric. Now consider turning on constant background values for 
the antisymmetric two- form Bjj and the internal metric Gjj. To derive the 
expressions for the momenta in terms of the winding numbers as well as 
Kaluza-Klein quantum numbers, the relevant part of the world-sheet action 
for strings in this background needs to be taken into account 

S=-±-Jd 2 a (Gurpf* - B u e a ^ d a Y 1 dgY J . (7.59) 

This action gives the canonical momentum density 

= = (7li0) 



This momentum density integrates to give the total momentum vector 
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Kj , which is an integer, because Y l are periodic. Using the mode expansion 
for the internal coordinates appearing in Eq. (7.56), one obtains 

P7 T 

Kj = / p/dcr = G I j(pl+p^)+B I j(p[-p^) with Kj G Z. (7.61) 
Jo 



This is the generalization of Eq. (7.58). Equations (7.57) and (7.61) can be 
solved for the left-moving and right-moving momenta resulting in 



vi= W 1 + G IJ ( \Kj - B JK W K ) , 
Pr = -W 1 + G IJ ( \Kj - B JK W K ) , 



(7.62) 



where, as usual, G with superscript indices denotes the inverse matrix. 



The mass spectrum and level-matching condition 

The starting point for determining the mass spectrum and level-matching 
condition of the toroidally compactified bosonic string is again the physical- 
state conditions 

(L 0 - 1) |$> = (Z 0 - l) |$) = 0, (7.63) 

which now take the form 

g^~ = — 1 = t^GuPrPr + — (7.64) 

Here the number operators are the usual expressions (independent of the 
background fields) 

OO OO 

N r =^2 «-m • a m and N L = ^ d_ m • a m . (7.65) 

m = 1 m= 1 

The difference of the two equations in (7.64) gives the level-matching condi- 
tion 

N r -N l = l -Gu (plpl - pipi) = W J Kj . (7.66) 

Taking the sum of the same two equations, the mass operator becomes 

M 2 = M 2 + 4(iV R + N l - 2) with Ml = 2 G u (p r L p( +p I R pi ) . (7.67) 

A convenient way of rewriting Mg , which is useful for exhibiting the symme- 
tries of the spectrum, is obtained by substituting Eqs (7.62) into Eq. (7.67). 
Suppressing indices, this gives 



1 -mI = (w 



w 

K 



(7.68) 
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where 4 

! _ f 2{G- BG^B) BG~ l \ 
y - V -G~ l B \G~ X ) ’ 

or the inverse 

a = ( \ G ~ l -°~ lB \ 

y V BG - 1 2(G-BG~ 1 B) J ' 



(7.69) 

(7.70) 



Note that these are 2 n x 2 n matrices written in terms of n x n blocks. 



The 0(n, n; 7L) duality group 

Compactification of the bosonic string on tori T n has a beautiful symmetry, 
called 0(n, n;Z), which generalizes the T-duality symmetry of circle com- 
pactifications. This 0(n, n;Z) symmetry of the spectrum is best described 
in terms of the matrix Q. Indeed, for a nonorthogonal torus the R — ► 1/R 
duality of the circle compactification generalizes to the inversion symmetry 

w T ~ Kj. g^g- 1 . (7.7i) 



This symmetry becomes clear from the expressions (7.68) - (7.70). Addi- 
tional discrete shift symmetries are given by 

Bij B u + - 2 Njj with W 1 W 1 , K r -> K! + N U W J , (7.72) 

where Njj is an antisymmetric matrix of integers. These transformations 
are symmetries, because they leave and p ^ in (7.62) unchanged. Since 
N is antisymmetric these symmetries only appear when n > 1. 

Altogether, the inversion symmetry and the shift symmetries generate 
the infinite discrete group 0(n, ra;Z). By definition, the group 0(n,n; 1R) 
consists of matrices A satisfying 






0 l n 

In 0 



A = 



0 1 , 



(7.73) 



where l n denotes an n x n unit matrix. The group 0(n, n; Z) is the subgroup 
of 0(n, n; R) consisting of those matrices all of whose matrix elements are 
integers. Note that if g is integral, then g~ 1 is automatically integral, as 
well. The group 0(n, n;Z) is an infinite group (for n > 1). This group 
is generated by the geometric duality subgroup SL(n, Z), which just corre- 
sponds to a change of basis for the defining periods of the torus, and the 
nongeometric transformation g g -1 . 

A convenient way of rewriting the above symmetry transformations is the 

4 The various factors of 2 and 1/2 in these formulas are a consequence of the choice a' = 1/2. 

They could be eliminated by redefining G and B by a factor of 2. 
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following. Under the T-duality group 0(n, n;Z), the symmetry is realized 
as 

- (ZM^MZ)' (7 ' 74) 

This preserves the result for the mass spectrum in Eqs (7.67) and (7.68) as 
well as the level-matching condition in Eq. (7.66). The best way to see this 
is to rewrite the level-matching condition in the form 

W'K. = K) ( » £ ) ( W R ) (T.75, 

and use Eq. (7.73). In terms of 0(n, n;Z) transformations, the inversion 
symmetry corresponds to the matrix 

inversion : A = f 5 * ^ ” ] , (7.76) 

\ J-n U J 

and the shift symmetry corresponds to the matrix 

slnlt : ( Njj ln ) • (7.77) 

The claim is that an arbitrary 0(n, n; 7L) transformation can be represented 
by a succession of these two types of transformations. This is the T-duality 
group for the toroidally compactified bosonic string theory. 

The moduli space 

The compactification moduli space is parametrized by the n 2 parameters 
Gu, B[j. The sum Gu + Bjj is an n x n real matrix. The only restriction 
on this matrix is that its symmetric part is positive definite. This space 
of matrices can be represented as a homogeneous space, in other words as 
a coset space G/H. The appropriate choice is (see Exercise 7.5 for more 
details) 

n = 0(n,?r;R)/[O(n;R) x 0(n;R)]. (7.78) 

This is not the whole story, however. Points in this moduli space that are 
related by an 0(n, n, 7L) T-duality transformation are identified as physically 
equivalent. 5 Thus the physical moduli space is 

M n , n = MlJO(n,n;Z). (7.79) 

Since n is a homogeneous space, M° n n is a smooth manifold of dimension 
n 2 . On the other hand, A i n ,n has singularities (or cusps) corresponding 



5 This is an example of a discrete gauge symmetry. 
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to fixed points of 0(n, n; 7L) transformations. At these special values of 
( Gjj , Bjj) the spectrum has additional massless gauge bosons, and there is 
unbroken nonabelian gauge symmetry. 



Enhanced gauge symmetry 

Nonabelian gauge symmetries can arise from toroidal compactifications. 
From a Kaluza-Klein viewpoint this is very surprising. In a point-particle 
theory the gauge symmetries one would expect are those that correspond 
to isometries of the compact dimensions. The isometry of T n is simply 
17(1)" and this is abelian. So the feature in question is a purely stringy one 
involving winding modes in addition to Kaluza-Klein excitations. 

This section considers the bosonic string theory compactified on a T n 
as before. The extension to the heterotic string is given in the following 
section. The basic idea in both cases is that for generic values of the moduli 
the gauge symmetry is abelian. In the case of the bosonic string theory 
it is actually U{ l) 2 ", so there are 2 n massless 17(1) gauge bosons in the 
spectrum. Half of them arise from reduction of the 26-dimensional metric 
(namely, components of the form g^j) and half of them arise from reduction 
of the 26-dimensional two- form (namely, components of the form B^j). 

At specific loci in the moduli space there appear additional massless parti- 
cles including massless gauge bosons. When this happens there is symmetry 
enhancement resulting in nonabelian gauge symmetry. For example, in the 
n= 1 case, the symmetry is enhanced from 17(1) x 17(1) to 517(2) x 517(2) 
at the self-dual radius. Let us explore how this happens. 

The self- dual radius 

In order to consider enhanced gauge symmetry of the bosonic string theory 
compactified on a circle of radius R, let us assume that the coordinate X 25 
is compact and the remaining coordinates are noncompact. The spectrum 
is described by the mass formula 

K 2 

M 2 = — +4R 2 W 2 +4(N l + N r -2), (7.80) 

R z 

as well as the level-matching condition 

Ar — IVl = KW. (7.81) 

As before, W describes the number of times the string winds around the 
circle. Let us now explore some of the low-mass states in the spectrum of 
this theory. 
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• The Fock-space ground state, with K = W = 0, gives the tachyon with 
M 2 = —8, as usual. 

• At the massless level with JVr = JVl = 1 and I\ = W = 0 there are the 

25- dimensional graviton, antisymmetric tensor and dilaton, represented 
by 

«-i«-i|0), (7.82) 

with the oscillators in the 25 noncompact directions. Here and in the 
following fi,v = 0, . . . , 24. There are also two massless vector states given 
by 

\Vf) = a l L 1 a- 1 \0), (7.83) 

|V^) = a_ia^|0), (7.84) 

where d_i, without space-time index, denotes the oscillator in the direc- 
tion 25. As usual for a vector particle, these states satisfy the Li and Li 
Virasoro constraints provided that their polarization vectors are orthogo- 
nal to their momenta. These are Kaluza-Klein states that arise from the 

26- dimensional graviton and antisymmetric tensor. These two fields give 
a U{ 1)l x £/(1 )r gauge symmetry. The symmetric linear combination, 
which comes from the graviton, couples electrically to the Kaluza-Klein 
charge I\. Similarly, the antisymmetric combination, which comes from 
the B field, couples electrically to winding number W . The state 

\(j)) = a_ifi_i|0) (7.85) 

describes a massless scalar Held. 

• Let us now consider states with W = K = ±1. The level-matching 
condition in this case is JVr = JVl + 1. Choosing the first instance, namely 
JVl = 0 and JVr = 1, there are two vector states 

|Kf + ) =a\\ + 1,+1> and \V»_) = - 1, -1), (7.86) 

where we have introduced the notation | K, W) . In addition there are two 
scalars 



|</> ++ ) = a-i\ + 1, +1) and 1 4 > — ) = a_i| — 1, — 1). (7.87) 



The mass of these states depends on the radius of the circle and is given 
by 



M 2 = — + 4R 2 - 4 = - - 2 R 



K 2 



R 



2 



(7.88) 




1.3 Toroidal compactification 



273 



Note that this vanishes for R 2 = 1/2 = a' , which is precisely the self-dual 
radius of the T-duality transformation R —> a' / R. 

In the same way we can consider the states which have K = —W = ±1. 
Then there are again two vectors 

\V»_) =a^\ + 1,-1) and \V\) = a^\ - 1, +1), (7.89) 

and two scalars 

\4>+~) = d_i| + 1, — 1) and \(j>-+) = a_i| — 1, +1). (7.90) 

The mass of these states is also given by Eq. (7.88). Altogether, at the 
self-dual radius there are four additional massless vectors in the spectrum 
in addition to the two that are present for any radius. The interpretation 
is that there is enhanced gauge symmetry for this particular value of 
the radius. The gauge group 17(1) x U( 1), which is present in general, 
is a subgroup of the enhanced symmetry group, which in this case is 
517(2) x 517(2). This is explored in Exercise 7.3. The three vectors that 
involve an af 1 excitation are associated with a right-moving 517(2) on 
the string world sheet. Similarly, the other three involve a d() 1 excitation 
and are associated with a left-moving 517(2) on the string world sheet. 
The case of 517(3) x 517(3) is studied in Exercise 7.8. 

This enhancement of gauge symmetry at the self-dual radius is a “stringy” 
effect. For other values of the radius the gauge symmetry is broken to 
17(1)l x 17(1)r. The four gauge bosons 17/ ± ) eat the four scalars | (j)±±) 
as part of a stringy Higgs effect. On the other hand, the 17(1)l x 17(1)r 
gauge bosons, as well as the associated scalar | </>) , remain massless for all 
values of the radius. This neutral scalar has a flat potential (meaning that 
the potential function does not depend on it), which corresponds to the 
freedom of choosing the radius of the circle to be any value with no cost 
in energy. Altogether, the spectrum of the bosonic string compactified on 
a circle is characterized by a single parameter R, called the modulus of the 
compactification. It is the radius of the circle, whose value is determined by 
the vacuum expectation value of the scalar field \<f>). 

As was explained in the previous section, the T-duality symmetry of the 
bosonic string theory requires that the moduli space of the theory compact- 
ified on a circle be defined as the quotient space of the positive line R > 0 
modulo the identification of R and 1/(2 R). Therefore, the point of enhanced 
gauge symmetry, which is the fixed point of the T-duality transformation, 
is also the singular point of the moduli space. 
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In the case of type II superstrings, compactification on a T n again gives 
rise to 2 n abelian gauge fields. However, unlike the bosonic string theory, 
there is no possibility of symmetry enhancement. One way of understanding 
this is to note that all 2 n of the gauge fields belong to the supergravity 
multiplet in 10 — n dimensions, and this cannot be extended to include 
additional gauge fields. Another way of understanding this is to observe that 
symmetry enhancement in the bosonic string utilized winding and Kaluza- 
Klein excitations so that IVl = -/Vr ± 1. The same relations in the case of 
type II superstrings imply that the mass is strictly positive. 

Toroidal compactification of the heterotic string is studied in Section 7.4. 
It is shown that compactification to 10 — n dimensions gives n right-moving 
U( 1) currents and 16 + n left-moving 17(1) currents. Moreover, there can be 
no symmetry enhancement for the right-moving current algebra, but there 
can be symmetry enhancement for the left-moving current algebra. In fact, 
in the special case n = 0, the I/(l) 16 is necessarily enhanced, to either 
50(32) or E$ x Eg. 



One-loop modular invariance 

Chapter 3 showed that one-loop amplitudes are given by integrals over 
the moduli space of genus-one (toroidal) Riemann surfaces. This space 
is parametrized by a modular parameter r whose imaginary part is posi- 
tive. An important consistency requirement is that the integral should have 
modular invariance. In other words, it should be of the form 




d 2 r 

(Imr) 2 



7(r, ...), 



(7.91) 



where T denotes a fundamental region of the modular group. Modular 
invariance requires that I is invariant under the PSL{ 2, 7L) modular trans- 
formations 



ar + b 
ct + d' 



(7.92) 



where a, b, c, d G 7L and ad — be = 1, since the measure d 2 r / (Imr) 2 is invari- 
ant. Two examples of modular transformations are shown in Fig. 7.1. This 
ensures that it is equivalent to define the integral over the region T or any 
of its images under a modular transformation. In other words, the value of 
the integral is independent of the particular choice of a fundamental region. 
This property is satisfied by the bosonic string theory in 26-dimensional 
Minkowski space-time. Accepting that result, we propose to examine here 
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whether it continues to hold when the theory is compactihed on T n with 
arbitrary background fields Gjj and Bjj. 



A 


k 


T 


^ ^ / 
/ 

/ 

/ 






r 

1 


► 

1 


X— >X +1 


X— >x/(x+l) 



Fig. 7.1. Two examples of modular transformations of the torus. The right-hand 
dotted parallelogram has been rotated for clarity of presentation. 

In the computation of the amplitude the key factor that needs to be 
considered is the partition function 

Tr (q L °q L °^j , (7.93) 

where 

q = e 2niT . (7.94) 

Toroidal compactification only changes the contribution of the zero modes 
to the partition function, which becomes 

Tr(g^M^) = ^ e «*n(p|-j>£) e -*7*(p£+P&) . (7.95) 

W'.K, 

where r = n + zr 2 , and and pn are dehned in Eqs (7.62). This factor 
replaces the momentum integration 

f ex.p(-TTT2p 2 )d n p = (r 2 ) _n / 2 , (7.96) 

in the noncompact case. Therefore, to establish modular invariance of the 
toroidally compactihed bosonic string, it is necessary to prove modular in- 
variance of 

F(t-G,B) = (r 2 ) n/2 Tr (ql p l<p p i} . 



(7.97) 
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Modular invariance of F(r; G, B ) 

Modular invariance of F(r\ G , S) is verified by checking that it is invariant 
under the two transformations r — > r + 1 and r — > — 1/r. 

• Invariance under r — > r + 1 is verified using Eq. (7.95), since 

pl-pl = 2 (N l - N r ) = —2W I K I (7.98) 



is an even integer. 

• Invariance under r — > — 1/r is the next step to check. The key to this is 
to make use of the Poisson resummation formula which states that if A is 
a positive definite m x m symmetric matrix and 

m = £ exp (— 7 tM t AM) , (7.99) 

{M} 



where M represents a vector made of m integers M±, M 2 , . . . , M m , each 
of which is summed from —00 to + 00 , then 



m 



1 

V det A 



/(A- 1 ). 



(7.100) 



The derivation of the Poisson resummation formula is very beautiful and 
relatively easy to prove, so the proof is given in the appendix at the end 
of this chapter. 

Now let us apply the Poisson resummation formula to our problem. 
The function F(r, G, B) takes the form 



F(T,G,B) = (T 2 ) n / 2 f(A), 
where A is the 2 n x 2 n matrix 



A = T2 



2{G-BG~ 1 B ) BG~ l 
- G~ l B \G~ l 



+ ir\ 



lr 



In 

0 



(7.101) 



(7.102) 



It is now a straightforward calculation, described in Exercise 7.4, to com- 
pute the determinant and the inverse of this matrix. The results are 



det A = |r| 2n (7.103) 

and 

A^ 1 
where 



1 — t \ + ir 2 




-G~ l B 



iG' 1 

BG~ l 2{G-BG~ 1 B) 



+ if 1 



0 l r 



(7.104) 



r 



(7.105) 




1.3 Toroidal compactification 



277 



Interchanging the first n rows and columns with the second n rows and 
columns brings A(r) _1 into agreement with A(t). One deduces that 

F(T;G,B) = F^-pG,By (7.106) 

which establishes one-loop modular invariance of the toroidally compact- 
ified theory. 



Even self-dual lattices 

The reason that the proof of modular invariance, given above, was successful 
can be traced to the fact that the moduli space M. can be regarded as 
parametrizing the space of even self-dual lattices F n . n of signature (n, n). 
In order to explain what this means, a few basic facts about lattices are 
reviewed in the next section. 



A brief introduction to lattices 



In general, a lattice is defined as a set of points in a vector space V, which 
we take to be IR,^’ 9 ), (that is, IR P+9 with Lorentzian inner product) of the 
form 



A 




nie i: ni G TL 



(7.107) 



where rn = p + q and {e* } are the basis vectors of A. The metric on the 
lattice is defined by 

9ij = e% ■ ej . (7.108) 



This metric contains the information about the lengths of the basis vectors 
and their angles. 

The dual lattice is defined by 



A* = {re G V such that w ■ v G TL, for all v G A}. (7.109) 



This is illustrated in Fig. 7.2. If we call a set of basis vectors of the dual 
lattice {e*}, then the dual lattice is given by 

m 

A* = {^2 rue*, m G TL}. (7.110) 

i = 1 

The basis vectors of the dual lattice can be chosen to satisfy 



e i ' e j ~ $ij ■ 



(7.111) 




278 



The heterotic string 



The metric on the dual lattice is therefore given by 

9ij = 4 ' e*j, (7.112) 

which is the inverse of g t] . A lattice is called 

• unimodular if Vol(A) = yf\ det g\ = 1, 

• integral if v ■ w G Z for all v, vj G A, 

• even if A is integral and v 2 is even for all v G A, 

• self-dual if A = A*. 




Fig. 7.2. A lattice and the dual lattice. 



Lattices and toroidal compactifications 

The momenta p 1 = GT-Pr) i R toroidal compactifications of the bosonic 
string live on a lattice T nn with Lorentzian signature which turns out to be 
even and self-dual: 



• The signature of the lattice is ((+l) n ,(— l) n ) since the length-squared of 
a 2n-component vector of the form p = (p[,p^) is defined by 

P 2 =Pl~Pr ■ (7.113) 

Here the individual squares p £ and p ^ are computed using the metric 
Gij. 6 

6 This lattice can be represented by a lattice with metric r) ab = ((+l) n , (— l) n ), which was 
discussed in the previous section, by writing Gij = ejej7y ab and contracting the momenta 
with the ej. 




1.3 Toroidal compactification 



279 



• Using Eq. (7.66), one obtains 

p 2 = 2W I K I G 2Z. (7.114) 

This is an even integer. Thus, for fixed values of the moduli, the set of all 
possible vectors p forms a lattice in 2 n dimensions all of whose sites have 
even length-squared. This is the condition for an even lattice. It ensures 
that the level-matching condition is satisfied. 

• Moreover, the lattice is self-dual, since the lattice generated by p = 

(PliPr) equivalent to the lattice generated by the winding and the 

Kaluza- Klein excitation numbers. Indeed the mass formula can be rewrit- 
ten in the form 

M 2 = 2(1 U 7 Kj)g- 1 ( ^ ) + 4(7V r + N l - 2). (7.115) 

We saw that this formula has a duality symmetry that exchanges 

w 1 ^ A7, g ^ g- 1 . (7.ii6) 

So this duality inverts the metric on the lattice, and as a result the lattice 
is self- dual. The self-duality condition ensures that the invariance under 
the modular transformation g — > g -1 , which was discussed in the previous 
section, is satisfied. 

The lattice defined here is an even and self-dual lattice of signature (n, n). 
One can ask the following mathematical question: For what signatures 
( 77 - 1 , 77 . 2 ) do even self-dual lattices exist? The answer is that ri\ and n 2 
must differ by a multiple of 8. This result is relevant to the bosonic formu- 
lation of the heterotic string, where the left-moving dimension is 26 and the 
right-moving dimension is 10, so that their difference is 16. 



Type II superstrings 

There is a very similar construction for type II superstrings. In this case, 
the geometry is x T n with d + n = 10. By the same reasoning as in 
the bosonic string, one finds an 0(n, n\7L) duality group. However, there 
is one new issue, which was already encountered in Chapter 6. This is 
that the inversion element of the duality group also reverses the relative 
chirality of the two fermionic coordinates, which are denoted 9 in the GS 
formalism. In particular, recall that 6 1 and 0 2 (corresponding to left- and 
right-moving modes) have opposite chirality for the type IIA theory and the 
same chirality for the type IIB theory. In the case of circle compactification, 
we found that the moduli space is characterized entirely by the radius R of 
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the circle. However, all radii R > 0 are allowed, in contrast to the bosonic 
string theory where R and R = l/(2i?) are equivalent. 

As in the case of the bosonic string theory, one can form a moduli space 
A4 n , n of inequivalent toroidal compactifications of type II superstrings as 
a quotient of A4° n n by a suitable duality group. The appropriate duality 
group is smaller in this case than in the bosonic theory. It is only a subgroup 
of the 0(n, n; 7L) transformation group. Specifically, it is the subgroup that 
preserves the chirality of the spinors. This reduces the group to SO(n, n; Z). 

To summarize, one could say that the distinction between type IIA and 
type IIB dissolves after T n compactification, and there is a single moduli 
space for the pair constructed in the way indicated here, but this moduli 
space is twice as large as in the case of the bosonic string theory. Chap- 
ter 8 shows that, when other dualities are taken into account, the duality 
group SO(7i,n;'Z) is extended to E n+ i(7E)i which is a discrete subgroup of 
a noncompact exceptional group. 



Exercises 



Exercise 7.3 

Consider the bosonic string theory compactified on a circle of radius R = 
Vet ' . Verify that there is SU (2) x SU (2) gauge symmetry by constructing the 
conserved currents. Show that the modes of the currents satisfy a level-one 
Kac-Moody algebra. 

Solution 

To do this let us focus on the holomorphic right-moving currents, since the 
antiholomorphic left-moving currents work in an identical fashion. Let us 
define 

J±(z) = e ±2iX»(*)/^ 

and 

J'\z) = iy/2/V i dX 2b (z). 

The coefficients in the exponent have been chosen to ensure that J±(z) have 
conformal dimension h = 1. These currents are single valued at the self-dual 
radius R = \W, because X 25 (z) contains the zero mode \ x 25 . Note that in 
the text we have been setting ol = 1/2. 
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Now one can compute the OPEs of these currents using the rules discussed 
in Chapter 3. Defining J ± (z) = ( J 1 (z) ±iJ 2 (z))/y/ 2, one obtains 



J i (z)J j {w ) 



8*3 



( z — w ) 2 



"h is 



ijk Jk ( w ) 



+ 



z — w 



Defining the modes by 



j\ Z ) = y^j, 



i z -n-i 






d z 

or r n =j> 2^2” J’W, 



as appropriate for h = 1 operators, it is possible to verify using the tech- 
niques described in Chapter 3 that 

[JL 4] = i£ ijk Ji +n + m8^5 m+nfi , 

which is a level-one SU( 2) Kac-Moody algebra. □ 



Exercise 7.4 

T-duality, which inverts Q, can be translated into transformations on the 
background fields G and B. Show that Q Q~ x (a statement about 2 n x 2 n 
matrices) is equivalent to G + B <-> \(G + B)~ l (a statement about n x n 
matrices) . 

Solution 

In order to check this, a new metric G and tensor field B, which are related 
to the old fields by 

G + B = - a {G + B)-\ 

are introduced. Taking the symmetric and antisymmetric parts leads to 
G= 1 -[(G + B)- 1 + (G-B)~ 1 } 

and 

B= 1 -[(G + Br 1 -(G-B)~ 1 ]. 

By simple manipulations, these can be rewritten in the form 

G= J (G-BG~ l B)~ l and B = -G~ 1 BG. 

Using these expressions for G and B and comparing Eqs (7.69) and (7.70) 
one concludes that 

G = Q ~ 1 
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as required. 



□ 



Exercise 7.5 

Starting with Eq. (7.95) fill in the details of the derivation of Eq. (7.106). 
In particular, derive the expressions for the determinant (7.103) and the 
inverse matrix (7.104). 



Solution 



Starting with 



Tr (q 2 PRq 2 Pl) = ^ ^Mpr-pD , g-WPL+pl) ) 

{VEhA'j} 

and using 

Pr-pI = -2W i K i and Pr+pI = (W K)Q~ x 



W 

K 



one obtains that the formula for the trace is equivalent to 

exp (— 7 tM t AM) , 

{M} 



with 

f 2 t 2 (G - BG~ l B) in i n + nBG- 1 
J V iTil n -T 2 G- 1 B \t 2 G~ 1 



and 




The determinant of A can be obtained by using the fact that the determinant 
of a block matrix 

( Mi M 2 \ = ( l n M 2 M- { \(M 1 - M 2 M 4 - 1 M 3 0 \( l n 0 \ 

V Ms M 4 ) V 0 In ) V Ms In A 0 M 4 ) 

is given by 

det(Mi — M 2 M^ 1 M 3 ) det M 4 . 

This gives 

det A = |r| 2n . 



The result for v4 -1 in Eq. (7.104) can be verified by checking that it gives 
the unit matrix when multiplied with A. The identities T 1 T 2 + T 2 T 1 = 0 and 
t 2 t 2 — rifi = 1 , which follow from rf = — 1 , are useful. □ 
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Exercise 7.6 

Show that Gu + Bu has the right number of components to parametrize 
the coset space M^n- 

Solution 

The moduli space M^ n is given in terms of a lattice spanned by the left- 
moving and right-moving momenta (rljPr) under the restriction that 

Pt ~ Pr e 2Z. 

This condition is left invariant by the group of 0(n, n, ; 1R) transformations, 
but the mass formula 

M 2 = 2(pl + Pr) — 8 + oscillators 

is not. The invariance of the mass formula is rather given by 0(n, 3R) x 
0(n, R). As a result, the moduli space is given by the quotient space 

0(n, n; R)/0(n; R) x 0(n, R). 

Taking into account that 0(n, R) has dimension n(n — l)/2 and 0(n, n, ; R) 
has dimension n(2n — 1), we see that the dimension of the moduli space is 
n 2 . 

On the other hand, the metric G is a symmetric tensor with n(n + l)/2 
parameters while the antisymmetric B field has n(n — l)/2 independent 
components. In total, this gives n 2 components, as we wanted to show. □ 



Exercise 7.7 

Compute the matrix Q for the special case of compactification on a circle 
and compare with the results derived in Chapter 6. 



Solution 



In the special case of n = 1 one simply has a circle of radius R , and Gu = R 2 . 
Then Q reduces to the 2x2 matrix 



g 



1/(2 R 2 ) 0 \ 

0 2R 2 J ’ 



so that 

Mq = (2WR) 2 + ( K/R ) 2 , 



in agreement with the result obtained in Chapter 6 (for a! = 1/2). The first 
term is the winding contribution and the second term is the Kaluza-Klein 
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contribution. This exhibits the T-duality symmetry K W . R 1/(2 R), 
which was discussed in Chapter 6. □ 



Exercise 7.8 

Consider the bosonic string compactified on a two-torus T 2 . Where in the 
moduli space do enhanced gauge symmetries appear? What are the corre- 
sponding gauge groups? 



Solution 



A T 2 compactification is determined by the moduli 



( Gn G\2 \ 

V Gv2 G-22 J 



and 



B = B 12 



0 1 

-1 0 



These four real parameters can be traded for two complex parameters r and 
p by using the identifications 



G\2 \/do/G 

r = n + IT2 = 7 ; 1- l— 7 ; 

022 022 



and 



p = pi + ip 2 = B \2 + iV det G. 



Each of these transforms as an 5L(2, 7L) modulus under T-duality transfor- 
mations. The reason for this can be traced to the identity 



50(2, 2; Z) = SL( 2, Z) x SL( 2, Z), 



which is the discrete version of the identity 50(2, 2) = SL( 2, R) x SL( 2, R), 
which appeared in Section 2.2 in a different context. These relations can be 
inverted yielding 



G + B 



P2 

T2 



r l + r f r l 

Tl 1 



+ P 1 



0 

-1 



1 

0 



The moduli space of the torus is given by the fundamental domain displayed 
in Fig. 7.3. 

For generic moduli the gauge group is U( l) 2 x t/(l)^. The points of 
enhanced symmetries correspond to the singular points of the fundamental 
domain. We give several examples below, without attempting to give a 
systematic and exhaustive analysis. In particular, we focus on examples 
with B = 0, which have identical spectra for left-movers and right-movers. 
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Fig. 7.3. Fundamental domain of the torus displaying the discrete identifications. 
Points in the r plane where enhanced symmetries appear for p = i are displayed. 



Suppose that p\ = t\ = 0, so that B = 0 and 

r= ( P2T2 0 \ 

V 0 p 2 /r 2 J ■ 

If p 2 = t 2 or p 2 = 1 j t 2 then one of the two entries is one, which means that 
one of the two circles is at the self-dual radius, and there is an enhanced 
51/(2) gauge symmetry for both left-movers and right-movers. These two 
relations are satisfied simultaneously if 

(r,p) = (i,i). 



In this case both circles are at the self-dual radius and the enhanced symme- 
try is SU{ 2) x SU( 2) for both left-movers and right-movers giving SU( 2) 4 
altogether. 

Another point of enhanced symmetry appears when 



/ X / 1 , .V3 .. 
(t,P) = (~2 



In this case B = 0 and 



G = ±( 2 - 1 

C3 1 -1 2 



Here G is proportional to the Cartan matrix of SU (3). (For an introduction 
to the theory of roots and weights of Lie algebras see the review article by 
Goddard and Olive.) As a consequence both the left-movers and the right- 
movers contain the massless vectors required for SU( 3) enhanced gauge 
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symmetry. Thus, altogether, the gauge symmetry in this case is SU( 3) x 
SU( 3). 

□ 



7.4 Bosonic construction of the heterotic string 

Let us now consider the heterotic string in a formalism in which the current 
algebra is represented by bosons. The left-moving sector of the heterotic 
string corresponds to the bosonic string theory while the right-moving sec- 
tor corresponds to the superstring theory. For the theory in ten-dimensional 
Minkowski space-time, the left-moving coordinates consist of ten bosonic 
fields X£{t + cr), p = 0,...,9, describing excitations in the noncompact 
dimensions and 16 bosonic fields X^(t + a), I = 1, . . . , 16, describing ex- 
citations on a 16-dimensional torus T lfi . The torus is characterized by the 
momenta of the internal bosons p\. They take discrete values that lie on a 
16-dimensional lattice Tig spanned by 16 basis vectors {e{, e %, . . . , e{ 6 } 

PLeri 6 , p[ = y, me*,. tijgz. (7.117) 

i 

One- loop modular invariance requires that Tig be a Euclidean even self-dual 
lattice. This ensures that the partition function 

0 r( T ) = I] e i7rrp2 (7.118) 

per 

is a modular form of weight eight, which means that, for a modular trans- 
formation t t' of the usual form, in Eq. (7.92) 

©r(r / ) = (cr + d) 8 ©r(r). (7.119) 

Remarkably, in 16 dimensions there are only two Euclidean even self-dual 
lattices. 

In eight dimensions there is a unique Euclidean even self-dual lattice, 
denoted Tg. The lattice Tg is the root lattice of the Lie group Eg. This 
beautiful result is at the heart of the reason for the appearance of this Lie 
group in heterotic string theory. This implies that one way to make an even 
self-dual lattice in 16 dimensions is to form Tg x Tg, the product of two Eg 
lattices. 

The second even self-dual lattice in 16 dimensions, denoted Tig, is the 
weight lattice of Spin[32) l% 2 - It contains the weights of two of the four 
conjugacy classes of Spin( 32). One conjugacy class is the root lattice of 
50(32). The second conjugacy class is one of the two spinor conjugacy 
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classes of Spin{2>2). Even though the Spin( 32)/^2 lattice Tig is different 
from the E% x Eg lattice, it gives exactly the same partition function 0r(r). 
This fact implies that the two heterotic string theories have the same number 
of physical states at every mass level. 



Toroidal compactification of the heterotic string 

Let us consider the heterotic string toroidally compactified to leave 10 — 
n noncompact dimensions. Noncompact dimensions must have both left- 
and right-movers. Therefore, it is necessary to compactify n of the right- 
moving dimensions and 16 + n of the left-moving dimensions. The compact 
dimensions in this set-up are characterized by Aig +n:?l , which is the lattice 
that describes the discrete momenta and winding modes associated with 16+ 
n left-moving compact dimensions and n right-moving compact dimensions. 
Such a lattice is often called a Narain lattice. We are interested in classifying 
lattices of this signature that are even and self-dual. The reason is that this is 
exactly what is required to ensure one-loop modular invariance of scattering 
amplitudes. 

For n > 0 there is a moduli space of dimension (16 + n)n given by 

Mie+n,n = M 0 16+n! JO(16 + 71, n\ Z), (7.120) 

where 

o = 0(16 + n, n; 1R) 

y 16+n,n 0(16 + 71, R) X 0(n, 1R) ’ 

The infinite discrete group 0(16 + n, ti; Z) is the T-duality group for the 
toroidally compactified heterotic string theory. 

At a generic point in the moduli space the gauge symmetry consists of 
one U( 1) gauge field for each dimension of the lattice, giving U( l) 16 + n x 
U{ l) n . The left-moving gauge fields belong to vector supermultiplets, and 
the right-moving gauge fields belong to the supergravity multiplet. Once 
again, there is enhanced nonabelian gauge symmetry at the singularities 
of M. However, in the case of the heterotic string only the left-moving 
gauge fields, which belong to vector supermultiplets, can become nonabelian 
in Minkowski space-time. When this happens, the rank remains 16 + n. 
There is an enormously rich set of possibilities. One class of examples of 
nonabelian gauge groups that can be realized for special loci in the moduli 
space is SO( 32 + 2n). In particular, 50(44) is possible for d = 4. The 
proof requires finding the locus in the moduli space where there are massless 
vectors with the appropriate U( 1) charges to give the nonzero roots of the 
adjoint representation of the group in question. 
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Duality and the heterotic string 

Let us conclude this chapter by mentioning a beautiful and important rela- 
tion between the two heterotic theories. The distinction between the E% x E% 
and SO( 32) heterotic theories only exists in ten dimensions. After toroidal 
compactification, there is a single moduli space. In other words, the moduli 
space in ten dimensions consists of two points, whereas in 10 — n dimensions 
it is a connected space of dimension (16 + n)n. 

This can be interpreted as implying that the E% x E% and SO (32) het- 
erotic theories are related by T-duality. This is analogous to the relationship 
between the two type II superstring theories. To see what this means, let 
us consider compactification to nine dimensions. In this case the moduli 
space _A4i7.i has 17 dimensions. One scalar is the metric component ggg 
which encodes the radius of the circle. The other 16 moduli are the gauge 
field components Ag, which are the Wilson lines. For generic values of these 
moduli, the left-moving gauge symmetry is 17(1) 11 . However, on various loci 
in the moduli space enhanced gauge symmetry occurs. E$ x E$ x 17(1) and 
50(32) x U (1) are just two of the many possibilities. An elementary method 
of exploring the possibilities is to construct Fock-space descriptions of the 
gauge fields with Nr = N l = 0 and = 2 along the lines described for the 
bosonic string in 25 dimensions. 



Exercises 



Exercise 7.9 

Use the Poisson resummation formula to prove that an even self-dual lattice 
Tie has a partition function 0r 16 (r) that is a modular form of weight eight. 



Solution 

The modular group is generated by the two transformations 
r — ■> t + 1 and r — > , 

T 

so it is sufficient to just consider them. Since the lattice Tig is even, the 
partition function 

©ri 6 (r) = exp(i7rrp 2 ) 
peri 6 
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is invariant under r — > r + 1 • In order to check how the partition function 
behaves under the second transformation, we rewrite it in terms of a vector 
N with components n* and the matrix 



-A.ij — irGij, 



where 



Gij — e i€j j 



and e J i are the basis vectors that appear in Eq. (7.117). This gives 
@ri 6 (r) = Y ex P {-nN T AN) . 

pe r i6 



Applying the Poisson resummation formula yields 

= exp {—ttN t A^ 1 N^ . 

^ peri 6 

Since the lattice is self-dual detG = 1. Also, replacing the matrix G by its 
inverse corresponds to replacing the basis vectors by the dual basis vectors, 
which span the same lattice. Therefore, the result simplifies to 

T~ 8 Y^ ex P ( — nN T A~ 1 N) = T -8 Y^ ex P 
per i6 peri 6 

which is exactly the transformation obtained from (7.119) for r — ► — 1/r. □ 





Exercise 7.10 

Use the bosonic formulation of the heterotic string to construct the first 
massive level of the E$ x Eg heterotic string. 

Solution 

The mass formula for the heterotic string is 

1m 2 = n r = n l -i + IY(p 1 ) 2 - 
8 2 1^1 

For the first massive level, M 2 = 8, there are three possibilities: 

(i) 

16 

JVr = 1, N l = 2, J» 2 = 0 

i=i 
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There are 324 possible left-moving states: 



a£ 1 a^ 1 |0) L , a ] _ 2 |0) L , a*_ia{|0) L , d*_ 2 |0) L , a*_iaii|0) L 

(ii) 

16 

Nr = 1 , Al = h ^(/) 2 = 2 

i=i 

In this case there are 24 x 480 possible left-moving states: 

16 16 

= 2) l , aLi | £(/) 2 = 2) l . 

J=1 7=1 

(iii) 

16 

iV R = l, iV L = 0, ^(/) 2 = 4 

7=1 

In this case there are 129 x 480 possible left-moving states: 

16 

i/,zy) 2 = 4 )l- 

7=1 

The total number of left-moving states is 73 764. In each case the right- 
movers have JV R = 1, so these are the 256 states 

a!_i|j)R, a!_i|a) R , ;S , “ 1 |i) R , <S“ 1 |6) R . 

The spectrum of the heterotic string at this mass level is given by the tensor 
product of the left-movers and the right-movers, a total of almost 20 000 000 
states. □ 



Appendix: The Poisson resummation formula 

Let A be a positive definite m x m symmetric matrix and define 



m = E exp (- 7 tM t AM) . (7.122) 

(A7| 

Here M represents a vector made of m integers M \ , M 2 , . . . , M m each of 
which is summed from — oo to +oo. The Poisson resummation formula is 



f(A) 



1 

Vdet A 



/(A- 1 ). 



(7.123) 
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To derive this formula it is convenient to add dependence on m variables 
x 1 and define 



f(A, x) = 22 ex P {—n(M + x) t A(M + a:)) . (7.124) 

{M} 



This function is periodic, with period 1, in each of the x l . Therefore, it must 
have a Fourier series expansion of the form 

f(A,x) = 22 Cn(A) exp(27 xiN T x). (7.125) 

m 

The next step is to evaluate the Fourier coefficients: 

rl 

C n (A) = / f{A,x)e~ 27riNTx d m x. (7.126) 

Jo 

Inserting the series expansion of f(A,x) in Eq. (7.124) gives 

C n (A) = [ exp{-nx T Ax - 2mN T x)d m x = ° xp( ljV ^ , (7.127) 
J-oo V det A 

Note that the summations in Eq. (7.125) have been taken into account by 
extending the range of the integrations. It therefore follows that 



f(A) = 22c N (A ) 

{N} 



1 

\J det A 



HA- 1 ) 



(7.128) 



as desired. 



Homework Problems 



Problem 7.1 

Section 7.1 discussed several possibilities for generating nonabelian gauge 
symmetries in string theory. Show that in the context of toroidally com- 
pactified type II superstring theories, the only massless gauge fields are 
abelian. 

Problem 7.2 

It is possible to compactify the 26-dimensional bosonic string to ten di- 
mensions by replacing 16 dimensions with 32 Majorana fermions. The 32 
left-moving fermions and the 32 right-moving fermions each give a level-one 
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50(32) current algebra. Making the same GSO projection as in the left- 
moving sector of the heterotic string, find the ground state and the massless 
states of this theory. 

Problem 7.3 

Exercise 7.1 introduced free- fermion representations of current algebras and 
showed that fermions in the fundamental representation of SO(n) give a 
level-one current algebra. 

(i) Find the level of the current algebra for fermions in the adjoint rep- 
resentation of SO(n). 

(ii) Find the level of the current algebra for fermions in a spinor repre- 
sentation of 50(16). 



Problem 7.4 

Generalize the analysis of Exercise 7.6 to the heterotic string. In particular, 
verify that the Wilson lines, together with the B and G Helds, have the right 
number of parameters to describe the moduli space -MiQ +nn in Eq. (7.121). 

Problem 7.5 

In addition to the 50(32) and Eg x Es heterotic string theories, there is 
a third tachyon-free ten-dimensional heterotic string theory that has an 
50(16) x 50(16) gauge group. This theory is not supersymmetric. In- 
vent a plausible set of GSO projection rules for the fermionic formulation of 
this theory that gives an 50(16) x 50(16) gauge group and does not give 
any gravitinos. Find the complete massless spectrum. 

Problem 7.6 

The 50(16) x 50(16) heterotic string theory, constructed in the previous 
problem, is a chiral theory. Using the rules described in Chapter 5, construct 
the anomaly 12-form. Show that anomaly cancellation is possible by showing 
that this 12-form factorizes into the product of a four- form and an eight- 
form. 

Problem 7.7 

The ten- dimensional 50(32) and Eg x Eg string theories have the same 
number of states at the massless level. Construct the spectrum at the first 
excited level explicitly in each case using the formulation with 32 left-moving 
fermions. What is the number of left-moving states at the first excited level 
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in each case? Show that the numbers are the same and that they agree with 
the result obtained in Exercise 7.10. 

Problem 7.8 

(i) Consider a two-dimensional lattice generated by the basis vectors 

ei = (l,l) and e 2 = (l,— 1) 

with a standard Euclidean scalar product. Construct the dual lattice 
A*. Is A: unimodular, integral, even or self-dual? How about A*? 

(ii) Find a pair of basis vectors that generate a two-dimensional even 
self-dual Lorentzian lattice. 



Problem 7.9 

Consider the Euclideanized world-sheet theory for a string coordinate X 

s[ x] = - f dxBxd 2 z. 

n JM 

Suppose that X is circular, so that X ~ X + 2ttR and that the world sheet 
M is a torus so that z~z + 1~z + t. Define winding numbers W\ and 
W 2 by 

X(z + 1, z + 1) = X(z, z) + 2itRWi, 

X (z + r, z + f ) = X(z, z) + 2nRW2- 

(i) Find the classical solution X c \ with these winding numbers. 

(ii) Evaluate the action S C \{W\,W 2 ) = S'[X c i], 

(iii) Recast the classical partition function 

z c \ = ]T e ~ s d(Wi,w2) 

W U W 2 

by performing a Poisson resummation. Is the result consistent with 
T-duality? 



Problem 7.io 

Consider a Euclidean lattice generated by basis vectors e*, i = 1,...,8, 
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whose inner products e* • ej are described by the following metric: 

/ 2 -1 0 0 0 0 0 0 \ 

-1 2 -1 0 0 0 0 0 

0 -1 2 -1 0 0 0 0 

0 0 -1 2 -1 0 0 0 

0 0 0 -1 2 -1 0 -1 

0 0 0 0 -1 2 -1 0 

00000 -1 20 

\ 0 0 0 0 -1 0 0 2/ 

This is the Cartan matrix for the Lie group E%. 

(i) Find a set of basis vectors that gives this metric. 

(ii) Prove that the lattice is even and self-dual. It is the E% lattice. 

Problem 7.11 

As stated in Section 7.4, in 16 dimensions there are only two Euclidean even 
self-dual lattices. One of them, the E$ x Eg lattice, is given by combining 
two of the Eg lattices in the previous problem. Construct the other even 
self-dual lattice in 16 dimensions and show that it is the Spin(32) //Z 2 weight 
lattice. 

Problem 7.12 

Show that the spectrum of the bosonic string compactified on a two-torus 
parametrized using the two complex coordinates r and p defined in Exer- 
cise 7.8 is invariant under the set of duality transformations SL( 2, TE) t x 
SL( 2, 7E) p generated by 

T — > T + 1 p —> p+ 1 

r -> — 1 /t p-> -1/p ' 

Moreover, show that the spectrum is invariant under the following inter- 
changes of coordinates: 

U : (r, p) -> (p, t) and V : {a, r) -»• (-a, -f). 

These results imply that the moduli space is given by two copies of the 
moduli space of a single torus dividing out by the symmetries U and V. 

Problem 7.13 

Consider the bosonic string compactified on a square T 3 

ds 2 = R 2 (dx 2 + dy 2 + dz 2 ), 
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where the coordinates x, y, z each have period 27r. Suppose there is also a 
nonvanishing three-form H xyz = N, where N is an integer. For example, 
B xy = Nz. 

(i) Using the T-duality rules for background fields derived in Chapter 6, 
carry out a T-duality transformation in the x direction followed by 
another one in the y direction. What is the form of the resulting 
metric and B fields? 

(ii) One can regard the T 3 as a T 2 , parametrized by x and y, fibered over 
the z-circle. Going once around the z-circle is trivial in the original 
background. What happens when we go once around the z-circle 
after the two T-dualities are performed? 

(iii) The background after the T-dualities has been called nongeometrical. 
Explain why. Hint: use the results of the preceding problem. 

Problem 7.14 

Consider the compactification of each of the two supersymmetric heterotic 
string theories on a circle of radius R. As discussed in Section 7.4, the 
moduli space is 17-dimensional and at generic points the left-moving gauge 
symmetry is U( l) 17 - However, at special points there are enhanced sym- 
metries. Assume that the gauge fields in the compact dimensions, that is, 
the Wilson lines, are chosen in each case to give 50(16) x 50(16) x 0(1) 
left-moving gauge symmetry. Show that the two resulting nine-dimensional 
theories are related by a T-duality transformation that inverts the radius of 
the circle. This is very similar to the T-duality relating the type IIA and 
IIB superstring theories compactified on a circle. 

Problem 7.15 

(i) Compactifying the Es x Eg heterotic string on a six-torus to four 
dimensions leads to a theory with A? = 4 supersymmetry in four 
dimensions. Verify this statement and assemble the resulting massless 
spectrum into four- dimensional supermultiplets. 

(ii) Repeat the analysis for the type IIA or type IIB superstring. What is 
the amount of supersymmetry in four dimensions in this case? What 
is the massless supermultiplet structure in this case? 




8 

M-theory and string duality 



During the “Second Superstring Revolution,” which took place in the mid- 
1990s, it became evident that the five different ten-dimensional superstring 
theories are related through an intricate web of dualities. In addition to 
the T-dualities that were discussed in Chapter 6, there are also S-dualities 
that relate various string theories at strong coupling to a corresponding dual 
description at weak coupling. Moreover, two of the superstring theories (the 
type IIA superstring and the E% x E% heterotic string) exhibit an eleventh 
dimension at strong coupling and thus approach a common 11-dimensional 
limit, a theory called M-theory. In the decompactification limit, this 11- 
dimensional theory does not contain any strings, so it is not a string theory. 



Low-energy effective actions 

This chapter presents several aspects of M-theory, including its low-energy 
limit, which is 11-dimensional supergravity, as well as various nonpertur- 
bative string dualities. Some of these dualities can be illustrated using 
low-energy effective actions. These are supergravity theories that describe 
interactions of the massless fields in the string-theory spectrum. It is not 
obvious, a priori , that this should be a useful approach for analyzing nonper- 
turbative features of string theory, since extrapolations from weak coupling 
to strong coupling are ordinarily beyond control. However, if one restricts 
such extrapolations to quantities that are protected by supersymmetry, one 
can learn a surprising amount in this way. 



BPS branes 

A second method of testing proposed duality relations is to exploit the 
various supersymmetric or Bogomolny-Prasad-Sonnnerfield (BPS) p-branes 
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that these theories possess and the matching of the corresponding spectra of 
states. As we shall illustrate below, saturation of a BPS bound can lead to 
shortened supersymmetry multiplets, and then reliable extrapolations from 
weak coupling to strong coupling become possible. This makes it possible to 
carry out detailed matching of p-branes and their tensions in dual theories. 

The concept of a BPS bound and its saturation can be illustrated by mas- 
sive particles in four dimensions. The AAextended supersymmetry algebra, 
restricted to the space of particles of mass M > 0 at rest in D = 4, takes 
the form 

{QL Q) 3 J } = 2M5 IJ 5 aP + 2 iZ IJ T%, (8.1) 

where Z IJ is the central- charge matrix. I, J = 1, . . . , Af labels the super- 
symmetries and a, (3 = 1, 2,3,4 labels the four components of each Majorana 
spinor supercharge. The central charges are conserved quantities that com- 
mute with all the other generators of the algebra. They can appear only 
in theories with extended supersymmetry, that is, theories that have more 
supersymmetry than the minimal J\f = 1 case, because the central-charge 
matrix is antisymmetric Z lfl = —Z JI . The central charges are electric and 
magnetic charges that couple to the gauge fields belonging to the supergrav- 
ity multiplet. 

By a transformation of the form Z — > U T ZU, where U is a unitary matrix, 
the antisymmetric matrix Z IJ can be brought to the canonical form 



Z IJ 



( 0 z, 

-Zi 0 
0 0 
0 0 



0 0 

0 0 

0 Z 2 

— Z'2 0 



\ 



V 




(8.2) 



with \Z\\ > IZ 2 I > . . . > 0. The structure of Eq. (8.1) implies that the 
2Af x 2M matrix 



f M Z \ 
V Zt M ) 



(8.3) 



should be positive semidefinite. This in turn implies that the eigenvalues 
M±|Zj| have to be nonnegative. Therefore, the mass is bounded from below 
by the central charges, which gives the BPS bound 



M > \Z\\. (8.4) 

States that have M = \Z\\ are said to saturate the BPS bound. They be- 
long to a short supermultiplet or BPS representation. States with M > jZij 
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belong to a long supermultiplet. The zeroes that appear in the supersym- 
metry algebra when M = \Z\ | are responsible for the multiplet shortening. 
A further refinement in the description of BPS states keeps track of the 
number of central charges that equal the mass. Thus, for example, in the 
M = 4 case, states with M = \Z\ \ = \Z^\ are called half-BPS and ones with 
M = | Z\ | > | Z 2 1 are called quarter-BPS. These fractions refer to the number 
of supersymmetries that are unbroken when these particles are present. 

The preceding discussion is specific to point particles in four dimensions, 
but it generalizes to p-branes in D dimensions. The important point to 
remember from Chapter 6 is that a charged p-brane has a (p + l)-form 
conserved current, and hence a p-form charge. To analyze such cases the 
supersymmetry algebra needs to be generalized to cases appropriate to D 
dimensions and p-form central charges. Calling them central is a bit of a 
misnomer in this case, because for p > 0 they carry Lorentz indices and 
therefore do not commute with Lorentz transformations. 

One very important conclusion from the BPS bound given above is that 
BPS states, which have M = \Z±\ and belong to a short multiplet, are stable. 
The mass is tied to a central charge, and this relation does not change as 
parameters are varied if the supersymmetry is unbroken. The only way in 
which this could fail is if another representation becomes degenerate with the 
BPS multiplet, so that they can pair up to give a long representation. The 
idea is actually more general than supersymmetry. This is what happens 
in the Higgs mechanism, where a massless vector (a short representation of 
the Lorentz group) joins up with a scalar to give a massive vector (a long 
representation) as a parameter in the Higgs potential is varied. The thing 
that is different about supersymmetric examples is that short multiplets can 
be massive. In any case, the conclusion is that so long as such a joining of 
multiplets does not happen, it is possible to follow BPS states from weak 
coupling to strong coupling with precise control. This is very important for 
testing conjectures about the behavior of string theories at strong coupling, 
as we shall see in this chapter. 



Exercises 



Exercise 8.1 

The J\f = 1 supersymmetry algebra in four dimensions does not have a 
central extension. The explicit form of this algebra, with the supercharges 
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expressed as two-component Weyl spinors Q a and Qg = Qg, is 

{Qa, Qg} = 2ar P „ and {Q a , Qg} = {Q^ Qg} = 0. 
Determine the irreducible massive representations of this algebra. 



Solution 



As in the text, for massive states we can work in the rest frame, where the 
momentum vector is P / = (— M, 0,0,0). Then the algebra becomes 

{Q a ,Q $ } = 2M5 a g = 2M^ 1 o J ) . 



This algebra is a Clifford algebra, so it is convenient to rescale the operators 
to obtain a standard form for the algebra 



b a = 1. — Q a and b}, = 1. — Q & . 

V2M a v / 2 M 



The supersymmetry algebra then becomes 



{banbg} — b a g, {ba,bg} — — 0 . 

As a result, b a and ba act as fermionic lowering and raising operators, and we 
obtain all the states in the supermultiplet by acting with raising operators ba 
on the Fock-space ground state |0), which satisfies the condition b a \Q) = 0. 
Then, if |D) represents a state of spin j. a state of spin j ± | is created 
by acting with the fermionic operators 6 q|D). If the ground state |D) has 
spin 0 (a boson), then ba |f2) represent the two states of a spin 1/2 fermion. 
Moreover b\b\ |f2) gives a second spin 0 state. In general, for a ground state 
of spin j > 0 and multiplicity 2j + 1, this construction gives the 4(2j + 1) 
states of a massive representation of J\f = 1 supersymmetry in D = 4 with 
spins j - 1/2, j, j, j + 1/2. □ 



Exercise 8.2 

Determine the multiplet structure for massive states of J\f = 2 supersymme- 
try in four dimensions in the presence of the central charge. In particular 
derive the form of the short and long multiplets. 



Solution 

For J\f = 2 supersymmetry the central charge is Z 1J = Ze IJ . For simplicity, 
let us assume that Z is real and nonnegative. Using this form of the central 
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charge, the supersymmetry algebra in the rest frame can be written in the 
form 

{QlQ$} =2 MS a$ 6 IJ , 



{QLQj} =2 Ze aP e IJ , 
{QlQj} =2 Ze. 0 e IJ , 



where I, J = 1,2. We rearrange these generators and define 

h t = Qa ± e apQl and (6^) t =Ql± £ a /3 Q% 

Note that this construction identifies dotted and undotted indices. This 
is sensible because a massive particle at rest breaks the SL{ 2,(D) Lorentz 
group to the SU( 2) rotational subgroup, so that the 2 and 2 representa- 
tions become equivalent. It is then easy to verify that the only nonzero 
anticommutators of these generators are 

{bt,(b^} = Map(M + Z) and {b~,(b^} = 4S a p(M-Z). 

These anticommutation relations give the BPS bound for J\f = 2 theories, 
which takes the form 



M > Z. 



If this bound is not saturated, we can act with (b^y on a spin j ground 
state |f2) to create the 16(2j + 1) states of a long supermultiplet. However, 
if the BPS bound is saturated, that is, if M = Z , then the physical states in 
the supermultiplet are created by acting only with (6+)f. This reduces the 
number of states to 4(2j + 1) and creates a short supermultiplet. The case 
j = 0 gives a half hypermultiplet. Such a multiplet is always paired with its 
TCP conjugate to give a hypermultiplet with four scalars and two spinors. 
The case j = 1/2 gives a vector multiplet. □ 



8.1 Low-energy effective actions 

Previous chapters have described how the spectrum of states of the various 
superstring theories behaves in the weak-coupling limit. The masses of all 
states other than the massless ones become very large for a' — > 0, which 
corresponds to large string tension. Equivalently, at least in a Minkowski 
space background where there is no other scale, this corresponds to the 
low-energy limit, since the only dimensionless parameter is a'E 2 . In the 
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low-energy limit, it is a good approximation to replace string theory by a 
supergravity theory describing the interactions of the massless modes only, as 
the massive modes are too heavy to be observed. This section describes the 
supergravity theories arising in the low-energy limit of string theory. These 
theories are not fundamental, but they do capture some of the important 
features of the more fundamental string theories. 



Renormalizability 

By conventional power counting, effective supergravity theories are non- 
renormalizable. A good guide to assessing this is to examine the dimensions 
of various terms in the action. The Einstein-Hilbert action, for example, in 
D dimensions takes the form 

S = 167tGd / ^ RdC>X ■ (8 5) 

The curvature has dimensions (length) -2 , and therefore the D-dimensional 
Newton constant Ge> must have dimension (length) 15-2 . This is proportional 
to the square of the gravitational coupling constant, which therefore has 
negative mass dimension for D > 2. Ordinarily, barring some miracle, this 
is an indication of nonrenormalizability. 1 It has been shown by explicit 
calculation that no such miracle occurs in the case of pure gravity in D = 4. 
There is no good reason to expect miraculous cancellations in other cases 
with D > 3, either, though it would be nice to prove that they don’t occur. 

Nonrenormalizability is okay for theories whose only intended use is as 
effective actions for describing the low-energy physics of a more fundamental 
theory (string theory or M-theory). The infinite number of higher-order 
quantum corrections to these actions can be ignored for most purposes at 
low energies. Some of these quantum corrections are important, however. 
In fact, some of them already arose in the anomaly analysis of Chapter 5. 

M-theory certainly requires an infinite number of higher-dimension correc- 
tions to 11-dimensional supergravity. Such an expansion is unambiguously 
determined by M-theory (up to field redefinitions) if one assumes a simple 
space-time topology, such as R 10,1 . In Chapter 9 it is shown that in R 10,1 
there are R 4 terms, in particular. The present chapter describes dualities 
relating M-theory to type IIA and type IIB superstring theory. These have 
been used to determine the precise form of the R 4 corrections to D = 11 
supergravity required by M-theory. 

1 Actually, pure gravity for D = 3 appears to be a consistent quantum theory. However, a 
graviton in three dimensions has no physical polarization states, so that theory is essentially 
topological. 
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Eleven- dimensional supergravity 

The low-energy effective action of M-theory, called 11-dimensional super- 
gravity, is our starting point. This theory was constructed in 1978 and 
studied extensively in subsequent years, but it was only in the mid-1990s 
that this theory found its place on the string theory map. 

In its heyday (around 1980) there were two major reasons for being skep- 
tical about D = 11 supergravity. The first was its evident lack of renormal- 
izability, which led to the belief that it does not approximate a well-defined 
quantum theory. The second was its lack of chirality, that is, its left -right 
symmetry, which suggested that it could not have a vacuum with the chiral 
structure required for a realistic model. Within the conventional Kaluza- 
Klein framework being explored at that time, both of these objections were 
justified. However, we now view D = 11 supergravity as a low-energy effec- 
tive description of M-theory. As such, there are good reasons to believe that 
there is a well-defined quantum interpretation. The situation with regard 
to chirality is also changed. Among the new ingredients are the branes, the 
M2-brane and the M5-brane, as well as end-of-the-world 9-branes. As was 
mentioned in Chapter 5, and is discussed further in this chapter, the latter 
appear in the strong-coupling description of the E$ x Eg heterotic string 
theory and introduce left-right asymmetry consistent with anomaly can- 
cellation requirements. There are also nonperturbative dualities, which is 
discussed in this chapter, that relate M-theory to chiral superstring theories. 
Moreover, it is now understood that compactification on manifolds with suit- 
able singularities, which would not be well defined in a pure Kaluza-Klein 
supergravity context, can result in chirality in four dimensions. 

Field content 

Compared to the massless spectrum of the ten-dimensional superstring the- 
ories, the field content of 1 1-dinrensional supergravity is relatively simple. 
First, since it contains gravity, there is a graviton, which is a symmetric 
traceless tensor of SO(D — 2), the little group for a massless particle. It has 

\(D - 1 )(D - 2) - 1 = l -D{D - 3) = 44 (8.6) 

physical degrees of freedom (or polarization states). The first term counts 
the number of independent components of a symmetric (D — 2) x (D — 2) 
matrix and 1 is subtracted due to the constraint of tracelessness. Since this 
theory contains fermions, it is necessary to use the vielbein formalism and 
represent the graviton by a vielbein field Efj. This can also be called an 
elfbein field in the case of 11 dimensions, since viel is German for many, and 
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elf is German for 11. The indices M, N, . . . are used for base-space (curved) 
vectors in 11 dimensions, and the indices are used for tangent-space 

(flat) vectors. The former transform nontrivially under general coordinate 
transformations, and the latter transform nontrivially under local Lorentz 
transformations. 2 

The gauge field for local supersymmetry is the gravitino field T m , which 
has an implicit spinor index in addition to its explicit vector index. For 
each value of M, it is a 32-component Majorana spinor. When spinors 
are included, the little group becomes the covering group of 50(9), which 
is Spin( 9). It has a real spinor representation of dimension 16. Group 
theoretically, the Spin( 9) Kronecker product of a vector and a spinor is 
9 x 16 = 128 + 16 . The analogous construction in four dimensions gives 
spin 3/2 plus spin 1/2. As Rarita and Schwinger showed in the case of a 
free vector-spinor field in four dimensions, there is a local gauge invariance 
of the form 5 T m = 9m£, which ensures that the physical degrees of freedom 
are pure spin 3/2. The kinetic term for a free gravitino field ^ m in any 
dimension has the structure 

S* ~ J f M T MNP d N ^ P d D x. 

Due to the antisymmetry of y mnp , for <5 \R tv/ = this is invariant up to 
a total derivative. 

In the case of 11 dimensions this local symmetry implies that the phys- 
ical degrees of freedom correspond only to the 128 . Therefore, this is the 
number of physical polarization states of the gravitino in 11 dimensions. In 
the interacting theory this local symmetry is identified as local supersymme- 
try. This amount of supersymmetry gives 32 conserved supercharges, which 
form a 32-component Majorana spinor. This is the dimension of the minimal 
spinor in 11 dimensions, so there couldn’t be less supersymmetry than that 
in a Lorentz-invariant vacuum. Also, if there were more supersymmetry, the 
representation theory of the algebra would require the existence of massless 
states with spin greater than two. It is believed to be impossible to construct 
consistent interacting theories with such higher spins in Minkowski space- 
time. For this reason, one does not expect to find nontrivial supersymmetric 
theories for D > 11. 

In order for the D = 11 supergravity theory to be supersymmetric, there 
must be an equal number of physical bosonic and fermionic degrees of free- 
dom. The missing bosonic degrees of freedom required for supersymmetry 

2 The reader not familiar with these concepts can consult the appendix of Chapter 9 for some 

basics. These also appeared in the anomaly analysis of Chapter 5. 
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are obtained from a rank-3 antisymmetric tensor, Amnp , which can be rep- 
resented as a three- form A3. As usual for such form fields, the theory has 
to be invariant under the gauge transformations 

A3 — >• A3 + dA 2 , (8.7) 

where A 2 is a two-form. As is always the case for antisymmetric tensor 
gauge fields, including the Maxwell field, the gauge invariance ensures that 
the indices for the independent physical polarizations are transverse. In the 
case of a three- form in 11 dimensions this means that there are 9 -8- 7/3! = 84 
physical degrees of freedom. Together with the graviton, this gives 44+84 = 
128 propagating bosonic degrees of freedom, which matches the number of 
propagating fermionic degrees of freedom of the gravitino, which is the only 
ferrni field in the theory. 



Action 

The requirement of invariance under A3 gauge transformations, together 
with general coordinate invariance and local Lorentz invariance, puts strong 
constraints on the form of the action. As in all supergravity theories, di- 
mensional analysis determines that the number of derivatives plus half the 
number of fermi fields is equal to two for each term in the action. This re- 
quirement reduces the arbitrariness to a few numerical coefficients. Finally, 
the requirement of local supersymmetry leads to a unique supergravity the- 
ory in D = 11 (up to normalization conventions). In fact, it is so strongly 
constrained that its existence appears quite miraculous. 

The bosonic part of the 11-dinrensional supergravity action is 

2 k 2 u S = J d ll xV^G [r - \\F4A ~ l f A3 A F 4 A F 4 , (8.8) 

where R is the scalar curvature, F 4 = gL4 3 is the field strength associated 
with the potential A3, and kh denotes the 11-dimensional gravitational cou- 
pling constant. The relation between the 11-dinrensional Newton’s constant 
Gui, the gravitational constant kh and the 11-dimensional Planck length i v 
is 3 

167 rGn = 2 k 2 u = -^(2vr£ p ) 9 . (8.9) 

27T 

The last term in Eq. (8.8), which has a Chern-Simons structure, is inde- 
pendent of the elfbein (or the metric). The first term does depend on the 
elfbein, but only in the metric combination 

Gmn = V abFmEn- (8.10) 



3 The coefficients in these relations are the most commonly used conventions. 
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The quantity \Ff\ 2 is defined by the general rule 



F n 



2 



^ Q M | .V] qM 2 N 2 _ _ _ QM n Nn, 

n\ 



F Ml M 2 ■ ■■ ■■ ■ M n Fn 1 N 2 -N n - 



( 8 . 11 ) 



Supersymmetry transformations 

The complete action of 11-dimensional supergravity is invariant under local 
supersymmetry transformations under which the fields transform according 





& 

fa 

ii 




SAmnp 


— — 3£-T[ M7V Tp] j 


(8.12) 


5^m 


= V M e + ± (TmFW - 3f£ } ) e. 





Here we have introduced the definitions 

F(4) = 1 Fmnp Q tMNPQ (8.13) 

and 

F$ = T m , F (4 )] = i F MNPQ r Np Q . (8.14) 

Straightforward generalizations of this notation are used in the following. 
The formula for 5 T m displays the terms that are of leading order in ferrni 
fields. Additional terms of the form (fermi) 2 e have been dropped. The Dirac 
matrices satisfy 

Tm = FmT a, (8.15) 

where T^ are the numerical (coordinate-independent) matrices that obey 
the flat-space Dirac algebra. Also, the square brackets represent antisym- 
metrization of the indices with unit weight. For example, 

IqMTv'I'p] = ^(Tmn'Tp + Tjvp^m + Tpm'Tn)- (8.16) 

Another convenient notation that has been used here is 



_ p[MipM2 _ _ _ pM„] 



(8.17) 



The covariant derivative that appears in Eq. (8.12) involves the spin con- 
nection oj and is given by 

Va/£ = + -^>mabT AB £. 



(8.18) 
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The spin connection can be expressed in terms of the elfbein by 

UMAB = 2 ( ^MAB + & ABM ~ ^ BMA ), (8.19) 

where 

^MN A = 2d[ N E^. ( 8 . 20 ) 

In fact, these relations are valid in any dimension. Depending on conven- 
tions, the spin connection may also contain terms that are quadratic in ferrni 
fields. Such terms are neglected here, since they are not relevant to the issues 
that we discuss. 



Supersymmetric solutions 

One might wonder why the supersymmetry transformations have been pre- 
sented without also presenting the fermionic terms in the action. After all, 
it is the complete action including the fermionic terms that is supersym- 
metric. The justification is that one of the main uses of this action, and 
others like it, is to construct classical solutions. For this purpose, only the 
bosonic terms in the action are required, since a classical solution always 
has vanishing fermionic fields. 

One is also interested in knowing how many of the supersymmetries sur- 
vive as vacuum symmetries of the solution. Given a supersymmetric solu- 
tion, there exist spinors, called Killing spinors , that characterize the super- 
symmetries of the solution. The concept is similar to that of Killing vectors, 
which characterize bosonic symmetries. Killing vectors are vectors that ap- 
pear as parameters of infinitesimal general coordinate transformations under 
which the fields are invariant for a specific solution. In analogous fashion, 
Killing spinors are spinors that parametrize infinitesimal supersymmetry 
transformations under which the fields are invariant for a specific field con- 
figuration. Since the supersymmetry variations of the bosonic fields always 
contain one or more fermionic fields, which vanish classically, these variations 
are guaranteed to vanish. Thus, in exploring supersymmetry of solutions, 
the terms of interest are the variations of the fermionic fields that do not 
contain any fermionic fields. In the case at hand this means that Killing 
spinors e are given by solutions of the equation 

= Vms+^ (t m F (4) - 3F$) £ = 0, (8.21) 

and the bosonic terms that have been included in Eq. (8.12) determine the 
possible supersymmetric solutions. 
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M-branes 

An important feature of M-theory (and 11-dinrensional supergravity) is the 
presence of the three- form gauge field A3. As has been explained in Chap- 
ter 6, such fields couple to branes, which in turn are sources for the gauge 
field. In this case (n = 3 and D = 11) the three- form can couple electrically 
to a two-brane, called the M2-brane, and magnetically to a five-brane, called 
the M5-brane. If the tensions saturate a BPS bound (as they do), these are 
stable supersymmetric branes whose tensions can be computed exactly. By 
focusing attention on BPS M-branes, it is possible to learn various facts 
about M-theory that go beyond the low-energy effective-action expansion. 
In fact, we will even discover an M-theory version of T-duality that shows 
the limitations of a geometrical description. 

The only scale in M-theory is the 11-dimensional Planck length i p . There- 
fore, the M-brane tensions can be determined, up to numerical factors, by 
dimensional analysis. The exact results, which are confirmed by duality ar- 
guments relating M-branes to branes in type II superstring theories, turn 
out to be 

T M2 = 2tt(2tt£ p )~ 3 and T M5 = 2ir{2Tr£ p )~ 6 . (8.22) 

As is the case with all BPS branes, an M-brane can be excited so that it is 
no longer BPS, but then it would be unstable and radiate until reaching the 
minimal BPS energy density in (8.22). 



Type IIA supergravity 

The action of 11-dinrensional supergravity is related to the actions of the 
various ten-dimensional supergravity theories, which are the low-energy ef- 
fective descriptions of superstring theories. The most direct connection is 
between 11-dinrensional supergravity and type IIA supergravity. The deep 
reason is that M-theory conrpactifred on a circle of radius R corresponds 
to type IIA superstring theory in ten dimensions with coupling constant 
g s = R/yfa'. This duality is discussed later in this chapter. 4 For now, the 
important consequence is that it implies that type IIA supergravity can be 
obtained from 11-dimensional supergravity by dimensional reduction. Di- 
mensional reduction is achieved by taking one dimension to be a circle and 
only keeping the zero modes in the Fourier expansions of the various fields. 
This is to be contrasted with compactification , where all the modes are kept 

4 In particular, it turns out that the type IIA superstring can be obtained from the M2-brane 
by wrapping one dimension of the membrane on the circle to give a string in the other ten 
dimensions. 
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in the lower-dimensional theory. In fact, the type IIA supergravity action 
was originally constructed by dimensional reduction. This is the easiest 
method, so it is utilized in the following. 

Fermionic fields 

As we already discussed in Chapter 5, the massless fermions of type IIA 
supergravity consist of two Majorana-Weyl gravitinos of opposite chirality 
and two Majorana-Weyl dilatinos of opposite chirality. These fermionic 
fields can be obtained by taking an 11-dimensional Majorana gravitino and 
dimensionally reducing it to ten dimensions. The 32-component Majorana 
spinors I'm give a pair of 16-component Majorana-Weyl spinors of oppo- 
site chirality. Then the first ten components give the two ten-dimensional 
gravitinos and $n gives the two ten-dimensional dilatinos. Each type IIA 
dilatino has eight physical polarizations, because the Dirac equation implies 
that half of the 16 components describe independent propagating modes. For 
the counting to add up, it is clear that each of the gravitinos must have 56 
physical degrees of freedom. These are the dimensions of irreducible repre- 
sentations of Spin( 8), so the discussion given here can be understood group 
theoretically as the decomposition of the 128 representation of Spin{ 9) into 
irreducible representations of the subgroup Spin( 8). Altogether, there are 
128 fermionic degrees of freedom, just as in 11 dimensions. This preserva- 
tion of degrees of freedom is a general feature of dimensional reduction on 
circles or tori. 



Bosonic fields 

Let us now consider the dimensional reduction of the bosonic fields of 11- 
dimensional supergravity, the metric and the three-form. Greek letters 
(i, v, . . . refer to the first ten components of the 11-dimensional indices M, N, 
which are chosen to take the values 0, 1, . . . , 9, 11. Note that we skip the in- 
dex value 10. The metric is decomposed according to 



Omn = e - 24/3 L'*- + J, 



2<s> A A 
2 *A V 



0 2<J> 



A- 

„ 24 > 



(8.23) 



where all of the fields depend on the ten-dimensional space-time coordinates 
x ^ only. The exponential factors of the scalar field <L, which turns out to be 
the dilaton, are introduced for later convenience. From the decomposition 
of the 11-dimensional metric (8.23) one gets a ten-dimensional metric g^, 
a 17(1) gauge field A /t and a scalar dilaton held Equation (8.23) can be 
recast in the form 

ds 2 = G M Ndx M dx N = e-^^g^dx^dx" + e 4 ^ 3 (dx u + A^f. (8.24) 




309 



8.1 Low-energy effective actions 
In terms of the elfbein this reduction takes the form 



< = 



e $ / 3 e“ 
g 2$/3 e 



0 

2$/3 



(8.25) 



where e“ is the ten-dimensional zehnbein. The corresponding inverse elfbein, 
which is useful in the following, is given by 



JT'M 



( e*/ 3 e£ 0 \ 

\-e*/ 3 A a e “ 2$ / 3 ) ' 



(8.26) 



The three- form in d = 11 gives rise to a three- form and a two- form in 
D = 10 



■^]ivp — Afwp and ^[ w ii ~ Bp,„, (8.27) 

with the corresponding field strengths given by 

FpvpX = and F^vp n = Hfivp- (8.28) 



The dimensional reduction can lead to somewhat lengthy formulas due to 
the nondiagonal form of the metric. A useful trick for dealing with this is 
to convert first to tangent-space indices, since the reduction of the tangent- 
space metric is trivial. With this motivation, let us expand 

77(11) 77M JpN TpP TpQ 17(11) /o 9 q\ 

^ ABCD ~ E B E C E d L mnPQ- ( 8 . 29 ) 

There are two cases depending on whether the indices (A, B , C, D) are purely 
ten-dimensional or one of them is 11-dimensional 

F a^d = e^ / 3 (F abcd + 4 A [a H bcd] ) = e^/ 3 F abcd , 

(8.30) 

^(H) _ e $/3]j 
r abcll e n abc- 



It follows that upon dimensional reduction the 1 1-dimensional field strength 
is a combination of a four-form and a three-form field strength 

F (4) = e 4$/3p(4) + e */3 H (3) riij ( 8 . 31 ) 

where Tn is the ten-dimensional chirality operator. The quantities F*) 4 ) and 
H(3) are defined in the same way as in Eq. (8.13). Using differential- 
form notation, the rescaled tensor field can be written as 



F4 = (IA3 + Ai A H3. 



(8.32) 



Notice that for the four-form F 4 to be invariant under the (7(1) gauge 
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transformation 5A\ = dA, the three-form potential should transform as 
5 = dA A B. Then 

SF 4 = d(dA A B) + dA A H 3 = 0. (8.33) 

In addition, the four-form F 4 is invariant under the more obvious gauge 
transformation 5 A 3 = dA%. 



Coupling constants 

The vacuum expectation value of exp is the type IIA superstring coupling 
constant g s . From Eq. (8.24) we see that if a distance in string units is 1, 
say, then the same distance measured in lid Planck units is g s . For small 
g s , this is large. It follows that the Planck length is smaller than the string 
length if g s is small. As a result, 5 

l p = with £ s = \fa! . (8.34) 

In ten dimensions the relation between Newton’s constant, the gravita- 
tional coupling constant and the string length and coupling constant is 

16t tG w = 2 = 7 1(2tt 4) 8 5 s 2 - (8.35) 

Z7T 

Dimensional reduction on a circle of radius R n gives a relation between 
Newton’s constant in ten and 11 dimensions 



Gn — 27ri?nGio. (8.36) 

Using Eqs (8.9) and (8.34), one deduces that the radius of the circle is 

Rn = gl'Hp = g s £ s . (8.37) 

These formulas are confirmed again later in this chapter when the type IIA 
DO-brane is identified with the first Kaluza-Klein excitation on the circle. 
Let us also define 

2k 2 = -‘-(2vr4) 8 , (8.38) 

Z7T 

which agrees with 2 up to a factor of g 2 , that is, k 40 = n 2 g^. 

5 Chapter 2 introduced a string length scale l s = V 2a' , which has been used until now. Here it is 
convenient to introduce a string length scale i s = vV, which is used throughout this chapter. 
Note the change of font. Both conventions are used in the literature, and there is little to be 
gained from eliminating one of them. 
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The bosonic action in the string frame for the D = 10 type IIA supergravity 
theory is obtained from the bosonic D = 11 action once the integration over 
the compact coordinate is carried out. The result contains three distinct 
types of terms 

S = 5ns + •S'r + ‘S'cs- (8.39) 

The first term is 

5nS = i / dlt V= 3 e- 2 * (r + ~\\H2,\ 2 Y (8.40) 

Note that the coefficient is 1/2 k 2 , which does not contain any powers of the 
string coupling constant g s . This string- frame action is characterized by the 
exponential dilaton dependence in front of the curvature scalar. By a Weyl 
rescaling of the metric, this action can be transformed to the Einstein frame 
in which the Einstein term has the conventional form. This is a homework 
problem. 

The remaining two terms in the action S involve the R-R fields and are 
given by 

5r = " 4 hj dl ° X ^ ( |i?212 + ’ (8 ' 41) 

5cs = J -B 2 AF 4 AF 4 . (8.42) 

As a side remark, let us point out the following: a general rule, discussed in 
Chapter 3, is that a world sheet of Euler characteristic x gives a contribution 
with a dilaton dependence exp(y<3?), which leads to the correct dependence 
on the string coupling constant. All terms in the classical action Eq. (8.39) 
correspond to a spherical world sheet with y = — 2 , because they describe 
the leading order of the expansion in g s . Notice, however, that the terms 
5r and 5cs ; which involve R-R fields, do not contain the expected factor 
of e~ 2$ . This is only a consequence of the way the R-R fields have been 
defined. One could rescale C\ and F 2 by Ci = e~®C\ and F -2 = e~^F 2 , 
where F 2 = dC\ — dd> A C\ and make analogous redefinitions for C 3 and 
F 4 . Then the factor of e -2$ would appear in all terms. However, this field 
redefinition is not usually made, so the action that is displayed is in the form 
that is most commonly found in the literature. 

Supersymmetry transformations 

Let us now examine the supersymmetry transformations of the ferrni fields 
to leading order in these fields. We first rewrite the gravitino variation in 
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Eq. (8.12) in the form 

6* A = E^e + hoABC T BC £ + ^ [3F^T A - T A F^ e, (8.43) 

where we are using 11-dinrensional tangent-space indices. To interpret the 
previous expression in terms of ten-dimensional quantities, we need to work 
out the various pieces of the spin connection, which (to avoid confusion) is 
now denoted uj a ^q- Using Eq. (8.19), one finds that 

4c rBC = e* /3 (“abc r 6c - j^iy*^) + e 4cT,/3 F a6 r 6 r n (8.44) 

and 

oJ ( n^ c T RC = - l -e Aq,/ *F bc T bc - ^e $/3 r^r n ^T. (8.45) 

Using these equations 

= --^F^e - ^Sr'Tne + ^e 9 F^T U £ + (8.46) 

and 

e-*/ 3 <5tf a = e p V p £ - ^T a p d^£ + ^F ab T b Tn£ 

+ l_e*(3FWT a - r a F^)e - ^(3H^r a + T a H (3) )rn£. (8.47) 

To obtain the supersymmetry transformations in the desired form, we 
define new spinors as follows: 

A = e - * /6 tfu, (8.48) 

^ = e"*/ 6 (^ + ^Tn* n ) (8.49) 

and i = exp(<h/6)e. The hnal expressions for the supersymmetry transfor- 
mations then become 6 

SX = Vc^Tn + ^H< 3 > - ^e $ F( 2 ) + ^e^F^Tn^ e (8.50) 

and 

= (v M - |H^r n - ^e*F l/p T li vp r n + ^FWr„j e. (8.51) 
The second term in has an interpretation as torsion . 1 Because of the T n 

6 In order to make the equations less cluttered, we have removed the tildes from the fermionic 
fields and e. 

7 Torsion is defined in the appendix of Chapter 9. 
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factor, the torsion has opposite sign for the opposite chiralities ^(liTu)*!/^ 
The spinors A, and e are each Majorana spinors. As such they could 
be decomposed into a pair of Majorana-Weyl spinors of opposite chirality, 
though there is no advantage in doing so. Therefore, they describe two 
dilatinos, two gravitinos and M = 2 supersymmetry in ten dimensions. 



Type IIB supergravity 

Unlike type IIA supergravity, the type IIB theory cannot be obtained by 
reduction from 11-dimensional supergravity. The guiding principles to con- 
struct this theory come from supersymmetry as well as gauge invariance. 
One challenging feature of the type IIB theory is that the self-dual five-form 
field strength introduces an obstruction to formulating the action in a man- 
ifestly covariant form. One strategy for dealing with this is to focus on the 
field equations instead, since they can be written covariantly. Alternatively, 
one can write an action that needs to be supplemented by a self-duality 
constraint. 



Field content 

Chapter 5 derived the massless spectrum of the type IIB superstring, which 
gives the particle content of type IIB supergravity. The fermionic part of the 
spectrum consists of two left-handed Majorana-Weyl gravitinos (or, equiv- 
alently, one Weyl gravitino) and two right-handed Majorana-Weyl dilatinos 
(or, equivalently, one Weyl dilatino). The NS-NS bosons consist of the met- 
ric (or zehnbein), the two-form B 2 (with field strength H% = dB- 2 ) and the 
dilaton <L. The R-R sector consists of form fields Co, C -2 and C4. The latter 
has a self-dual field strength F§. 

The self-dual five-form 

The presence of the self-dual five-form introduces a significant complication 
for writing down a classical action for type IIB supergravity. The basic issue, 
which also exists for analogous self-dual tensors in two and six dimensions, 
is that an action of the form 

J \F 5 \ 2 d w x (8.52) 

does not incorporate the self-duality constraint, and therefore it describes 
twice the desired number of propagating degrees of freedom. The introduc- 
tion of a Lagrange multiplier field to implement the self-duality condition 
does not help, because the Lagrange multiplier field itself ends up reintro- 
ducing the components it was intended to eliminate. 
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There are several different ways of dealing with the problem of the self- 
dual held. The original approach is to not construct an action, but only 
the Held equations and the supersymmetry transformations. This is entirely 
adequate for most purposes, since the supergravity theory is only an effec- 
tive theory, and not a quantum theory that one inserts in a path integral. 
The basic idea is that the supersymmetric variation of an equation of mo- 
tion should give another equation of motion (or combination of equations 
of motion). By pursuing this systematically, it turns out to be possible to 
determine the supersymmetry transformations and the Held equations simul- 
taneously. In fact, the equations are highly overconstrained, so one obtains 
many consistency checks. 

It is possible to formulate a manifestly covariant action with the correct 
degrees of freedom if, following Pasti, Sorokin, and Tonin (PST), one in- 
troduces an auxiliary scalar field and a compensating gauge symmetry in a 
suitable manner. The extra gauge symmetry can be used to set the auxiliary 
scalar field equal to one of the space-time coordinates as a gauge choice, but 
then the resulting gauge-fixed theory does not have manifest general coordi- 
nate invariance in one of the directions. Nonetheless, it is a correct theory, 
at least for space-time topologies for which this gauge choice is globally well 
defined. 



An action 

We do not follow the PST approach here, but instead present an action 
that gives the correct equations of motion when one imposes the self-duality 
condition as an extra constraint. Such an action is not supersymmetric, how- 
ever, because (without the constraint) it has more bosonic than fermionic 
degrees of freedom. Moreover, the constraint cannot be incorporated into 
the action for the reasons discussed above. 

The way to discover this action is to first construct the supersymmetric 
equations of motion, and then to write down an action that reproduces those 
equations when the self-duality condition is imposed by hand. The bosonic 
part of the type IIB supergravity action obtained in this way takes the form 

S = S'ns + 5r + Scs- (8.53) 

Here 5 ns is the same expression as for the type IIA supergravity theory in 
Eq. (8.40), while the parts of the action describing the massless R— R sector 
fields are given by 

Sk = ~i^S dl ° x ^ ( |i?l12 + |i?a|2 + ’ (8 - 54) 
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'S'cs = - 2 y C4 A IL3 A F 3 . 


(8.55) 


In these formulas F n+ \ = dC n , H 3 = (IB 2 and 




F 3 = F 3 — Co H 3 , 


(8.56) 


1 1 


(8.57) 


F 5 = F 5 - -C 2 A H 3 + -B 2 A F 3 . 



These are the gauge-invariant combinations analogous to F 4 in the type 
IIA theory. In each case the R-R fields that appear here differ by field 
redefinitions from the ones that couple simply to the D-brane world volumes, 
as described in Chapter 6. The five-form satisfying the self-duality condition 
is T5, that is, 

T5 = *1*5. (8.58) 

This condition has to be imposed as a constraint that supplements the equa- 
tions of motion that follow from the action. 



Supersymmetry transformations 

Even though the action we presented is not the bosonic part of a supersym- 
metric action, the field equations, including the constraint, are. In other 
words, as explained earlier, the supersymmetry variations of these equa- 
tions vanish if after the variation one imposes the equations themselves. 
The supersymmetry transformations of type IIB supergravity are required 
in later chapters, so we present them here. 

Let us represent the dilatino and gravitino fields by Weyl spinors A and 
Tp,, respectively. Similarly, the infinitesimal supersymmetry parameter is 
represented by a Weyl spinor e. The supersymmetry transformations of the 
ferrni fields of type IIB supergravity (to leading order in ferrni fields) are 

SX = ^ (r9 /t <L - ie*dpC Q ) T^e + i - H< 3 >) £* (8.59) 

and 

= (v /t + i (2H® + ie^T^ e*. 

(8.60) 



Global SL(2, R) symmetry 

Type IIB supergravity has a noncompact global symmetry SL(2,JR). This 
is not evident in the equations above, so let us sketch what is required to 
make it apparent. The theory has two two-form potentials, B 2 and C2, which 
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transform as a doublet under the SX(2,R) symmetry group. Therefore, to 
rewrite the action in a way that the symmetry is manifest, let us rename 
the two-fornr potentials B 2 = and C 2 = B^ and introduce a two- 
component vector notation 



B 2 



B^ 1 ) 

n 2 

B ^ 2 ) 
n 2 




(8.61) 



Similarly, H-$ 
formation by 



c 7 E >2 is also a two-component column vector. Under a trans- 



A = (" I) € “ (2 ’ R) 



(8.62) 



the B fields transform linearly by the rule 



B 2 — > ab 2 . 



(8.63) 



Since the parameters in A are constants, H;$ transforms in the same way. 
The complex scalar field r, defined by 

r = Cq + ie -$ , (8.64) 



is useful because it transforms nonlinearly by the familiar rule 

cit + b 

T ;• 

cr + a 



(8.65) 



The field Co is sometimes referred to as an axion, because of the shift sym- 
metry Co — > Co+constant of the theory (in the supergravity approximation), 
and then the complex field r is referred to as an axion-dilaton field. 

The action can be conveniently written in terms of the symmetric SL{ 2, R) 
matrix 

* = '*(-£ T°)’ < 8 '“) 

which transforms by the simple rule 

M -»• (A _ 1 ) t MA _1 . (8.67) 



The canonical Einstein-frame metric gj w and the four-form C 4 are SL( 2, R) 
invariant. Note that since the dilaton transforms, the type IIB string-frame 
metric g^ u in the action (8.53), which is related to the canonical Einstein 
metric by 



a - e ^/2 a E 



( 8 . 68 ) 
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is not SL( 2,R) invariant. The transformation of the scalar curvature term 
under this change of variables is given by 

^2 J d w xy/^ge~ 2 ^R^ J d 10 xy/^g(R - ^$<9^$), (8.69) 

where the string-frame metric is used in the first expression and the Einstein- 
frame metric is used in the second one. 

Using the quantities defined above, the type IIB supergravity action can 
be recast in the form 

5 = i / dl ° x ^ (R ~ Y 2 H n,P MHlWp + |tr (d^Md^M- 1 )) 

-US d w x^g\F b \ 2 + J SijC4 A H® A H&) , (8.70) 

where the metric g E is used throughout. This action is manifestly invariant 
under global SL( 2, 1R) transformations. 

The self-duality equation, F 5 = *F$, which is imposed as a constraint in 
this formalism, is also 5L(2, 1R) invariant. To see this, first note that the 
Hodge dual that defines *F^ is invariant under a Weyl rescaling, so that it 
doesn’t matter whether it is defined using the string-frame metric or the 
Einstein-frame metric. The definition of E 5 in Eq. (8.57) can be recast in 
the manifestly SX(2,1R) invariant form 

h = F^ + ^£ijBf hH^\ (8.71) 

The invariance of the self-duality equation then follows. 



Type I supergravity 

Field content 

As explained in Chapter 6 , type I superstring theory arises as an orientifold 
projection of the type IIB superstring theory. This involves a truncation 
of the type IIB closed-string spectrum to the left-right symmetric states 
as well as the addition of a twisted sector consisting of open strings. The 
massless closed-string sector is N = 1 supergravity in ten dimensions and 
the massless open-string sector is M = 1 super Yang-Mills theory with gauge 
group 50(32) in ten dimensions. Therefore, the low-energy effective action 
should describe the interactions of these two supermultiplets to leading order 
in the a! expansion. 
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Restricting to the bosonic sector of the theory, the massless fields of type 
I superstring theory in ten dimensions consist of 

guv, C 2 and A^. (8.72) 

Here g /iu is the graviton, <L is the dilaton, C 2 is the R-R two-form and A M 
is the 50(32) Yang-Mills gauge field coming from the twisted sector. 



Action 



In the string frame, the bosonic part of the supersymmetric Lagrangian 
describing the low-energy limit of the type I superstring is 



- 2 $ 



e " (R + Ad^d^) - l\F 3 \ 2 - ^e” $ tr(|F 2 | 2 ) 

2 5 



S= ^J dl ° xV ^~ 9 

(8.73) 

Here F 2 = dA + A A A is the Yang-Mills field strength corresponding to the 
gauge field A = A^dx^ 1 . Moreover, 



F 3 = dC 2 + -^ 3 , 



(8.74) 



as explained in the anomaly analysis of Chapter 5 . 8 In the full string theory 
the Chern-Simons term is 



W 3 = WL — WYM, 



(8.75) 



where 



and 



cul = tr(cu A duo + -uj A uj A uj) 

O 



(^ym — tr(H A dA -\~ — A A A A A). 

o 



(8.76) 

(8.77) 



Here uj l is the Lorentz Chern-Simons term (uj is the spin connection) and 
wym is the Yang-Mills Chern-Simons term. However, the Lorentz Chern- 
Simons term is higher-order in derivatives, so only the Yang-Mills Chern- 
Simons term is part of the low-energy effective supergravity theory. 

The parameter g , introduced in Eq. (8.73), is related to the ten-dimensional 
Yang-Mills coupling constant gyu by 

= = (2rf,)V (8.78) 



In type I superstring theory, ^ym is an open-string coupling, and therefore 



8 The conventions here correspond to setting the parameter /z that was introduced in Section 5.4 
equal to S/£ g. The gauge field A is antihermitian as in Chapter 5. 
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it is proportional to \/gf. As discussed in Chapter 3, this is a consequence of 
the fact that open strings couple to world-sheet boundaries, whereas closed 
strings couple to interior points of the string world sheet. 9 In the heterotic 
string theory, considered in the next section, the counting is a bit different. 
There <7 ym is a closed-string coupling, and therefore it is proportional to g s . 

Note that the first two terms of Eq. (8.73) come from a spherical world 
sheet (with x = — 2), whereas the last term comes from a disk world sheet 
(with x = ~ !)• The third term involves an R-R field and therefore is 
independent of <h, as discussed earlier. 

The action (8.73) describes J\f = 1 supergravity coupled to 50(32) super 
Yang-Mills theory in ten dimensions. As such, it only contains the leading 
terms in the low-energy expansion of the effective action of the type I super- 
string theory. In this particular case, some of the higher-order corrections 
to this action are already known from the anomaly analysis. Specifically, 
as mentioned above, the Chern-Simons term in the definition of con- 
tains both a Yang-Mills and a Lorentz contribution in the full theory, but 
the Lorentz Chern-Simons term is higher-order in derivatives, and there- 
fore it is not included in the leading low-energy effective action. A local 
counterterm proportional to 



C 2 A Y 8 , 



(8.79) 



also required by anomaly cancellation, consists entirely of terms of higher 
dimension than are included in the action given above. 10 



Supersymmetry transformations 

Let us now consider the supersymmetry transformations that leave the type 
I effective action invariant. The terms involving the supergravity nmltiplet 
can be obtained by truncation of the type IIB supersymmetry transforma- 
tions given earlier. The type IIB formulas used complex ferrni fields such as 
A = Ai + i\- 2 , and similarly for and the supersymmetry parameter e. In 
the truncation to type I the combinations that survive are Majorana-Weyl 
fields given by sums such as A = Ai + A 2 , and similarly for 'k At and the 
supersymmetry parameter e. Using this rule, the type IIB formulas imply 
that the transformations of the fermions in the supergravity multiplet are 



9 This rule can be understood in terms of the genus of the relevant world-sheet diagrams. 

10 The precise form of Y$ can be found in Chapter 5. 
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given in the type I case by 

= V M £ - !e*F( 3 )ry, 

S\ =\^£+\e^¥^£, (8.80) 

S'X = -\T (2) £. 

The last equation represents the supersymmetry transformation of the ad- 
joint fermions x i n the super Yang-Mills multiplet. As always, there are 
corrections to these formulas that are quadratic in ferrni fields, but these 
are not needed to construct Killing spinor equations. 

Heterotic supergravity 

Chapter 7 derived the particle spectrum of the heterotic string theories in 
ten-dimensional Minkowski space-time. The massless field content of the 
50(32) heterotic string theory is exactly the same as that of the type I 
superstring theory. The massless fields of the Eg x Eg heterotic string differ 
only by the replacement of the gauge group, though the differences are more 
substantial for the massive excitations. 

Action 

The bosonic part of the low-energy effective action of both of the heterotic 
theories in the ten-dimensional string frame is given by 

5 = i / dl ° x V=ge- 2 * R + 4d^d^-^\H 3 \ 2 -^Tr(\F 2 \ 2 ) . 

(8.81) 

Note that the entire action comes from a spherical world sheet in this case, 
and heterotic theories have no R-R fields, which explains why every term 
contains a factor of exp(— 2<h). F 2 is the field strength corresponding to the 
gauge groups 50(32) or Eg x Eg and 

i 2 

H 3 = dB 2 + -^-(^3 (8.82) 

satisfies the relation 

dH 3 = ^ ^tri? A R - \-F A F^j . (8.83) 

However, as noted in the type I context, the Lorentz term is not part of 
the leading low-energy effective theory. The gauge theory trace denoted Tr 
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is evaluated using the 496-dimensional adjoint representation. As was dis- 
cussed in Chapter 5, this can be re-expressed in terms of the 32-dimensional 
fundamental representation of 50(32), for which the trace is denoted tr, by 
using the identity 

tr F A F = — TrF A F. (8.84) 

Sometimes this notation is used in the Eg x Eg theory, as well, even though 
this group doesn’t have a 32-dinrensional representation. In this notation, 
the cohomology classes of trl? A R and trF A F must be equal, since dHg is 
exact. 



Supersymmetry transformations 

The heterotic string effective action has M = 1 local supersymmetry in ten 
dimensions, which means that the gravitino field is a Majorana-Weyl 
spinor. There is also a Majorana-Weyl dilatino field A. The bosonic parts 
of the transformation formulas of the fermi fields, which is what is required 
to read off the Killing spinor equations, are 

^ = V„e - |h£ 3) £, 

SX = -\Wd^e+ |h( 3 E, (8.85) 

Sx = 

The first two transformations can be deduced from the type IIB supersym- 
metry transformations by truncating to an J\f = 1 subsector and keeping 
only the NS-NS fields. A nice feature of this formulation is that the H 3 
contribution to can be interpreted as torsion. 



Exercises 



Exercise 8.3 

The previous section described the global symmetry of the type IIB super- 
gravity action using a matrix A4. Verify the identities 

-tr (d^Md^M- 1 ) = - 2(Im ^ )2 = -- {d^d^ + e^Co^Co) . 

Verify the SL(2, R) invariance of this expression. 
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Solution 



By definition r = Co + ie ® and 



M = e 



|r| 2 -Co 
-Co 1 



As a result, 



AT 1 = e $ 



1 Co 
C 0 |r| 2 



So 



-Md^Md^M- 1 ) = (e $ |r| 2 ) (e*) - ^ (C 0 e $ ) d' 1 (Coe' 1 ’) 



1 



= -- (< 9 ^ t $ + e^d^Cod^Co) . 



Also, 



<9 m t<9„t 1 



2(Imr 



^' 2 = -^e 2$ d M (C 0 + ie $ ) (9 /t (C 0 - ie $ ) 



= -\ {d^d^ + e^Co^Co) . 

This establishes the required identities. The SL( 2, IR) symmetry is manifest 
for tr(0 M A because when one substitutes M — > (A _1 ) T A1A _1 the 
constant A factors cancel using the cyclicity of the trace. □ 



Exercise 8.4 

Verify that the action in Eq. (8.70) agrees with Eq. (8.53). 

Solution 

First we need the action (8.53) in the Einstein frame. Using Eqs (8.68) and 
(8.69), it is given by S = S'ns + Sr, + Scs 5 where 

S NS = ^ / d w xV^g (r - \d^d^ - VVsl 3 ) 

Sr = ~4^J (c 2 *|^i | 2 + c *!^! 2 + |l^5| 2 ) 

Scs = ~~^2 j C 4 A Ho A -F 3 . 

We only need to rewrite the first two terms in Eq. (8.70) and compare them 




8.2 S- duality 



323 



with the corresponding terms in the above actions, since the last two terms 
obviously agree. These terms are 

— T 2 H^upM H^ vp + ±tr (d^Md^M- 1 ) 

- -§e* {\t\ 2 \H 3 \ 2 + \F 3 \ 2 - 2C 0 F • H) - \ {8^8^ + e^ 8 ^C 0 8 ^C 0 ) 

- (e~*\H 3 \ 2 + e* (F 3 - C 0 tf 3 ) 2 ) - \ • 

Using F 3 = F 3 — Co H 3 , it becomes manifest that all terms match. □ 



8.2 S-duality 

S-duality is a transformation that relates a string theory with coupling con- 
stant g s to a (possibly) different theory with coupling constant l/g s . This is 
analogous to the way that T-duality relates a circular dimension of radius 
R to one of radius d 2 /R- In each case the parameter is given by the vacuum 
expectation value of a scalar field. Thus the duality, at a more fundamental 
level, can be understood in terms of field transformations. 

The symmetry of Maxwell’s equation under the interchange of electric 
and magnetic quantities, combined with the Dirac quantization condition, 
already hints at the possibility of such a duality in field theory. This 
strong-weak (or electric-magnetic) duality symmetry generalizes to non- 
abelian gauge theories. The cleanest example is M = 4 supersymmetric 
Yang-Mills (SYM) theory, which is a conformally invariant quantum the- 
ory, a fact that plays an important role in Chapter 12. In fact, when one 
includes a 6 term 

s„ = jY J F* A F“ (8.86) 

in the definition of the M = 4 SYM theory (as one should), this theory has 
an SL( 2, 7L) duality under which the complex coupling constant 

9 4-7T 

r = 7T" +l ^r~ 

2 ^ 9 Y m 

transforms as a modular parameter. The fact that the theory is conformally 
invariant ensures that r is a constant independent of any renormalization 
scale. The simple electric-magnetic duality <7 ym — ► 47t/(/ym corresponds to 
the special case r — > — 1 jr evaluated for 0 = 0. There has been extensive 
progress in recent times in understanding electric-magnetic dualities of other 



(8.87) 
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supersymmetric gauge theories, starting with the important work of Seiberg 
and Witten in 1994 for J\f = 2 gauge theories. 



A double expansion 

In order to understand the various string dualities and their relationships it is 
useful to view string theory as a simultaneous expansion in two parameters: 11 

• One parameter is the Regge slope (or inverse string tension) a ' . An ex- 
pansion in a' is an expansion in “stringiness” about the point-particle 
limit. Mathematically, it is the perturbation expansion that corresponds 
to quantum-mechanical treatment of the string world-sheet theory, even 
though it concerns the classical physics of a string. (Recall that the world- 
sheet action has a coefficient 1/cd, so that a' plays a role analogous to 
Planck’s constant.) Since a' has dimensions of (length) 2 , the dimension- 
less expansion parameter can be a'p 2 , where p is a characteristic momen- 
tum or energy, or a' /L 2 , where L is a characteristic length scale, such as 
the size of a compact dimension. 

• The second expansion is the one in the string coupling constant g s , which 
is the expectation value of the exponentiated dilaton field. This is the 
expansion in the number of string loops or, equivalently, the genus of the 
string world sheet. 

S-duality and T-duality are quite analogous. However, S-duality seems 
deeper in that it is nonperturbative in the string loop expansion, whereas 
T-duality holds order by order in the loop expansion. In particular, it is 
valid in the leading (tree or classical) approximation. 



Type I superstring - SO (32) heterotic string duality 

The low-energy effective actions for the type I and 50(32) heterotic theories 
are very similar. In particular, they are mapped into one another by the 
simple transformation 

T — > (8.88) 

combined with a Weyl rescaling of the metric 

g [iv (8.89) 

Thus the canonical Einstein metric g^ w = e~^^ 2 g/ J/U is an invariant combina- 
tion. All other bosonic fields remain unchanged {A A and B 2 O 2 ). 



11 The discussion that follows applies to any of the superstring theories. 
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This leads to the conjecture that the two string theories (not just their 
low-energy limits) are actually dual to one another, which means that they 
are descriptions in two different regions of the parameter space of one and 
the same quantum theory. Since the string coupling constant is the vev of 
exp(<f>) in each case, Eq. (8.88) implies that the type I superstring coupling 
constant is the reciprocal of the 50(32) heterotic string coupling constant, 

g\gf = l. (8.90) 

Thus, when one of the two theories is weakly coupled, the other one is 
strongly coupled. This, of course, makes proving the type I-heterotic duality 
difficult. Some checks, beyond the analysis of the effective actions described 
above, can be made and no discrepancy has been found. More significantly, 
this is one link in an intricate overconstrained web of dualities. If any of 
them were wrong, the whole story would fall apart. 

Nonperturbative test 

As an example of a nonperturbative test of the duality, consider the D-string 
of the type I theory, whose tension is 

T 1 1 

D1 g s 2vr£2 

Let us test the conjecture that this string actually is the 50(32) heterotic 
string, whose tension is 

Tfi = 4 ' (8 ' 92) 

continued from weak coupling to strong coupling. The D-string is a super- 
symmetric object that saturates a BPS bound, and therefore the tension 
formula ought to be exact for all values of g s . To compare these formulas 
one must realize that although the physical values of £ s are the same in the 
two cases, they are being measured in different metrics, as a consequence of 
the Weyl rescaling in Eq. (8.89). Thus 

4 -»• 4 y/gl- (8.93) 

Combined with the rule g s — > l/g s , this indeed implies that the tensions Tbi 
and Tpi agree. Note that the transformation g s — ► 1 / g s , £ s — » £ S \/~9s squares 
to the identity, and so it is the same as its inverse. 

The tensions of the magnetically-charged 5-branes that are dual to these 
strings can be compared in similar fashion. This is guaranteed to work by 



(8.91) 
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what has already been said, but let’s check it anyway. In the type I theory 



?D5 = 



S's(27r) 5 £f ’ 



and in the heterotic theory 



^NS5 = 



1 



(3s) 2 (27r) 5 £f 

Once again, these map into one another in the required fashion. 



(8.94) 



(8.95) 



The fundamental type I string 

Having seen that the 50(32) heterotic string can be identified with the type 
I D-string, one might wonder whether one can also identify a counterpart 
for the fundamental type I string in the 50(32) heterotic theory. To answer 
this it is important to understand the essential difference between the two 
types of strings. The type I F-string does not carry a conserved charge, and 
it is not supersymmetric. The two-form B- 2 , which is the field that couples 
to a fundamental type IIB string, is removed from the spectrum by the 
orientifold projection. There are two ways of thinking about the reason that 
a type I F-string can break, both of which are correct. One is that there 
are space-time-filling D9-branes, and fundamental strings can break on D- 
branes. The other one is that since it does not carry a conserved charge, 
and it is not supersymmetric, there is no conservation law that prevents it 
from breaking. The amplitude for breaking a type I string is proportional 
to sjgl, so these strings can be long-lived for sufficiently small coupling 
constant. This is good enough for making them the fundamental objects 
on which to base a perturbation expansion. However, if the type I coupling 
constant is large, the type I F-strings are no longer a useful concept, since 
they disintegrate as shown in Fig. 8.1. Accordingly, there is no trace of them 
in the weakly-coupled heterotic description. 



> 

\ 

\ 

\ 





Fig. 8.1. The fundamental type I string disintegrates at strong coupling. 
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Type IIB S- duality 

Type IIB supergravity has a global SL(2, R) symmetry that was described 
earlier. However this symmetry of the low-energy effective action is not 
shared by the full type IIB superstring theory. Indeed, it is broken by 
a variety of stringy and quantum effects to the infinite discrete subgroup 
SL( 2,Z). One way of seeing this is to think about stable strings in this 
theory. Since there are two two-form gauge fields B 2 (NS-NS two-form) and 
C '2 (R-R two-form) there are two types of charge that a string can carry. 
The F-string (or fundamental string) has charge (1,0), which means that it 
has one unit of the charge that couples to B 2 and none of the charge that 
couples to C' 2 . In similar fashion, the D-string couples to C '2 and has charge 
(0, 1). Since the two- forms form a doublet of SL( 2, R) it follows that these 
strings also transform as a doublet. In general, they transform into (p, q) 
strings, which carry both kinds of charge. The restriction to the SL{ 2, 7L) 
subgroup is essential to ensure that these charges are integers, as is required 
by the Dirac quantization conditions. 



Symmetry under g s — > 1/ g s 

Recall that in type IIB supergravity the complex field 

r = Co + ie~® (8.96) 

transforms nonlinearly under SL( 2, R) transformations. This remains true 
in the full string theory, but only for the discrete subgroup SL( 2,Z). In 
particular, the transformation t — — 1/r, evaluated at Co = 0, changes the 
sign of the dilaton, which implies that the string coupling constant maps 
to its inverse. This is an S-duality transformation like the one that relates 
the type I superstring and 50(32) heterotic string theories. In this case it 
relates the type IIB superstring theory to itself. Moreover, it is only one 
element of the infinite duality group SL(2,Z). This duality group bears a 
striking resemblance to that of the JV = 4 SYM theory discussed at the 
beginning of this section. In Chapter 12 it is shown that this is not an 
accident. 



( p , q ) strings 

The (p. q) strings are all on an equal footing, so they are all supersymmetric, 
in particular. This implies that each of their tensions saturates a BPS bound 
given by supersymmetry, and this uniquely determines what their tensions 
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are. In the string frame, the result turns out to be 





T(p,q) = \p - QTB | 7 fi = Tfi y 


'(p- 


«oV . i 2 

"sj + pr 


(8.97) 


where we 


have defined the vev 










TB = lT) = 2 i 
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(8.98) 


and 
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(8.99) 



This result can be derived by constructing the (p, q ) strings as solitonic, 
solutions of the type IIB supergravity field equations. The fact that these 
equations are only approximations to the superstring equations doesn’t mat- 
ter for getting the tension right, since it is a consequence of supersymmetry. 
Later, we confirm this tension formula by deriving it from a duality that 
relates the type IIB theory to M-theory. 

Note that the F-string tension formula is valid for all values of 9q, but the 
usual D-string tension formula 

Tfi 

Tdi = 1(0,1) = (8.100) 

9s 

is only valid for 9q = 0. Note also that a ( p , q) string with 6q = 2n is 
equivalent to a (jp — q, q) string with 6q = 0. 

These (p, q) string tensions satisfy a triangle inequality 

T(p 1 +p 2 ,qi+q2) — 1 ( pi, 91 ) "b T(p 2 ,q2)i (8.101) 

and equality requires that the vectors (pi . q \ ) and (p 2 , 92 ) are parallel. One 
way of stating the conclusion is that a (p. q) string can be regarded as a 
bound state of p F-strings and q D-strings. It has lower tension than any 
other configuration with the same charges if and only if p and q are coprime. 
If there is a common divisor, there exists a multiple-string configuration with 
the same charges and tension. 

Other BPS states 

Let us briefly consider the SL( 2, Z) properties of the other BPS type IIB 
branes: 

• The D3-brane carries a charge that couples to the SL( 2, 7L) singlet field 
C4. Therefore, it transforms as an SL( 2, Z) singlet, as well. This fact has 
the interesting consequence that any (p, q) string can end on a D3-brane, 




8.3 M-theory 



329 



since an SL{2, Z) transformation that turns an F-string into a ( p , q ) string 
leaves the D3-brane invariant. 

• There exist stable supersymmetric ( p , q) 5-branes, which are the magnetic 
duals of ( p , q) strings. Their SL( 2, 7L) properties are quite similar to those 
of the ( p , q) strings. 

• The D7-brane couples magnetically to Co- This field transforms in a 
rather complicated way under SL{ 2, Z), so it is not immediately obvious 
how to classify 7-branes. Although this issue won’t be pursued here, the 
classification is important, because certain nonperturbative vacua of type 
IIB superstring theory (described by F-theory) contain various 7-branes. 
This is addressed later. 

The definition of a D-brane as a p-brane on which an F-string can end 
has to be interpreted carefully for p = 1. A naive interpretation of “a 
fundamental string ending on a D-string” would suggest a junction of three 
string segments, one of which is (1,0) and two of which are (0,1). This 
is not correct, however, because the charge on the end of the fundamental 
string results in flux that must go into one or the other of the attached 
string segments, changing the string charge in the process. In short, the 
three-string junction must satisfy charge conservation. This means that an 
allowed junction of three strings with charges (p0), g(0) with i = 1, 2, 3 has 
to satisfy 

^p« = ^y0 = o. (8.102) 

i i 

Mathematically, this is just like momentum conservation at a vertex in a 
Feynman diagram (in two dimensions). The junction configuration is stable 
if the angles are chosen so that the three tensions, treated as vectors, add 
to zero. It is possible to build complex string webs using such junctions. 



8.3 M-theory 

The term M-theory was introduced by Witten to refer to the “mysterious” 
or “magical” quantum theory in 11 dimensions whose leading low-energy 
effective action is 11-dimensional supergravity. M-theory is not yet fully 
formulated, but the evidence for its existence is very compelling. It is as 
fundamental (but not more) as type IIB superstring theory, for example. 
In fact, the latter is somewhat better understood precisely because it is a 
string theory and therefore admits a well-defined perturbation expansion. 
This section describes a duality that relates M-theory compactified on a 
torus to type IIB superstring theory compactified on a circle. Since this 
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duality requires a particular geometric set-up, it only allows solutions (or 
quantum vacua) of one theory to be recast in terms of the other theory for 
appropriate classes of geometries. 

The description of M-theory in terms of an effective action is clearly not 
fundamental, so string theorists are searching for alternative formulations. 
One proposal for an exact nonperturbative formulation of M-theory, known 
as Matrix theory , is discussed in Chapter 12. It is not the whole story, 
however, since it is only applicable for a limited class of background geome- 
tries. A more general approach, called AdS/CFT duality , also is discussed 
in Chapter 12. 



Type IIA superstring theory at strong coupling 

The low-energy limit of type IIA superstring theory is type IIA supergravity, 
and this supergravity theory can be obtained by dimensional reduction of 
11-dimensional supergravity, as has already been discussed. However, the 
correspondence between type IIA superstring theory and M-theory is much 
deeper than that. So let us take a closer look at the strong-coupling limit 
of the type IIA superstring theory. 

DO-branes 

Type IIA superstring theory has stable nonperturbative excitations, the DO- 
branes, whose mass in the string frame is given by {^ s 9s) 1 - The claim is that 
this can be interpreted from the viewpoint of M-theory compactified on a 
circle as the first Kaluza-Klein excitation of the massless supergravity mul- 
tiplet. The entire 256-dimensional supermultiplet is sometimes referred to 
as the supergraviton. To examine this claim, let us consider 11-dimensional 
supergravity (or M-theory) compactified on a circle. The mass of the super- 
graviton in 11 dimensions is zero 

M\ x = -p M p M = 0, M = 0, 1, . . . , 9, 11. (8.103) 

In ten dimensions this takes the form 

M w = -PiiP 11 = Pin h = 0, 1, • • • , 9. (8.104) 

The momentum on the circle in the eleventh direction is quantized, p\\ = 
N/Rn, and therefore the spectrum of ten- dimensional masses is 

(Mat) 2 = (N/Rn) 2 with IV £ Z (8.105) 

representing a tower of Kaluza-Klein excitations. These states also form 
short (256-dimensional) supersymmetry multiplets, so that they are all BPS 
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states, and carry N units of a conserved U( 1) charge. For N = 1 the 
correspondence with the DO-brane requires that 

R u = £ s g s , (8.106) 

in agreement with the result presented in Section 8.1. The DO-branes are 
nonperturbative excitations of the type IIA theory, since their tensions di- 
verge as g s — > 0. Therefore, this correspondence provides a test of the duality 
between the type IIA theory and 11-dimensional M-theory that goes beyond 
the perturbative regime. 

Since Rn = (■ sds , the radius of the compactihcation is proportional to 
the string coupling constant. This means that the perturbative regime of 
the type IIA superstring theory in which g s — > 0 corresponds to the limit 
Ru — > 0. Conversely, the strong-coupling limit, that is, the limit g s — > oo, 
corresponds to decompactihcation of the circular eleventh dimension giving 
a theory in which all ten spatial dimensions are on an equal footing. The 
11-dimensional theory obtained in this way is M-theory, and the low-energy 
limit of M-theory is 11-dimensional supergravity. 

Turning the argument around, this is powerful evidence in support of 
a nontrivial result concerning the existence of bound states of DO-branes. 
The IVth Kaluza-Klein excitation gives a multiplet of stable particles in ten 
dimensions that have N units of charge. Therefore, they can be regarded 
as bound states of N DO-branes. However, these are a very special type of 
bound state, one that has zero binding energy. There is no room for any 
binding energy, since these states saturate a BPS bound, which means they 
are as light as they are allowed to be for a state with N units of DO-brane 
charge. It also means that the mass formula in Eq. (8.105) is exact for all 
values of g s . As discussed earlier, the only way in which the BPS mass 
formula could be violated would be for the short supermultiplet to turn 
into a long supermultiplet. However, the degrees of freedom that would be 
needed for this to happen are not present in this case. 

Bound states with zero binding energy are called threshold bound states, 
and the question of whether or not they are stable is a very delicate matter. 
From the Kaluza-Klein viewpoint it is clear that they should be stable, but 
from the point of view of the dynamics of DO-branes in the type IIA theory, 
it is not at all obvious. In fact, the proof is highly technical involving an 
index theorem for a family of non-Fredholm operators. Moreover, the result 
is specific to this particular problem. There are other instances in which 
coincident BPS states do not form threshold bound states. An example 
that we already encountered concerns the type IIB ( p , q ) strings. These 
strings are only stable bound states if p and q are coprime. 
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M-branes 

The BPS branes of M-theory are the M2-brane and the M5-brane. M-theory 
on R 11 does not contain any strings. This raises the following question: 
What happens to the type IIA fundamental string for large coupling, when 
the theory turns into M-theory? The only plausible guess is that the type 
IIA F-string is actually an M2-brane with a circular dimension wrapping 
the circular eleventh dimension. Since tension is energy density, this identi- 
fication requires that 

Tfi = 27ri?nTM2- (8.107) 

This relation is satisfied by the tensions 

1 ^> ^ T 

Tn = 2rff “ d Tu2 = S’ (8 ' 108) 

as can be verified using R\\ = £ s g s and i v = g s i s . All of these relations 
were presented earlier, and the proposal presented here confirms that they 
are correct. Various other branes can be matched in a similar manner. For 
example, the D4-brane is identified to be an M5-brane with one dimension 
wrapped on the spatial circle. 

Another interesting fact can be deduced by considering the M-theory ori- 
gin of a type IIA configuration in which an F-string ends on a D4-brane. 
In view of the above, this clearly corresponds to an M2-brane ending on 
an M5-brane, where each of the M-branes is wrapped around the circular 
dimension. One reason that a type IIA F-string can end on a D-brane is 
that the flux associated with the charge at the end of the string is carried 
away by the one-form gauge field of the D-brane world- volume theory. That 
being the case, one can ask what is the corresponding mechanism for M- 
branes. The end of the M2-brane is a string inside the M5-brane. So the 
world-volume theory of the M5-brane must contain a two-form gauge field 
A 2 to carry away the associated flux. That is indeed the case. In fact, 
the corresponding field strength F 3 is self-dual, just like the five-form field 
strength in type IIB supergravity. 



The D6-brane 

The preceding discussion explained the M-theory origin of the type IIA Dp- 
branes for p = 0, 2, 4 in terms of wrapped or unwrapped M-branes. This 
raises the question of how one should understand the D6-brane from an 
M-theory point of view. Clearly, unlike the other D-branes, it cannot be 
related to the M2-brane or the M5-brane in any simple way. The key to 
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answering this question is to recall that the D6-brane is the magnetic dual 
of the DO-brane and that the DO-brane is interpreted as a Kaluza-Klein 
excitation along the x 11 circle. The DO-brane carries electric charge with 
respect to the U( 1) gauge field C M = g lt \ i . Therefore, the D6-brane should 
couple magnetically to this same gauge field. 

This problem was solved long ago for the case of pure gravity in five di- 
mensions compactified on a circle. In this case, the challenge is to construct 
the five-dimensional metric that describes the Kaluza-Klein monopole , that 
is, a magnetically charged soliton in four dimensions. By tensoring this so- 
lution with R 6 , exactly the same construction applies to the 11-dimensional 
problem. The extra six flat dimensions constitute the spatial directions of 
the D6-brane world volume. 

The relevant five-dimensional geometry that is Ricci-flat and nonsingular 
in five dimensions is given by 

ds\ = — dt 2 + d4 N , (8.109) 

where the Taub-NUT metric is 

^ s tn = V{ r ) {dr 2 + r 2 d£l\) + {dy + Rsm 2 (6/2) deft) 2 . (8.110) 

Here dfl 2 = d6 2 + sin 2 6d(j) 2 is the metric of a round unit two-sphere, and 

V(r) = l + |p (8.111) 

Also, the magnetic field is given by 

B = — VU = Vxl with A,/, = Rsm 2 (9/2), (8.112) 

where we have displayed only the nonvanishing component of the vector 
potential. The Taub-NUT metric is nonsingular at r = 0 if the coordinate 
y has period 2itR. Thus the actual radius of the circle is 

R(r) = V{r)~ 1/2 R, (8.113) 

which approaches R for r — » oo and zero as r — > 0. 

The mass of the soliton described by the Taub-NUT metric can be com- 
puted by integrating the energy density Too- For the purpose of understand- 
ing the tension of the D6-brane, we can add six more flat dimensions and 
obtain 

T “=iH h!^ v - (8 ' 114) 
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Since the integral gives 2irR, 

_ (2itR) 2 _ 2irR _ 2vr 
D6 167rGn 167 tGi 0 (2tt Q 7 g s ' 



(8.115) 



where we have used R = g s £ s - This agrees with the value obtained in 
Chapter 6. 

There is a simple generalization of the above, the multi-center Taub-NUT 
metric, that describes a system of N parallel D6-branes. The metric in this 
case is 



ds 2 = V (x)dx • dx + 



V(x) 



+ A ■ dx 



(8.116) 



where 



B = -VC = Vxd 



and 



V{x) = 1 + 



R A 1 
2 lx — x c 

a = 1 



(8.117) 



Since this system is BPS, the tension and magnetic charge are just N times 
the single D6-brane values. 

A similar construction applies to other string theories compactified on 
circles. Indeed, the type IIB superstring theory compactified on a circle 
contains a Kaluza-Klein 5-brane, constructed in the same way as the D6- 
brane, which is the magnetic dual of the Kaluza-Klein 0-brane. A T-duality 
transformation along the circular dimension transforms the type IIB theory 
into the type IIA theory compactified on the dual circle. The Kaluza-Klein 
0-brane is dual to a fundamental type IIA string wound on the dual circle. 
Therefore, the Kaluza-Klein 5-brane must map to the magnetic dual of the 
fundamental IIA string, which is the type IIA NS5-brane. 



Eg X Kg heterotic string theory at strong coupling 

Let us briefly review the Horava-Witten picture of the strongly coupled 
e 8 x Kg heterotic string theory. One starts with the strongly coupled type 
IIA superstring theory, or equivalently M-theory on R 9,1 X S l , and mods 
out by a certain Z2 symmetry, much like one does in deriving the type I 
superstring theory from the type IIB superstring theory. The appropriate 
TL -2 symmetry in this case includes the following reversals: 

x 11 — > —x 11 and A3 — > —A3. (8.118) 

In particular, modding out by this 7L-2 action implies that the zero mode of 
the Fourier expansion of A^ up in the x 11 direction is eliminated from the 
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spectrum, while the zero mode of 

B, JV = i F n (8.119) 

survives. This is required, of course, to account for the fact that M = 1 
supergravity in ten dimensions contains a massless two-form but no massless 
three-form. The heterotic string coupling constant g s is given by 

g s = Ru/£ s , (8.120) 

just as in the case of the type II A theory. 

The space S' 1 /Z 2 can be regarded as a line segment from x 11 = 0 to 
.x 11 = irRu. The two end points are the fixed points of the orbifold. Their 
presence leads to an interesting physical picture: the 11-dimensional space- 
time can be viewed as a slab of thickness 7ri?n. The two ten-dimensional 
boundaries are the orbifold singularities where the super Yang-Mills fields 
are localized. The two boundaries are sometimes called end-of-the-world 
9-branes. Each of them carries the gauge fields for an Eg group. This is a 
very intuitive way of understanding why this theory has a gauge group that 
is a product of two identical factors. The fact that the boundaries carry 
Eg gauge supermultiplets is required for anomaly cancellation. There are 
no anomalies in odd dimensions, except at a boundary. In this case the 
boundary anomaly cancels only for the gauge group Eg. No other choice 
works, as was explained in Chapter 5. 

There is an alternative route by which one can deduce that M-theory com- 
pactified on S x fTL 2 is dual to the Eg x Eg heterotic string in ten dimensions. 
It uses the following sequence of dualities that have been introduced previ- 
ously: (1) T-duality between the Eg x Eg heterotic string and the SO( 32) 
heterotic string; (2) S-duality between the 50(32) heterotic string and the 
type I superstring; (3) T-duality between the type I superstring and the 
type I' superstring; (4) identification of the type I' superstring as a type IIA 
orientifold; (5) duality between the type IIA superstring and M-theory on a 
circle. Quantitative details of this construction are described in Exercise 8.6. 

M2-branes, with the topology of a cylinder, are allowed to terminate on 
a boundary of the space-time, so that the boundary of the M2-brane is a 
closed loop inside the end-of-the-world 9-brane. In this picture, an Eg x Eg 
heterotic string is a cylindrical M2-brane suspended between the two space- 
time boundaries, with one Eg associated with each boundary. This cylinder 
is well approximated by a string living in ten dimensions when the separation 
ttRu is small, as indicated in Fig. 8.2. Since perturbation theory in g s is an 
expansion about R\\ = 0, the fact that there really are 11 dimensions and 
that the string is actually a membrane is invisible in that approach. The 
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tension of the heterotic string is therefore 

Th = 2ttRuTm2 = (27T4 2 )- 1 . (8.121) 

All of these statements are straightforward counterparts of statements con- 
cerning the strongly coupled type IIA superstring theory. 

There are two possible strong coupling limits of the Eg x Eg heterotic 
string theory. One possibility is a limit in which both boundaries go to 
infinity, so that one ends up with an IR, 11 space-time geometry. This is the 
same limit as one obtains by starting with type IIA superstring theory and 
letting Ru —> oo. The strongly coupled Eg x Eg heterotic string and the type 
IIA superstring theory are identical in the 11-dinrensional bulk. The only 
thing that distinguishes them is the existence of boundaries in the former 
case. The second possibility is to hold one boundary fixed as R\\ —> oo. 
This limit leads to a semi-infinite eleventh dimension. Since there is just 
one boundary in this limit, there is just one Eg gauge group. This limit has 
received very little attention in the literature. It is also possible to consider 
11-dinrensional geometries with more than two boundaries, and therefore 
more than two Eg groups. 

In studies of possible phenomenological applications of the strongly cou- 
pled Eg x Eg heterotic string, a subject sometimes called heterotic M-theory , 
one considers compactification of six more spatial dimensions (usually on 
a Calabi-Yau space). An interesting possibility that does not arise in 





Fig. 8.2. A cylindrical M2-brane suspended between two end-of-the-world 9-branes 
is approximated by an Eg x Eg heterotic string as Ru — > 0. 
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the weakly coupled ten-dimensional description is that moduli of this six- 
dimensional space, as well as other moduli (such as the vev of the dilaton), 
can vary along the length of the compact eleventh dimension. Thus, for 
example, one Eg theory can be more strongly coupled than the other one. 
This is explored further in Chapter 10. 



Exercises 



Exercise 8.5 

Use T-duality to deduce the tension of the type IIB Kaluza-Klein 5-brane. 

Solution 

The type IIB KK5-brane is T-dual to the NS5-brane in the type IIA theory. 
In the type IIA theory one can form the dimensionless combination 

?NS5 _ J_ 

Tt>2 ~ 2vr- 

is a dimensionless number, it is preserved under T-duality ir- 
of the coordinate frame used to measure distances. Under the 

Tnss — > 7kk 5 and Td2 — ► ^RgTxgg. 

in the type IIB string frame 

Tkks = T(2 Tfl9 r D3 ) 2 = (8.122) 

It is an interesting fact that this is proportional to the square of the radius. 

□ 

Exercise 8.6 

Show that the duality between M-theory on S 1 /7L 2 and the Eg x Eg heterotic 
string is a consequence of previously discussed dualities. 

Solution 

Consider the Eg X Eg heterotic string with string coupling g s and x 9 coor- 
dinate compactified on a circle of radius Rg. This is T-dual to the 50(32) 



Since this 
respective 
T-duality 

Therefore, 
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heterotic string on a circle of radius 

Rg = / R9 



and coupling 



g' s = i s g s /R9- 



As discussed in Chapter 7, Wilson lines need to be turned on to give the 
desired Eg x Eg gauge symmetry. Applying an S-duality transformation 
then gives the type I string with 

// _ _ R9 

and 

R'l = R 9 VM = R'v/VFs = ( 4 ) 3 / 2 / v / ^- 

Another T-duality then gives the type l' theory with 

Rg = fjRg = y/R&gs 



and 

g 1 : 1 = £ s g , :/R'' = (R 9 /£ s ) 3 / 2 g- 1 / 2 . 

In the bulk this is the type IIA theory, so we can use the type IIA/M-theory 
duality to introduce R\\ = g'" t s and t v = (g'”) 1 ^^. A little algebra then 
gives the relations 

R%/* p = (5s) 2/3 



and 



Ru 



Rl 

TDfff ' 
-ftg 



Now we can decompactify Rg — > 00 at fixed Rg and £ p . Note that Ru — * 00 
at the same time. On the one hand, this gives the ten-dimensional Eg x Eg 
heterotic string, with coupling constant g s , while on the other hand it gives 
a dual M-theory description with a compact eleventh dimension that is an 
interval of length nR'g satisfying the expected relation Rg = (g s ) 2 ^£ p . □ 



8.4 M-theory dualities 

The previous section showed that the strongly coupled type IIA superstring 
and the strongly coupled Eg x Eg heterotic string have a simple M-theory 
interpretation. There are additional dualities involving M-theory that relate 
it to the other superstring theories as well as to itself. 
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An M-theory /type IIB superstring duality 

M-theory compactified on a circle gives the type IIA superstring theory, 
while type IIA superstring theory on a circle corresponds to type IIB super- 
string theory on a dual circle. Putting these two facts together it follows 
that there should be a duality between M-theory on a two-torus T 2 and type 
IIB superstring theory on a circle S 1 . The M-theory torus is characterized 
by an area Am and a modulus tm, while the IIB circle has radius Rb ■ Let 
us explore this duality directly without reference to the type IIA theory. 
Specifically, the plan is to compare various BPS states and branes in nine 
dimensions. 

Since all of the (p. q ) strings in type IIB superstring theory are related 
by SL( 2, 7L ) transformations, 12 they are all equivalent, and any one of them 
can be weakly coupled. However, when one is weakly coupled, all of the 
others are necessarily strongly coupled. Let us consider an arbitrary (p, q ) 
string and write down the spectrum of its nine-dimensional excitations in 
the limit of weak coupling using the standard string theory formulas given 
in Chapter 6: 

m b = ( + (2ttR b WT m ) 2 + 4 + N R ). (8.123) 

As before, K is the Kaluza-Klein excitation number and W is the string 
winding number. IVl and N R are excitation numbers of left-moving and 
right-moving oscillator modes, and the level-matching condition is 

N r - N l = KW. (8.124) 

The plan is to use the formula above for all the (p, q ) strings simultane- 
ously. However, the formula is completely meaningless at strong coupling, 
and at most one of the strings is weakly coupled. The appropriate trick in 
this case is to consider only BPS states, that is, ones belonging to short 
supersymmetry multiplets, since their mass formulas can be reliably extrap- 
olated to strong coupling. They are easy to identify, being given by either 
Al = 0 or N r = 0. (Ones with Nb = N R = 0 are ultrashort.) In this way, 
one obtains exact mass formulas for a very large part of the spectrum - much 
more than appears in any perturbative limit. Of course, the appearance of 
this rich spectrum of BPS states depends crucially on the compactification. 

There is a unique correspondence between the three integers W,p, q, where 
p and q are coprime, and an arbitrary pair of integers ni,n 2 given by 
( 77 . 1 , 77 , 2 ) = (Wp,Wq). The integer W is the greatest common divisor of n± 



12 It is assumed here that p and q are coprime. 
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and n 2 - The only ambiguity is whether to choose W or —W, but since W 
is the (oriented) winding number and the (— p, —q) string is the orientation- 
reversed (p,q) string, the two choices are actually equivalent. Thus BPS 
states are characterized by three integers K, n \ , n 2 and oscillator excitations 
corresponding to N l = |VEiL|, tensored with a 16-dimensional short mul- 
tiplet from the IVr = 0 sector (or vice versa). Note that the combination 
\W\T( pq ^, which appears in Eq. (8.123), can be rewritten using Eq. (8.97) 
in the form 

|VE|T(p )? ) = | m - 7i2T B |T F i. (8.125) 

Let us now consider M-theory compactified on a torus. If the two periods 
in the complex plane, which define the torus, are 27ri?n and 2ttRuTm, then 

Am = (27ri?n) 2 ImTM (8.126) 



is the area of the torus. In terms of coordinates z = x + iy on the torus, a 
single- valued wave function has the form 



V'm.nz ~ exp 




n 2 x — 



r^Re tm — ni 
Imr M 




(8.127) 



These characterize Kaluza-Klein excitations. The contribution to the mass- 
squared is given by the eigenvalue of — <9 2 — <9 2 , 



Mkk = 






2 , (n 2 RerM-ni)" 
n 2 + 



(Imr M ) 2 



\m - ri-2'nvir 

(RhIiutm) 2 ’ 



(8.128) 



Clearly, this term has the right structure to match the type IIB string 
winding-mode terms, described above, for the identification 



Tm = Tb- (8.129) 

The normalization of Afj 2 K and the winding-mode contribution to Afg is not 
the same, but that is because they are measured in different metrics. The 
matching tells us how to relate the two metrics, a formula to be presented 
soon. 

The identification in Eq. (8.129) is a pleasant surprise, because it implies 
that the nonperturbative SL( 2, TL) symmetry of type IIB superstring theory, 
after compactification on a circle, has a dual M-theory interpretation as the 
modular group of a toroidal compactification! Modular transformations of 
the torus are certainly symmetries, since they correspond to the disconnected 
components of the diffeomorphism group. Once the symmetry is established 
for finite Rb, it should also persist in the decompactification limit — > oo. 

To go further requires an M-theory counterpart of the term ( K/R-q ) 2 in 
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the type IIB superstring mass formula (8.123). Here there is also a natural 
candidate: wrapping M-theory M2-branes so as to cover the torus K times. 
If the M2-brane tension is Xm 2 , this gives a contribution ( AmTm 2K ) 2 to the 
mass-squared. Matching the normalization of this term and the Kaluza- 
Klein term gives two relations. One learns that the metrics in nine dimen- 
sions are related by 

g (M ) = /?V B) , (8.130) 




(8.131) 



(8.132) 



Since all the other factors are constants, this gives (for fixed tb = tm) the 
scaling law Rb ~ H M 3 ^ 4 . 

There still are the oscillator excitations of the type IIB superstring BPS 
mass formula to account for. Their M-theory counterparts must be exci- 
tations of the wrapped M2-brane. Unfortunately, the quantization of the 
M2-brane is not understood well enough to check this, though this must 
surely be possible. 



Matching BPS brane tensions in nine dimensions 

We can carry out additional tests of the proposed duality, and learn inter- 
esting new relations at the same time, by matching BPS p-branes with p > 0 
in nine dimensions. Only some of the simpler cases are described here. Let 
us start with strings in nine dimensions. Trivial reduction of the type IIB 
strings, that is, not wrapped on the circular dimension gives strings with the 
same charges (p. q ) and tensions T( P: q) in nine dimensions. The interesting 
question is how these should be interpreted in M-theory. The way to answer 
this is to start with an M2-brane of toroidal topology in M-theory and to 
wrap one of its cycles on a ( p , q) homology cycle of the spatial torus. The 
minimal length of such a cycle is 13 

L( p , q ) = 2ttR u \p - qr M \ ■ (8.133) 

13 This is understood most easily by considering the covering space of the torus, which is the 
plane tiled by parallelograms. A closed geodesic curve on the torus is represented by a straight 
line between equivalent points in the covering space, as shown in Fig. 8.3. 
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Thus, this wrapping gives a string in nine dimensions, whose tension is 

r £g) = L (p,q) T - M2- (8-134) 

The superscript 11 emphasizes that this is measured in the 11-dimensional 
metric. To compare with the type IIB string tensions, we use Eqs (8.130) 
and (8.131) to deduce that 

r (M ) = (8.135) 

This agrees with the result given earlier, showing that this is a correct in- 
terpretation. 

• • • • • 

• • • • • 

• • • 

• • • 

Fig. 8.3. In the covering space of the torus, which is the plane tiled by parallelo- 
grams, a closed geodesic curve on the torus is represented by a straight line between 
equivalent points. 

To match 2-branes in nine dimensions requires wrapping the type IIB 
D3-brane on the circle and comparing to the unwrapped M2-brane. The 
wrapped D3-brane gives a 2-brane with tension 2ttRbTd^. Including the 
metric conversion factor, the matching gives 

Tm 2 = 2nR B f3 3 T m . (8.136) 

Combining this with Eqs (8.131) and (8.132) gives the identity 

T d ,3 = (8.137) 

47 Tg s 

in agreement with the tension formulas in Chapter 6. It is remarkable that 
the M-theory/type IIB superstring theory duality not only relates M-theory 
tensions to type IIB superstring theory tensions, but it even implies a rela- 
tion involving only type IIB tensions. 

Wrapping the M5-brane on the spatial torus gives a 3-brane in nine di- 
mensions, which can be identified with the unwrapped type IIB D3-brane 
in nine dimensions. This gives 

2~M5^4m = /3 4 7d3, 




(8.138) 
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which combined with Eqs (8.131) and (8.137) implies that 

T M5 = 7T~ (^M2) 2 - (8.139) 

Z7T 

This corresponds to satisfying the Dirac quantization condition with the 
minimum allowed product of charges. It also provides a check of the tensions 
in (8.22). 



An M-theory /SO (32) superstring duality 

There is a duality that is closely related to the one just considered that 
relates M-theory compactified on (5 X /Z 2 ) x 5 1 to the 50(32) theory com- 
pactified on 5 1 . Because of the similarity of the two problems, fewer details 
are provided this time. 

M-theory on a cylinder 



< L, 

Fig. 8.4. Duality between M-theory on a cylinder and 50(32) on a circle. 

Since 5 1 /^2 can be regarded as a line interval I, (5 X /Z 2 ) x 5 1 can be re- 
garded as a cylinder. Let us choose its height to be L\ and its circumference 
to be L -2 = 27ri?2- The circumference of the circle on which the dual 50(32) 
theory is compactified is Lo = 2irRo as measured in the ten-dimensional 
Einstein metric. This is illustrated in Fig. 8.4. 

The 50(32) theory in ten dimensions has both a type I and a heterotic 
description, which are 5 dual. As before, the duality can be explored by 
matching supersymmetry-preserving (BPS) branes in nine dimensions. Re- 
call that in the 50(32) theory, there is just one two-form field, and the 
p-branes that couple to it are the 50(32) heterotic string and its magnetic 
dual, which is a solitonic 5-brane. (From the type I viewpoint, both of these 
are D-branes.) The heterotic string can give a O-brane or a 1-brane in nine 
dimensions, and the dual 5-brane can give a 5-brane or a 4-brane in nine 




SO(32) on a circle 





344 



M-theory and string duality 



dimensions. In each case, the issue is simply whether or not one cycle of the 
brane wraps around the spatial circle. 

Now let us find the corresponding nine-dimensional p-branes from the M- 
theory viewpoint and explore what can be learned from matching tensions. 
The Eg X E 8 string arises in ten dimensions from wrapping the M2-brane 
on /. Subsequent reduction on a circle can give a 0-brane or a 1-brane. The 
story for the M5-brane is just the reverse. Whereas the M2-brane must wrap 
the I dimension, the M5-brane must not do so. As a result, it gives a 5-brane 
or a 4-brane in nine dimensions according to whether or not it wraps around 
the 5 1 dimension. So, altogether, both pictures give the electric-magnetic 
dual pairs (0,5) and (1,4) in nine dimensions. 

From the p-brane matching one learns that the SO (32) heterotic string 
coupling constant is 



^ HO) 



u 

L2 



(8.140) 



Thus, the SO (32) heterotic string is weakly coupled when the spatial cylin- 
der of the M-theory compactification is a thin ribbon (L 1 <C L 2 ). This 
is consistent with the earlier conclusion that the Eg x Eg heterotic string 
is weakly coupled when L\ is small. Conversely, the type I superstring is 
weakly coupled for L 2 <C L\, in which case the spatial cylinder is long and 
thin. The Z 2 transformation that inverts the modulus of the cylinder, L 1 /L 2 , 
corresponds to the type I/heterotic S duality of the 50(32) theory. Since it 
is not a symmetry of the cylinder it implies that two different-looking string 
theories are 5 dual. This is to be contrasted with the SL( 2, Z) modular 
group symmetry of the torus, which accounts for the self-duality of the type 
IIB theory. 

The p-brane matching in nine dimensions also gives the relation 

/ T (HO) r2 \ - 1 

TiL|T M 2 = f 1 ^ ° j , (8.141) 



which is the analog of Eq. (8.132). As in that case, it tells us that, for 
fixed modulus L1/L2, one has the scaling law L o ~ Aq ' , where Aq = 
L 1 L 2 is the area of the cylinder. Equation (8.139) relating Tm 2 and Tms is 
reobtained, and one also learns that 



WHO) _ 1 /A 2 V (HO)x 3 

5 “ (2tt) 2 UJ 1 



(8.142) 



In the heterotic string-frame metric, where T^ H0 ^ 



is a constant, this implies 
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that 

rf 0) ~ (<?s (HO) r 2 , (8-143) 

as is typical of a soliton. In the type I string-frame metric, on the other 
hand, it implies that 

2~di ~ 1 /gjp and Tbs ~ 1/gjp, (8.144) 

consistent with the fact that both are D-branes from the type I viewpoint. 



U- duality 

It is natural to seek type II counterparts of the 0(n, n; 7L) and 0(16+n, n; 7L) 
duality groups that were found in Chapter 7 for toroidal compactification 
of the bosonic and heterotic string theories, respectively. A clue is provided 
by the fact that the massless sector of type II superstring theories are max- 
imal supergravity theories (ones with 32 conserved supercharges), with a 
noncompact global symmetry group. 

In the case of type IIB supergravity in ten dimensions the noncompact 
global symmetry group is <SX(2, 1R,), as was shown earlier in this chapter. 
Toroidal compactification leads to theories with maximal supersymmetry in 
lower dimensions. 14 So, for example, toroidal compactification of the type 
IIB theory to four dimensions and truncation to zero modes (dimensional 
reduction) leads to M = 8 supergravity. M = 8 supergravity has a noncom- 
pact Ej symmetry. More generally, for d = 11 — n, 3 < n < 8, one finds a 
maximally noncompact form of E n , denoted E n n . The maximally noncom- 
pact form of a Lie group of rank n has n more noncompact generators than 
compact generators. Thus, for example, E?j has 133 generators of which 
63 are compact and 70 are noncompact. A compact generator generates a 
circle, whereas a noncompact generator generates an infinite line. E n are 
standard exceptional groups that appear in Cartan’s classification of simple 
Lie algebras for n = 6, 7, 8. The definition for n < 6 can be obtained by 
extrapolation of the Dynkin diagrams. This gives the identifications (listing 
the maximally noncompact forms) 15 

E 5)5 = SO( 5,5), £4,4 = SX(5,R), £3,3 = SL(3,R) x SL(2,R). (8.145) 

These noncompact Lie groups describe global symmetries of the classical 
low-energy supergravity theories. However, as was discussed already for the 

14 Chapter 9 describes compactification spaces that (unlike tori) break some or all of the super- 
symmetries. 

15 The compact forms of the same sequence of exceptional groups was encountered in the study 
of type I' superstrings in Chapter 6. 
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case of the E\ \ = SL( 2, ]R) symmetry of type IIB superstring theory in ten 
dimensions, they are broken to infinite discrete symmetry groups by quan- 
tum and string-theoretic corrections. The correct statement for superstring 
theory /M-theory is that, for M-theory on IR' ( x T n or (equivalently) type 
IIB superstring theory on x T" -1 , the resulting moduli space is invariant 
under an infinite discrete U-duality group. The group, denoted E n (7L). is a 
maximal discrete subgroup of the noncompact E n n symmetry group of the 
corresponding supergravity theory. 

The U-duality groups are generated by the Weyl subgroup of E n n plus 
discrete shifts of axion-like fields. The subgroup SL(n, Z) C £ n (Z 1) can be 
understood as the geometric duality (modular group) of T n in the M-theory 
picture. In other words, they correspond to disconnected components of 
the diffeomorphism group. The subgroup SO(n — l,n — 1;Z) C £ n (Z) is 
the T-duality group of type IIB superstring theory compactified on T n_1 . 
These two subgroups intertwine nontrivially to generate the entire E n {7L) 
U-duality group. For example, in the n = 3 case the duality group is 

£ 3 (Z) = SL( 3, Z) x SL( 2, Z). (8.146) 

The SL( 3, Z) factor is geometric from the M-theory viewpoint, and an 

SO( 2, 2; Z) = SL{ 2, Z) x SL{ 2, Z) (8.147) 

subgroup is the type IIB T-duality group. Clearly, E^{7E) is the smallest 
group containing both of these. 

Toroidally compactified M-theory (or type II superstring theory) has a 
moduli space analogous to the Narain moduli space of the toroidally com- 
pactified heterotic string described in Chapter 7. Let H n denote the maximal 
compact subgroup of E n , n . For example, Hq = USp( 8), H- = SU( 8) and 
Hs = Spin( 16). Then one can define a homogeneous space 

M° n = E n , n /H n . (8.148) 

This is directly relevant to the physics in that the scalar fields in the super- 
gravity theory are defined by a sigma model on this coset space. Note that 
all the coset generators are noncompact. It is essential that they all be the 
same so that the kinetic terms of the scalar fields all have the same sign. The 
number of scalar fields is the dimension of the coset space d n = dimAL®. 
For example, in three, four and five dimensions the number of scalars is 



c?3 = dim Fig — dim Spin(16) = 248 — 120 = 128, 
o?4 = dim £7 — dim SU (8) = 133 — 63 = 70, 



(8.149) 

(8.150) 
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d§ = dim Ea — dim USp( 8 ) = 78 — 36 = 42. (8.151) 

The discrete duality-group identifications must still be accounted for, and 
this gives the moduli space 

M n = M° n /E n (Z). (8.152) 



A nongeometric duality of M-theory 

String theory possesses certain features, such as T-duality, that go beyond 
ones classical geometric intuition. This section shows that the same is true 
for M-theory by constructing an analogous duality transformation. There is 
a geometric understanding of the SL(n,Z) subgroup of E n (Z) that comes 
from considering M-theory on ]R 11_n X T n , since it is the modular group 
of T n . But what does the rest of E n (Z) imply? To address this question 
it suffices to consider the first nontrivial case to which it applies, which is 
n = 3. In this case the U-duality group is E${Z) = SL(3,Z) x SL( 2,Z). 
From the M-theory viewpoint the first factor is geometric and the second 
factor is not. So the question boils down to understanding the implication 
of the SL( 2, Z) duality in the M-theory construction. Specifically, we want 
to understand the nontrivial r — > — 1/r element of this group. 

To keep the story as simple as possible, let us choose the T 3 to be rectan- 
gular with radii R\, R 2 , R 3 , that is, gij r-*j RfSij, and assume that C 123 = 0. 
Choosing R% to correspond to the “eleventh” dimension makes contact with 
the type IIA theory on a torus with radii R\ and R 2 . In this set-up, the 
stringy duality of M-theory corresponds to simultaneous T-duality transfor- 
mations of the type IIA theory for both of the circles. This T-duality gives 
a mapping to an equivalent point in the moduli space for which 

p 2 £3 

R , - K = ft = i = 1 (8. 1.53) 



with i s unchanged. The derivation of this formula has used = R-^lg, which 
relates the 11-dimensional Planck scale £ p to the ten-dimensional string scale 
£ s . Under a T-duality the string coupling constant also transforms. The rule 
is that the coupling of the effective theory, which is eight-dimensional in this 
case, is invariant: 




R 1 R'2 

9s 



= 47T 2 



r\r ’. 2 

W 



(8.154) 



Thus 



/ 

9 S 



gsls 

R\ R 2 



(8.155) 
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What does this imply for the radius of the eleventh dimension R$? Using 

R3 = gJ s — R'i = g'J s , 



k = = JiL, 

3 R\ R ‘2 R\ R2 



(8.156) 



However, the 11-dimensional Planck length also transforms, because 



^ = gdl 



K? = g’ s t 



implies that 



tn! \ 3 _ 9s^s _ E 

1 P) R1R2R3 ' 



(8.157) 



(8.158) 



The perturbative type IIA description is only applicable for i ?3 <C i?i , R 2 ■ 
However, even though T-duality was originally discovered in perturbation 
theory, it is supposed to be an exact nonperturbative property. Therefore, 
this duality mapping should be valid as an exact symmetry of M-theory 
without any restriction on the radii. Another duality is an interchange 
of circles, such as R 3 Ri. This corresponds to the nonperturbative S- 
duality of the type IIB superstring theory. Combining these dualities gives 
the desired stringy duality of M-theory on T 3 , namely 

£ 3 

Rl ( 8 ‘ 159 ) 

i >2 i 13 

and cyclic permutations, accompanied by 



R1R2R3 



(8.160) 



This basic stringy duality of M-theory, combined with the geometric ones, 
generates the entire U-duality group in every dimension. It is a property 
of quantum M-theory that goes beyond what can be understood from the 
effective 11-dinrensional supergravity theory, which is geometrical. 



Exercises 



Exercise 8.7 

Verify Eqs (8.131) and (8.132). 
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Solution 



Since the M-theory metric and the type IIB metric are related by 

<7 (M) =/?V B) , 

masses are related according to 

Mu = PM B . 



Matching the mass of an M2-brane wrapped on the torus with a Kaluza- 
Klein excitation on the type IIB circle therefore gives 



A m T M 2 




Similarly, using Eq. (8.128) for the mass of a Kaluza-Klein excitation on 
the torus, and equating it to the mass of a wrapped type IIB string gives 



— ^ =0(27 tR b T f1 ). 

li \ i Iiiitm 

Multiplying these equations together, using Am = (27ri?n) 2 ImrM, gives 

g-2 _ RbA m Tm 2 _ 2nRuTM2 
2tt R n Tp i i? 1 1 Iirir m Tpi 

which is Eq. (8.131). Taking the quotient of the same two equations, using 
g s = (ImTM) -1 :, gives 

iSd = ™ 2nR " f ' 

which is Eq. (8.132). □ 



Exercise 8.8 

Identifying type IIB superstring theory compactified on a circle and M- 
theory compactified on a torus, match the tensions of the nine-dimensional 
4-branes. 



Solution 

A (p, q ) type IIB 5-brane wrapped on the circle is identified with an M5- 
brane wrapping a geodesic (p, q ) cycle of the torus. Equating the resulting 
tensions gives 

27T = L m T M5 , 

where L( p p = 2nR\\\p — We can check that the resulting D5-brane 
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tension in ten dimensions agrees with the result quoted in Chapter 6. Indeed, 
setting p = 1 and q = 0, we obtain 



?D5 



Ru_ 

Rb 



P 5 T M5 



T 3 
J FI 

(2 n) 2 g s 



1 

(2vr ) 5 £%g s ’ 



which is the Tbs derived in Chapter 6. Therefore, 



T(p,q) — | p — qTM\Tr>5- 

In particular, the NS5-brane tension is obtained by setting q = 1 and p = 0 



?NS5 = |fm|7d5- 

The standard result is obtained by setting tm = i/g s - 



□ 



Exercise 8.9 

Verify that the three groups (8.145) are maximally noncompact. 

Solution 

The group 50(5,5) has dimension equal to 45, just like its compact form 
50(10). Its maximal compact subgroup is 50(5) x 50(5), which has dimen- 
sion equal to 20. Thus, there are 25 noncompact generators and 20 compact 
generators. Since the rank of 50(5,5), which is five, agrees with 25 — 20, 
it is maximally noncompact. In the case of 5L(5, R), which is a noncom- 
pact form of 50(5), the rank is four and the dimension is 24. The maximal 
compact subgroup is 50(5), which has dimension equal to ten. Thus there 
are 14 noncompact generators and ten compact generators, and once again 
the difference is equal to the rank. This reasoning generalizes to SL(n, R), 
which has (n — 1 )(n + 2) / 2 noncompact generators, (n — l)n/2 compact 
generators and rank n — 1. The group 5L(3,R) x 5L(2, R) is maximally 
noncompact, because each of its factors is. □ 



Exercise 8.10 

Find a physical interpretation of Eqs (8.159) and (8.160). 

Solution 

Equation (8.159) implies that 

— > (27ri?2)(27ri? 3 )TM2- 

Hi 

Thus it interchanges a Kaluza— Klein excitation of the first circle with an 
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M2-brane wrapped on the second and third circles. The circles can be 
permuted, so it follows that these six 0-brane excitations belong to the (3, 2) 
representation of the SL( 3, 7L) x SL( 2, Z) U-duality group. 

Equation (8.160) implies that 

Tm2 — > (2vri?i)(27ri?2)(27ri? 3 )TM5- 

Therefore, it interchanges an unwrapped M2-brane with an M5-brane wrap- 
ped on the T 3 . Thus these two 2-branes (from the eight-dimensional view- 
point) belong to the (1,2) representation of the U-duality group. □ 



Homework Problems 



Problem 8.1 

Derive the bosonic equations of motion of 11-dimensional supergravity. 

Problem 8.2 

Show that a particular solution of the bosonic equations of motion of 11- 
dimensional supergravity, called the Freund-Rubin solution, is given by a 
product space-time geometry AdS^ x S 7 with 

T4 = Me 4, 

where £4 is the volume form on AdS 4, and M is a free parameter with the 
dimensions of mass. 16 AdS 4 denotes four-dimensional anti-de Sitter space, 
which is a maximally symmetric space of negative curvature, with Ricci 
tensor 

R-tiv = -(-M*) 2 ^ V,v = 0, 1,2,3. 

The seven-sphere has Ricci tensor 

Rij = i ,3 = 4, 5, ... , 10. 

What are the masses M 4 and M-j in terms of the mass parameter Ml 

Problem 8.3 

Derive Eq. (8.69) and transform the bosonic part of the type IIA supergrav- 
ity action in ten dimensions from the string frame to the Einstein frame. 

16 Actually, in the quantum theory it has to be an integer multiple of a basic unit. 
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Problem 8.4 

Derive the redefinitions of C i, C3, F 2 and F 4 that are required to display 
a factor of in the terms Sr and Scs °f the type IIA action given in 
Eqs (8.41) and (8.42). 

Problem 8.5 

Show that Scs hi Eq.(8.42) is invariant under a 1/(1) gauge transformation 
even though it contains F 4 rather than F 4 . 

Problem 8.6 

Consider the type IIB bosonic supergravity action in ten dimensions given 
in Eq. (8.53). Setting Co = 0, perform the transformations — - > — and 

What theory do you obtain, and what does the result imply? 
How should the transformations be generalized when Co 7^ 0? 

Problem 8.7 

Verify that the actions in Eqs (8.73) and (8.81) map into one another under 
the transformations (8.88) and (8.89). 

Problem 8.8 

Verify that the supersymmetry transformations of the fermi fields in the 
heterotic and type I theories map into one another to leading order in fermi 
fields under an S-duality transformation, if A and x are suitably rescaled. 

Problem 8.9 

Consider the Euclidean Taub-NUT metric (8.110). Show that there is no 
singularity at r = 0 by showing that the metric takes the following form 
near the origin: 

o 2 

ds 2 = dp 2 + — (dO 2 + dcp 2 + dil ’ 2 — 2 cos 9 dtp dip) 

with ip ~ ip + 47T, and that this corresponds to a metric on flat four- 
dimensional Euclidean space. Hint: let ip = (p + 2y/R. 

Problem 8.10 

Consider the ten-dimensional type IIA metric for a KK5-brane 

5 

ds — — dt -)- ^ ( dx ^ A d.S'pN, 

1=1 

where ds^ N is given in Eqs (8.110) and (8.111). 
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(i) Use the rules presented in Section 6.4 to deduce the type IIB solution 
that results from a T-duality transformation in the y direction. 

(ii) What is the type IIB interpretation of the result? 

(iii) Verify that the tension of the type IIB solution supports this inter- 
pretation. 



Problem 8.11 

In the presence of an M5-brane the 11-dimensional F 4 satisfies the Bianchi 
identity 

(IF4 = 5w 1 

where 5w is a delta function with support on the M5-brane world volume. 
How must the equation of motion of F 4 be modified in order to be compatible 
with this Bianchi identity? What does this imply for the field content on 
the M5-brane world volume? Hint: Consult Exercise 5.10. 

Problem 8.12 

Verify that a type IIA D2-brane is an unwrapped M2-brane by showing that 
Td2 = Pm 2 • Do the same for the NS5-brane and the M5-brane. Verify that 
a wrapped M5-brane corresponds to a D4-brane. 

Problem 8.13 

Verify Eqs (8.137) and (8.139). 

Problem 8.14 

Verify that Eq. (8.139) implies that the Dirac quantization condition is sat- 
isfied if the M2- and M5-brane each carry one unit of charge and saturate 
the BPS bound. 



Problem 8.15 

Derive Eqs (8.140), (8.141) and (8.142). 
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String geometry 



Since critical superstring theories are ten-dimensional and M-theory is 11- 
dimensional, something needs to be done to make contact with the four- 
dimensional space-time geometry of everyday experience. Two main ap- 
proaches are being pursued. 1 



Kaluza-Klein compactification 

The approach with a much longer history is Kaluza-Klein compactification. 
In this approach the extra dimensions form a compact manifold of size l c . 
Such dimensions are essentially invisible for observations carried out at en- 
ergy E <C l/l c - Nonetheless, the details of their topology have a profound 
influence on the spectrum and symmetries that are present at low energies 
in the effective four- dimensional theory. This chapter explores promising 
geometries for these extra dimensions. The main emphasis is on Calabi-Yau 
manifolds, but there is also some discussion of other manifolds of special 
holonomy. While compact Calabi-Yau manifolds are the most straight- 
forward possibility, modern developments in nonperturbative string theory 
have shown that noncompact Calabi-Yau manifolds are also important. An 
example of a noncompact Calabi-Yau manifold, specifically the conifold , is 
discussed in this chapter as well as in Chapter 10. 



Brane-world scenario 

A second way to deal with the extra dimensions is the brane-world scenario. 
In this approach the four dimensions of everyday experience are identified 
with a defect embedded in a higher-dimensional space-time. This defect 

1 Some mathematical background material is provided in an appendix at the end of this chapter. 
Readers not familiar with the basics of topology and geometry may wish to study it first. 



354 




String geometry 



355 



is typically given by a collection of coincident or intersecting branes. The 
basic fact (discussed in Chapter 6) that makes this approach promising is the 
observation that Yang-Mills gauge fields, like those of the standard model, 
are associated with the zero modes of open strings, and therefore they reside 
on the world volume of D-branes. 

A variant of the Kaluza-Klein idea that is often used in brane-world sce- 
narios is based on the observation that the extra dimensions could be much 
larger than one might otherwise conclude if the geometry is warped in a 
suitable fashion. In a warped compactification the overall scale of the four- 
dimensional Minkowski space-time geometry depends on the coordinates of 
the compact dimensions. This chapter concentrates on the more traditional 
Kaluza-Klein approach, where the geometry is a product of an internal 
manifold and an external manifold. Warped geometries and their use for 
brane-world constructions are discussed in Chapter 10. 



Motivation 

The only manifolds describing extra dimensions that have been discussed 
so far in this book are a circle and products of circles (or tori). Also, a 
TL -2 orbifold of a circle has appeared a couple of times. If any of the five 
ten-dimensional superstring theories is compactified to four dimensions on a 
six-torus, then the resulting theory is very far from being phenomenologically 
acceptable, since no supersymmetry is broken. This means that there is M = 
4 or M = 8 supersymmetry in four dimensions, depending on which ten- 
dimensional theory is compactified. This chapter explores possibilities that 
are phenomenologically much more attractive, such as orbifolds, Calabi-Yau 
manifolds and exceptional-holonomy manifolds. Compactification on these 
spaces leads to vacua with less supersymmetry in four dimensions. 

In order to make contact with particle phenomenology, there are various 
properties of the D = 4 theory that one would like: 

• The Yang-Mills gauge group SU( 3) x 577(2) x 1/(1), which is the gauge 
group of the standard model. 

• An interesting class of D = 4 supersymmetric extensions of the standard 
model have J\f = 1 supersymmetry at high energy. This supersymmetry 
must be broken at some scale, which could be as low as a TeV, to make 
contact with the physics observed at low energies. J\f = 1 supersymmetry 
imposes restrictions on the theory that make calculations easier. Yet these 
restrictions are not so strong as to make the theory unrealistic, as happens 
in models with N > 2. 
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At sufficiently high energy, supersymmetry in ten or 11 dimensions 
should be manifest. The issue being considered here is whether at energies 
that are low compared to the compactification scale, where there is an 
effective four-dimensional theory, there should be M = 1 supersymmetry. 
One intriguing piece of evidence for this is that supersymmetry ensures 
that the three gauge couplings of the standard model unify at about 10 16 
GeV suggesting supersymmetric grand unification at this energy. 

A technical advantage of supersymmetry, which appeared in the dis- 
cussion of dualities in Chapter 8, and is utilized in Chapter 11 in the 
context of black hole physics, is that supersymmetry often makes it possi- 
ble to extrapolate results from weak coupling to strong coupling, thereby 
providing information about strongly coupled theories. Supersymmetric 
theories are easier to solve than their nonsupersymmetric counterparts. 
The constraints imposed by supersymmetry lead to first-order equations, 
which are easier to solve than the second-order equations of motion. For 
the type of backgrounds considered here a solution to the supersymme- 
try constraints that satisfies the Bianchi identity for the three-form field 
strength is always a solution to the equations of motion, though the con- 
verse is not true. 

If the ten- dimensional heterotic string is compactihed on an internal man- 
ifold M , one wants to know when this gives J\f = 1 supersymmetry in four 
dimensions. Given a certain set of assumptions, it is proved in Section 9.3 
that the internal manifold must be a Calabi-Yau three-fold. 



A first glance at Calabi-Yau manifolds 

Calabi-Yau manifolds are complex manifolds, and they exist in any even 
dimension. More precisely, a Calabi-Yau n-fold is a Kahler manifold in n 
complex dimensions with SU (n) holonomy. The only examples in two (real) 
dimensions are the complex plane C and the two-torus T 2 . Any Riemann 
surface, other than a torus, is not Calabi-Yau. In four dimensions there are 
two compact examples, the K3 manifold and the four-torus T 4 , as well as 
noncompact examples such as C 2 and CxT 2 . The cases of greatest interest 
are Calabi-Yau three-folds, which have six real (or three complex) dimen- 
sions. In contrast to the lower-dimensional cases there are many thousands 
of Calabi-Yau three-folds, and it is an open question whether this number 
is even finite. Compactification on a Calabi-Yau three- fold breaks 3/4 of 
the original supersymmetry. Thus, Calabi-Yau compactification of the het- 
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erotic string results in J\[ = 1 supersymmetry in four dimensions, while for 
the type II superstring theories it gives M = 2. 



Conifold transitions and supersymmetric cycles 

Nonperturbative effects in the string coupling constant need to be included 
for the four-dimensional low-energy theory resulting from Calabi-Yau com- 
pactifications to be consistent. For example, massless states coming from 
branes wrapping supersymmetric cycles need to be included in the low- 
energy effective action, as otherwise the metric is singular and the action is 
inconsistent. This is discussed in Section 9.8. 



Mirror symmetry 

Compactifications on Calabi-Yau manifolds have an interesting property 
that is related to T-duality, which is a characteristic feature of the toroidal 
compactifications described in Chapters 6 and 7. This chapter shows that 
certain toroidal compactifications also have another remarkable property, 
namely invariance under interchange of the shape and size of the torus. This 
is the simplest example of a symmetry known as mirror symmetry, which is a 
property of more general Calabi-Yau manifolds. This property, discussed in 
Section 9.9, implies that two distinct Calabi-Yau manifolds, which typically 
have different topologies, can be physically equivalent. More precisely, type 
IIA superstring theory compactified on a Calabi-Yau manifold M is equiv- 
alent to type IIB superstring theory compactified on the mirror Calabi-Yau 
manifold W. 2 Evidence for mirror symmetry is given in Fig. 9.1. Some 
progress towards a proof of mirror symmetry is discussed in Section 9.9. 



Exceptional-holonomy manifolds 

Calabi-Yau manifolds have been discussed a great deal since 1985. More 
recently, other consistent backgrounds of string theory have been investi- 
gated, partly motivated by the string dualities discussed in Chapter 8. The 
most important examples, discussed in Section 9.12, are manifolds of G 2 
and Spin( 7) holonomy. G 2 manifolds are seven- dimensional and break 7/8 
of the supersymmetry, while Spin( 7) manifolds are eight- dimensional and 
break 15/16 of the supersymmetry. Calabi-Yau four-folds, which are also 
eight-dimensional, break 7/8 of the supersymmetry. They are discussed in 
the context of flux compactifications in Chapter 10. 

2 Even though it is called a symmetry, mirror symmetry is really a duality that relates pairs of 
Calabi-Yau manifolds. 
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Fig. 9.1. This figure shows a plot of the sum h 1,1 + h 2,1 against the Euler number 
X = 2 (h 1,1 — h 2,1 ) for a certain class of Calabi-Yau manifolds. The near-perfect 
symmetry of the diagram illustrates mirror symmetry, which is discussed in Sec- 
tion 9.7. 



9.1 Orbifolds 

Before discussing Calabi-Yau manifolds, let us consider a mathematically 
simpler class of compactification spaces called orbifolds. Sometimes it is 
convenient to know the explicit form of the metric of the internal space, 
which for almost all Calabi-Yau manifolds is not known, 3 not even for the 



3 Exceptions include tori and the complex plane. 
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four- dimensional manifold K3. Orbifolds include certain singular limits of 
Calabi-Yau manifolds for which the metric is known explicitly. 

Suppose that X is a smooth manifold with a discrete isometry group 
G. One can then form the quotient space X/ G. A point in the quotient 
space corresponds to an orbit of points in X consisting of a point and all 
of its images under the action of the isometry group. If nontrivial group 
elements leave points of X invariant, the quotient space has singularities. 
General relativity is ill-defined on singular spaces. However, it turns out 
that strings propagate consistently on spaces with orbifold singularities, pro- 
vided so-called twisted sectors are taken into account. (Twisted sectors will 
be defined below). At nonsingular points, the orbifold X/G is locally indis- 
tinguishable from the original manifold X. Therefore, it is natural to induce 
local structures, such as the metric, to nonsingular regions of the orbifold. 
It is assumed here that the orbifold group action acts only on spatial dimen- 
sions. When the time direction is involved, new phenomena, such as closed 
time- like curves, can result. 



Some simple examples 

Compact examples 

A circle is obtained by identifying points on the real line according to x ~ 
x + 2ttR. The simplest example of an orbifold is the interval <Si/Zj 2 resulting 
after the identification of the circle coordinate x — » —x. This identification 
transforms a circle into an interval as shown in Fig. 9.2. This orbifold plays 
a crucial role in connection with the strong-coupling limit of the Eg x Eg 
heterotic string, as discussed in Chapter 8. 




0 



-o 

71 



Fig. 9.2. The simplest example of an orbifold is the interval S\/7L-2- 
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Noncompact examples 

A simple noncompact example of an orbifold results from considering the 
complex plane (C, described by a local coordinate z in the usual way, and 
the isometry given by the transformation 

z^-z. (9.1) 

This operation squares to one, and therefore it generates the two-element 
group Zj 2 . The orbifold C /^2 is defined by identifying points that are in the 
same orbit of the group action, that is, by identifying z and —z. Roughly 
speaking, this operation divides the complex plane into two half-planes. 
More precisely, the orbifold corresponds to taking the upper half-plane and 
identifying the left and right halves of the boundary (the real axis) according 
to the group action. As depicted in Fig. 9.3, the resulting space is a cone. 




Fig. 9.3. To construct the orbifold <D/Zj 2 the complex plane is divided into two 
parts and identified along the real axis (z ~ —z). The resulting orbifold is a cone. 

This orbifold is smooth except for a conical singularity at the point (0, 0), 
because this is the fixed point of the group action. One consequence of 
the conical singularity is that the circumference of a circle of radius R, 
centered at the origin, is irR and the conical deficit angle is ir. An obvious 
generalization is the orbifold C/Zyr, where the group is generated by a 
rotation by 2n/N. In this case there is again a singularity at the origin 
and the conical deficit angle is 2i t(N — 1 )/N. This type of singularity is 
an Ayr singularity. It is included in the more general ADE classification of 
singularities, which is discussed in Sections 9.11 and 9.12. 

The example C/Z 2 illustrates the following general statement: points 
that are invariant (or fixed) under some nontrivial group element map to 
singular points of the quotient space. Because of the singularities, these 
quotient spaces are not manifolds (which, by definition, are smooth), and 
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they are called orbifolds instead. Not every discrete group action has fixed 
points. For example, the group 7L generated by a translation z — > z + a 
gives rise to the quotient space <D/Z, which is a cylinder. Since there are no 
fixed points, the cylinder is a smooth manifold, and it would not be called 
an orbifold. When there are two such periods, whose ratio is not real, the 
quotient space <D/(Z x Z) is a smooth torus. 



The spectrum of states 

What kind of physical states occur in the spectrum of free strings that live 
on an orbifold background geometry? In general, there are two types of 
states. 

• The most obvious class of states, called untwisted states, are those that 
exist on X and are invariant under the group G. In other words, the 
Hilbert space of string states on X can be projected onto the subspace 
of G - invariant states. A string state T on X corresponds to an orbifold 
string state on X/G if 

c/T = T, for all g G G. (9.2) 

For a finite group G, one can start with any state on A, To, and construct 
a G-invariant state T by superposing all the images gTo- 

• There is a second class of physical string states on orbifolds whose exis- 
tence depends on the fact that strings are extended objects. These states, 
called twisted states, are obtained in the following way. In a theory of 
closed strings, which is what is assumed here, strings must start and end 
at the same point, that is, X M (cr + 27 t) = X fl (a). A string that connects 
a point of X to one of its G images would not be an allowed configura- 
tion on X, but it maps to an allowed closed-string configuration on X/G. 
Mathematically, the condition is 

AT(<x + 27t) =gX^{a), (9.3) 

for some g € G. The untwisted states correspond to g = 1. Twisted states 
are new closed-string states that appear after orbifolding. In general, there 
are various twisted sectors, labeled by the group element used to make 
the identification of the ends. More precisely, it is the conjugacy classes 
of G that give distinct twisted sectors. This distinction only matters if G 
is nonabelian. 

In the example C/Z 2 it is clear that the twisted string states enclose 
the singular point of the orbifold. This is a generic feature of orbifolds. 
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In the quantum spectrum, the individual twisted-sector quantum states 
of the string are localized at the orbifold singularities that the classical 
configurations enclose. This is clear for low-lying excitations, at least, 
since the strings shrink to small size. 



Orbifolds and supersymmetry breaking 

String theories on an orbifold X/G generically have less unbroken supersym- 
metry than on X , which makes them phenomenologically more attractive. 
Let us examine how this works for a certain class of noncompact orbifolds 
that are a generalization of the example described above, namely orbifolds 
of the form C n /Zj\r. The conclusions concerning supersymmetry breaking 
are also applicable to compact orbifolds of the form T 2n /Zyr. 

The orbifold <C n /Z N 

Let us parametrize C n by coordinates ( 2 1 , . . . , z n ), and define a generator g 
of Zjjv by a simultaneous rotation of each of the planes 

g : z a -* e^V, a = l,...,n, (9.4) 

where the (f a are integer multiples of 2ir/N, so that g N = 1. The example 
of the cone corresponds to n = 1, N = 2 and = ir. 

Unbroken supersymmetries are the components of the original supercharge 
Q a that are invariant under the group action. Since the group action in this 
example is a rotation, and the supercharge is a spinor, we have to exam- 
ine how a spinor transforms under this rotation. The weights of spinor 
representations of a rotation generator in 2 n dimensions have the form 
(±^, ± 5 , . . . , ±^), a total of 2™ states. This corresponds to dividing the 
exponents by two in Eq. (9.4), which accounts for the familiar fact that a 
spinor reverses sign under a 27T rotation. An irreducible spinor representa- 
tion of Spin(2n ) has dimension 2 n_1 . An even number of — weights gives 
one spinor representation and an odd number gives the other one. Under 
the same rotation considered above 

g : Q a -> exp Q a , (9.5) 

where e Q is a spinor weight. Suppose, for example, that the cj) a are chosen 
so that 

1 n 

— d> a = 0 mod N. 

2-k^ 1 

a= 1 



(9.6) 
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Then, in general, the only components of Q a that are invariant under g are 
those whose weights e a have the same sign for all n components, since then 
^2 e“0“ = 0. In special cases, other components may also be invariant. For 
each value of a for which the supercharge is not invariant, the amount of 
unbroken supersymmetry is cut in half. Thus, if there is invariance for only 
one value of a, the fraction of the supersymmetry that is unbroken is 2 1 ~ n . 
This chapter shows that the same fraction of supersymmetry is preserved 
by compactification on a Calabi-Yau n-fold. In fact, some orbifolds of this 
type are singular limits of smooth Calabi-Yau manifolds. 

9.2 Calabi-Yau manifolds: mathematical properties 
Definition of Calabi-Yau manifolds 

By definition, a Calabi-Yau n-fold is a Kahler manifold having n complex 
dimensions and vanishing first Chern class 

c i = ^[n}=0. (9.7) 

A theorem, conjectured by Calabi and proved by Yau, states that any com- 
pact Kahler manifold with c\ = 0 admits a Kahler metric of SU(n ) holon- 
omy. As we will see below a manifold with SU (n) holonomy admits a spinor 
field which is covariantly constant and as a result is necessarily Ricci flat. 
This theorem is only valid for compact manifolds. In order for it to be valid 
in the noncompact case, additional boundary conditions at infinity need to 
be imposed. As a result, metrics of SU(n ) holonomy correspond precisely 
to Kahler manifolds of vanishing first Chern class. 

We will motivate the above theorem by showing that the existence of a 
covariantly constant spinor implies that the background is Kahler and has 
ci = 0. A fundamental theorem states that a compact Kahler manifold has 
ci = 0 if and only if the manifold admits a nowhere vanishing holomorphic 
n-form Q. In local coordinates 

z 1 , z 2 , . . . , z n ) = /(z 1 , z 2 , . . . , z n )dz 1 A dz 2 • • • A dz n . (9.8) 

In section 9.5 we will establish the vanishing of ci by explicitly constructing 
fl in backgrounds of SU{n ) holonomy. 



Hodge numbers of a Calabi-Yau n-fold, 

Betti numbers are fundamental topological numbers associated with a mani- 
fold. 4 The Betti number b p is the dimension of the pth de Rham cohomology 



4 There is more discussion of this background material in the appendix of this chapter. 
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of the manifold M, H P (M), which is defined in the appendix. When the 
manifold has a metric, Betti numbers count the number of linearly inde- 
pendent harmonic p-forms on the manifold. For Kahler manifolds the Betti 
numbers can be decomposed in terms of Hodge numbers h p,q 7 which count 
the number of harmonic (p, g)-forms on the manifold 

k 

b k = Y,h p ’ k ~ p . (9.9) 

p = o 



Hodge diamond 

A Calabi-Yau n-fold is characterized by the values of its Hodge numbers. 
This is not a complete characterization, since inequivalent Calabi-Yau man- 
ifolds sometimes have the same Hodge numbers. There are symmetries and 
dualities relating different Hodge numbers, so only a small subset of these 
numbers is independent. The Hodge numbers of a Calabi-Yau n-fold satisfy 
the relation 

h p ’° = h n -P’°. (9.10) 

This follows from the fact that the spaces H p ( M ) and H n ~ p {M) are isomor- 
phic, as can be proved by contracting a closed (p, 0)-form with the complex 
conjugate of the holomorphic (n, 0)-form and using the metric to make a 
closed (0, n — p)-form. Complex conjugation gives the relation 

h p ’ q = h q ’ p , (9.11) 

and Poincare duality gives the additional relation 

h™ = h n ~ q ’ n ~ p . (9.12) 

Any compact connected Kahler complex manifold has h 0,0 = 1, correspond- 
ing to constant functions. A simply-connected manifold has vanishing funda- 
mental group (first homotopy group) , and therefore vanishing first homology 
group. As a result, 5 

h 1 ’ 0 = /i°’i = 0. (9.13) 

In the important case of n = 3 the complete cohomological description of 
Calabi-Yau manifolds only requires specifying h 1,1 and h 2,1 . The full set of 
Hodge numbers can be displayed in the Hodge diamond 

5 Aside from tori, the Calabi-Yau manifolds that are considered here are simply connected. 
Calabi-Yau manifolds that are not simply connected can then be constructed by modding out 
by discrete freely acting isometry groups. In all cases of interest, these groups are finite, and 
thus the resulting Calabi-Yau manifold still satisfies Eq. (9.13). 
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h 3 ’ 2 




h 2 ’ 3 




h 3 ’ 1 




h 2 ' 2 




h 1 ’ 3 


h 3 ’ 0 


h 2 ’ 1 




h 1 ’ 2 


h o, 3 


h 2 ’ 0 




h 1 ’ 1 




fi 0 - 2 




h 1 ’° 




h 0 - 1 








h°’° 







1 

0 0 

0 h 1 ’ 1 0 

1 h 2 ' 1 h 2 ' 1 1 (9.14) 

0 h 1 ’ 1 0 

0 0 

1 



Using the relations discussed above, one finds that the Euler characteristic 
of the Calabi-Yau three-fold is given by 

6 

X = 2(-i ) p b p = 2(h 1 ’ 1 -h 2 ’ 1 ). (9.15) 

p = o 

In Chapter 10 compactifications of M-theory on Calabi-Yau four-folds 
are discussed. This corresponds to the case n = 4. These manifolds are 
characterized in terms of three independent Hodge numbers h 1,1 , h 1,3 , h 1,2 . 
The Hodge diamond takes the form 



1 

0 0 

0 h 1 ’ 1 0 

0 h 2 ' 1 h 2 ' 1 0 

1 h 3 ’ 1 h 2,2 h 3,1 1 (9.16) 

0 K 2 ' 1 K 2 ' 1 0 

0 h }’ 1 0 

0 0 

1 



For Calabi-Yau four-folds there is an additional relation between the 
Hodge numbers, which will not be derived here, namely 



h 2 ’ 2 = 2(22 + 2 h 1 ’ 1 + 2/i 1,3 - fi 1 ’ 2 ). (9.17) 



As a result, only three of the Hodge numbers can be varied independently. 
The Euler number can therefore be written as 

8 

x = = 6 ( 8 + h1,1 + /?3,1 - b 2,1 )- 

p = o 



(9.18) 
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9.3 Examples of Calabi— Yau manifolds 
Calabi-Yau one- folds 

The simplest examples of Calabi-Yau manifolds have one complex dimen- 
sion. 



Noncompact example: C 

A simple noncompact example is the complex plane C described in terms 
of the coordinates ( z,z ). It can be described in terms of a flat metric 

ds 2 = \dz\ 2 , (9.19) 

and the holomorphic one-form is 

fl = dz. (9.20) 

Compact example: T' 2 

The only compact Calabi-Yau one-fold is the two-torus T 2 , which can be 
described with a flat metric and can be thought of as a parallelogram with 
opposite sides identified. This simple example is discussed in Sections 9.5 
and 9.9 in order to introduce concepts, such as mirror symmetry, that can 
be generalized to higher dimensions. 



Calabi-Yau two- folds 

Noncompact examples 

Some simple examples of noncompact Calabi-Yau two- folds, which have 
two complex dimensions, can be obtained as products of the previous two 
manifolds: C 2 = CxC,CxT 2 . 

Compact examples: T , K3 

Requiring a covariantly constant spinor is very restrictive in four real di- 
mensions. In fact, K3 and T 4 are the only two examples of four-dimensional 
compact Kahler manifolds for which they exist. As a result, these mani- 
folds are the only examples of Calabi-Yau two- folds. If one requires the 
holonomy to be SU( 2), and not a subgroup, then only K3 survives. By con- 
trast, there are very many (possibly infinitely many) Calabi-Yau three- folds. 
Since K3 and T 4 are Calabi-Yau manifolds, they admit a Ricci-flat Kahler 
metric. Moreover, since SU( 2) = 5p(l), it turns out that they are also 
hyper-Kahler. 6 The explicit form of the Ricci-flat metric of a smooth K3 

6 In general, a 4n-dimensional manifold of Sp(n) holonomy is called hyper-Kahler. The notation 
U Sp(2n) is also used for the same group when one wants to emphasize that the compact form 
is being used. Both notations are used in this book. 
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is not known. However, K3 can be described in more detail in the orbifold 
limit, which we present next. 



Orbifold limit of K3 

A singular limit of K3, which is often used in string theory, is an orbifold 
of the T 4 . This has the advantage that it can be made completely explicit. 
Consider the square T 4 constructed by taking C 2 and imposing the following 
four discrete identifications: 



z a ~z a + l z a ~z a + i, a = 1,2. (9.21) 

There is a 7L-2 isometry group generated by 

X: (z\z 2 ) -> (-z 1 1 -z 2 ). (9.22) 



This Z 2 action has 16 fixed points, for which each of the z a takes one of the 
following four values 



1 i 1 + i 

’’ 2 ’ 2 ’ 2 



(9.23) 



Therefore, the orbifold T 4 /Z 2 has 16 singularities. These singularities can 
be repaired by a mathematical operation called blowing up the singularities 
of the orbifold. 



Blowing up the singidarities 

The singular points of the orbifold described above can be “repaired” by 
the insertion of an Eguchi-Hanson space. The way to do this is to excise a 
small ball of radius a around each of the fixed points. The boundary of each 
ball is S 3 /%2 since opposite points on the sphere are identified, according to 
Eq. (9.22). One excises each ball and replaces it by a smooth noncompact 
Ricci- flat Kahler manifold whose boundary is S 3 /Zj 2 . The unique manifold 
that has an 5 3 /Z 2 boundary and all the requisite properties to replace each 
of the 16 excised balls is an Eguchi-Hanson space. The metric of the Eguchi- 
Hanson space is 

ds 2 = A _1 c?r 2 + -r 2 A(dip + cos Odcj)) 2 + -r 2 dQ 2 , (9.24) 

with A = 1 — (a/r) 4 and dQ 2 = dO 2 + sin 2 Odcj) 2 . The radial coordinate is in 
the range a < r < 00 , where a is an arbitrary constant and if has period 27T. 

Repairing the singularities in this manner gives a manifold with the desired 
topology, but the metric has to be smoothed out to give a true Calabi-Yau 
geometry. The orbifold then corresponds to the limit a — > 0. The nonzero 
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Hodge numbers of the Eguchi-Hanson space are h°’° = h 1,1 = h 2 ' 2 = 1. 
Moreover, the (1, l)-form is anti-self-dual and is given by 

J = ^ rdr A (dip + cos 9d<p) — ^r 2 sin OdO A d<p>, (9.25) 

as you are asked to verify in a homework problem. In terms of the complex 
coordinates 



zi = r cos (0/2 ) exp 



2 ^ + 0 ) 



and Z 2 = r sin (0/2) exp 






(9.26) 



the metric is Kahler with Kahler potential 

r 2 exp(r 4 + a 4 ) 1//2 



1C = log 



a 2 + (r 4 + o 4 ) 1 / 2 



(9.27) 



Hodge numbers of K3 

The cohomology of K3 can be computed by combining the contributions 
of the T 4 and the Eguchi-Hanson spaces. The result obtained in this way 
remains correct after the metric has been smoothed out. 

The Eguchi-Hanson spaces contribute a total of 16 generators to H 1,1 , 
one for each of the 16 spaces used to blow up the singularities. Moreover, on 
the T 4 the following four representatives of H 1 - 1 cohomology classes survive 
the Z 2 identifications: 

dz 1 Adz 1 , dz 2 /\dz 2 , dz 1 /\dz 2 , dz 2 Adz 1 . (9.28) 

This gives in total h 1,1 = 20. In addition, there is one H 2 ' 0 class represented 
by dz 1 A dz 2 and one H 0,2 class represented by dz 1 A dz 2 . As a result, the 
Hodge numbers of K3 are given by the Hodge diamond 

1 

0 0 

1 20 1 (9.29) 

0 0 

1 

Thus, the nonzero Betti numbers of K3 are bo = 64 = 1, 62 = 22, and the 
Euler characteristic is x = 24. The 22 nontrivial harmonic two-forms consist 
of three self-dual forms (b^ = 3) and 19 anti-self-dual forms (bf = 19). 
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Calabi-Yau n- folds 

The complete classification of Calabi-Yau n-folds for n > 2 is an unsolved 
problem, and it is not even clear that the number of compact Calabi-Yau 
three-folds is finite. Many examples have been constructed. Here we mention 
a few of them. 



Submanifolds of complex projective spaces 

Examples of a Calabi-Yau n-folds can be constructed as a submanifold of 
CP n+ i for all n > 1. Complex projective space , CP”, sometimes just de- 
noted P”, is a compact manifold with n complex dimensions. It can be 
constructed by taking C n+1 /{0}, that is the set of (z 1 , z 2 , . . . , z n+1 ) where 
the z l are not all zero and making the identifications 

(z\ z 2 , . . . , z n+1 ) ~ (Xz\Xz 2 , . . . , Az” +1 ), (9.30) 

for any nonzero complex A / 0. Thus, lines' in C” +1 correspond to points 
in CP”. 

CP” is a Kahler manifold, but it is not a Calabi Yau manifold. The sim- 
plest example is CP 1 , which is topologically the two-sphere S 2 . Obviously, 
it does not admit a Ricci- flat metric. The standard metric of CP”, called the 
Fubini-Study metric , is constructed as follows. First one covers the manifold 
by n + 1 open sets given by z a ^ 0. Then on each open set one introduces 
local coordinates. For example, on the open set with z n+1 ^ 0, one defines 
w a = z a /z n+1 , with a = 1, . . . , n. Then one introduces the Kahler potential 
(for this open set) 

K = log ^1 + J2 l w “| 2 ^ • (9.31) 

This determines the metric by formulas given in the appendix. A crucial 
requirement is that the analogous formulas for the Kahler potential on the 
other open sets differ from this one by Kahler transformations. You are 
asked to verify this in a homework problem. 

Examples of Calabi-Yau manifolds can be obtained as subspaces of com- 
plex projective spaces. Specifically, let G be a homogenous polynomial of 
degree k in the coordinates z a of C” +2 , that is, 

G(Xz\ . . . , A z n+2 ) = X k G{z\ . . . , z n+2 ). (9.32) 

The submanifold of CP” +1 defined by 

G(z\...,z n+2 ) = 0 



7 A line in a complex manifold has one complex dimension. 



(9.33) 
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is a compact Kahler manifold with n complex dimensions. This submanifold 
has vanishing first Chern class for k = n+ 2. One way of obtaining this result 
is to explicitly compute c\{X). To do so note that c\{X) can be expressed 
through the volume form since X is Kahler. As a volume form on X one can 
use the pullback of the (n — l)-power of the Kahler form of CP n+1 . Another 
way of obtaining this result is to use the adjunction formula of algebraic 
geometry, which implies 

ci (A) ~ [k - (n + 2)] ci(CP n+1 ). (9.34) 

This vanishes for k = n + 2. 

• In the case of n = 2 (quartic polynomials in C P 3 ) one obtains K3 mani- 
folds. As an example consider 

4 

J>“) 4 = 0, (9.35) 

( 2=1 

as a quartic equation representing K3. Different choices of quartic poly- 
nomials give K3 manifolds that are diffeomorphic to each other but have 
different complex structures. Deformations of Calabi-Yau manifolds, in 
particular deformations of the complex structure, are discussed in Sec- 
tion 9.5. 

• In the case of n = 3 this construction describes the quintic hypersurface 
in CP 4 . This manifold can be described by the polynomial 

J>“) 5 = o, (9.36) 

( 2=1 

or a more general polynomial of degree five in five variables. This manifold 
has the Hodge numbers 

h 1,1 = 1 and h 2,1 = 101, (9.37) 

which gives an Euler number of x = —200. Varying the coefficients of the 
quintic polynomial corresponds again to complex-structure deformations. 

The manifold defined by Eq. (9.36) can be covered by five open sets for 
which z a 0, a = 1, . . . , 5. On the first open set, for example, one can 
define local coordinates w a = z a / z 1 , a = 2, 3, 4, 5. These satisfy 

5 

Y / ('w a ) 4 dw a = 0 . 

( 2=2 



(9.38) 
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In terms of these coordinates the holomorphic three-form is given by 

n dw 2 A dw 3 A dw 4 

Note that Eq. (9.39) seems to single out one of the coordinates. However, 
taking Eq. (9.38) into account one sees that the four coordinates w a , 
a = 2, ... ,5, are treated democratically. 

Weighted complex projective space: 

One generalization entails replacing <CP n by weighted complex projective 
space WCPlf 1 ... kn+1 . This n-dimensional complex space is defined by starting 
with C M+1 and making the identifications 8 

(\ kl z 1 ,\ k2 z 2 ,...,\ kn + 1 z n+1 ) ~ A N (z 1 ,z 2 ,...,z 1l+1 ), (9.40) 

where k\, . . . , k n + \ are positive integers, and N is their least common multi- 
ple. Further generalizations consist of products of such spaces with dimen- 
sions n t . One can impose m polynomial constraint equations that respect 
the scaling properties of the coordinates. Generically, this produces a space 
with 22 m — m complex dimensions. Then one has to compute the first 
Chern class, which is not so easy in general. Still this procedure has been 
automated, and several thousand inequivalent Calabi-Yau three-folds have 
been obtained. Other powerful techniques, based on toric geometry, which is 
not discussed in this book, have produced additional examples. Despite all 
this effort, the classification of Calabi- Yau three- folds is not yet complete. 



(9.39) 



Exercises 



Exercise 9.1 

Show that up to normalization f J A J A J is the volume of a compact six- 
dimensional Kahler manifold. Consider first the case of two real dimensions. 

Solution 

Here J = ig a idz a Adz b is the Kahler form, which is discussed in the appendix. 
This result has to be true because h 3,3 = 1 for a compact Kahler manifold 
in three complex dimensions. J A J A J, which is a (3, 3)-form, must be 



8 Note that the As have exponents and the z s have superscripts. 
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proportional to the volume form (up to an exact form), since it is closed but 
not exact. Still, it is instructive to demonstrate this explicitly. So let us do 
that now. 

For one complex dimension (or two real dimensions) the Kahler form is 
J = 'i-dzzdz A dz, where z = x + iy. The metric components then take the 
form 

9 xx — 9yy — 2 g Z zi 9xy — O' 

The Kahler form describes the volume, V = f J, since 

J = igzzdz A dz = 2 g Z zdx Ady = sjgdx A dy. 

This argument generalizes to n complex dimensions, where J = ig a idz a Adz b . 
Setting z a = x a + iy a and using ^fg = 2" det q a j p one obtains for n = 3 

1 i , 

-J A J A J = sfgdx 1 A • • • A dy 6 , 

6 

which is the volume form. Thus, 

V =lj 

□ 

Exercise 9.2 

Consider the orbifold T 2 xT 2 /Z- 3, where Z3 acts on the coordinates of T 2 xT 2 
by (z 1 ,^ 2 ) — ► (loz 1 ,lo~ 1 z 2 ), where ui = exp(27ri/3) is a third root of unity, 
and (z 1 , z 2 ) are the coordinates of the two tori. Compute the cohomology of 
M , including the contribution coming from the fixed points. Compare the 
result to the cohomology of K3. 

Solution 

In order for the Z3 transformation to be a symmetry, let us choose the 
complex structure of the tori such that the periods are 

z a ~ z a + 1 ~ z a + e ni/3 a = l,2. 

The 2A-> action has nine fixed points where each of the z a takes one of the 
following three values: 

J_ iri/6 % ni / 6 

V3 ’ v/3 



0 
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The cohomology of the orbifold has two contributions: one from the har- 
monic forms of T 2 x T 2 that are invariant under action Z3. The other one 
comes from the fixed points. 

The Z^-invariant harmonic forms are: 

1, dz 1 Adz 2 , dz 1 Adz 2 , dz 1 Adz 1 , dz 2 Adz 2 , dz l A dz 2 A dz 1 A dz 2 . 

Each of the nine singularities has a CP 1 x CP 1 blow-up whose boundary 
is S' 3 /Z 3. Each of these contributes two two-cycles or h 1 ’ 1 = 2. The two 
two-cycles intersect at one point. Thus, the nonvanishing Hodge numbers 
of the orbifold are 

h 2 ’ 2 = h°’° = h 2,0 = h 0,2 = 1, h 1 ’ 1 = 2 + 9x2 = 20, 

while the other Hodge numbers vanish. These numbers are the same as 
those for K3. This orbifold is a singular limit of a smooth K3, like the Z2 
orbifold considered in the text. Z4 and Zq orbifolds also give singular K3s. 
□ 

Exercise 9.3 

Consider C 2 /G, where G is the subgroup of SU{ 2) generated by ( z l ,z 2 ) — » 
{ojz 1 , u~ 1 z 2 ) and ( z 1 ,z 2 ) — > (— z 2 ,z x ) with co 2n = 1. Show that in terms of 
variables invariant under the action of G the resulting (singular) space can 
be described by 9 

x n+1 + xy 2 + z 2 = 0. 



Solution 

The variables 

x = (z 1 z 2 ) 2 , y= l -{(z 1 ) 2n + {z 2 ) 2n ), z= ^{(z 1 ) 2 ™ -(z 2 ) 2n )z 1 z 2 

are invariant under the action of G. Thus 

x n+1 = ( z l z 2 ) 2n+ 2 , 

xy 2 = -^((^ 1 ) 4n + ( z 2 ) 4n + 2 {z 1 z 2 ) 2n ){z 1 z 2 ) 2 , 
z 2 = ^((^ 4 ) 4n + (^ 2 ) 4n - 2(z 1 z 2 ) 2n )(z 1 z 2 ) 2 . 

9 The singularity of this space is called a Z ) n +2 singularity, because the blown-up geometry has 
intersection numbers encoded in the D n + 2 Dynkin diagram. Intersection number is defined in 
Section 9.6, and the Dynkin diagram is explained in Section 9.11. 
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This leads to the desired equation 

x n+l + xy 2 + z 2 = 0. 

□ 



9.4 Calabi-Yau compactifications of the heterotic string 

Calabi-Yau compactifications of ten-dimensional heterotic string theories 
give theories in four- dimensional space-time with J\f = 1 supersymmetry . 10 
In other words, 3/4 of the original 16 supersymmetries are broken. As 
mentioned in the introduction, the motivation for this is the appealing, 
though unproved, possibility that this much supersymmetry extends down 
to the TeV scale in the real world. Another motivation for considering these 
compactifications is that it is rather easy to embed the standard-model gauge 
group, or a grand-unification gauge group, inside one of the two E% groups 
of the E% X Eg heterotic string theory. 



Ansatz for the D = 10 space-time geometry 

Let us assume that the ten-dimensional space-time M i q of the heterotic 
string theory decomposes into a product of a noncompact four-dimensional 
space-time M 4 and a six-dimensional internal manifold M, which is small 
and compact 

M 10 = M 4 x M. (9.41) 

Previously, ten-dimensional coordinates were labeled by a Greek index and 
denoted x Now, the symbol x M denotes coordinates of M 10 , while x ^ 
denotes coordinates of M 4 and y m denotes coordinates of the six-dimensional 
space M. This index rule is summarized by M = (g,m). Generalizations of 
the ansatz in Eq. (9.41) are discussed in Chapter 10. 



Maximally symmetric solutions 

Let us consider solutions in which M 4 is maximally symmetric, that is, a 
homogeneous and isotropic four-dimensional space-time. Symmetries alone 
imply that the Riemann tensor of IW 4 can be expressed in terms of its metric 
according to 

R 

RfaypX — Y 2 ^9fLp9v\ — 9ii\9vp)'> (9.42) 

10 This amount of supersymmetry is unbroken to every order in perturbation theory. In some 
cases it is broken by nonperturbative effects. 
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where the scalar curvature R = g pp g uX Rpup\ is a constant. It is proportional 
to the four-dimensional cosmological constant. Maximal symmetry restricts 
the space-time M 4 to be either Minkowski (R = 0), AdS (. R < 0) or dS 
(R > 0). The assumption of maximal symmetry along Af 4 also requires 
the following components of the NS-NS three-form field strength H and the 
Yang-Mills field strength to vanish 

= Hp U p = Hp np = 0 and v = F^ n = 0. (9.43) 

In this chapter it is furthermore assumed that the internal three-form held 
strength H mnp vanishes and the dilaton is constant. These assumptions, 
made for simplicity, give rise to the backgrounds described in this chapter. 
Backgrounds with nonzero internal H-field and a nonconstant dilaton are 
discussed in Chapter 10. 



Conditions for unbroken supersymmetry 

The constraints that M = 1 supersymmetry imposes on the vacuum arise 
in the following way. Each of the supersymmetry charges Q a generates an 
infinitesimal transformation of all the fields with an associated infinitesimal 
parameter e a . Unbroken supersymmetries leave a particular background 
invariant. This is the classical version of the statement that the vacuum 
state is annihilated by the charges. The invariance of the bosonic fields 
is trivial, because each term in the supersymmetry variation of a bosonic 
field contains at least one fermionic held, but fermionic fields vanish in a 
classical background. Therefore, the only nontrivial conditions come from 
the fermionic variations 



4 (fermionic fields) = 0. (9.44) 

In fact, for exactly this reason, only the bosonic parts of fermionic super- 
symmetry transformations were presented in Chapter 8. If the expectation 
values for the fermions still vanish after performing a supersymmetry vari- 
ation, then one obtains a solution of the bosonic equations of motion that 
preserves supersymmetry for the type of backgrounds considered here. In 
fact, as is shown in Exercise 9.4, a solution to the supersymmetry constraints 
is always a solution to the equations of motion, while the converse is not 
necessarily true. Here we are applying this result for theories with local 
supersymmetry. This can be done if we impose the Bianchi identity sat- 
isfied by the three-form H as an additional constraint. In order to obtain 
unbroken JV = 1 supersymmetry, Eq. (9.44) needs to hold for four linearly 
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independent choices of e forming a four-component Majorana spinor (or 
equivalently a two-component Weyl spinor and its complex conjugate). 

The supergravity approximation to heterotic string theory was described 
in Section 8.1. In particular, the bosonic part of the ten-dimensional action 
was presented. The full supergravity approximation also contains terms in- 
volving fermionic fields, which are incorporated in such a way that the theory 
has N = 1 local supersymmetry (16 fermionic symmetries). As described in 
Section 8.1, the bosonic terms of the supersymmetry transformations of the 
fermionic fields can be written in the form 11 

5^m = Vm£ - |Hm£, 

8X =-^£+\H£, (9.45) 

d'X = 

in the string frame. In addition, the three-form field strength H satisfies 

d 

dH = — [tr(i? A R) - tr(F A F)} . (9.46) 

The left-hand side is exact. Therefore, the cohomology classes of tr(i? A R ) 
and tr (F A F ) have to be the same. In compactifications with branes, this 
condition can be modified by additional contributions. 

Since the H - flux is assumed to vanish, the supersymmetry transformation 
of the gravitino simplifies, 

5^ m = Vm£. (9.47) 

For an unbroken supersymmetry this must vanish, and therefore there should 
exist a nontrivial solution to the Killing spinor equation 

V m& = 0. (9.48) 

This equation means that e is a covariantly constant spinor. 

J\f = 1 supersymmetry implies that one such spinor should exist. Since 
the manifold M \ q is a direct product, the covariantly constant spinor e can 
be decomposed into a product structure 

e(x,y) = ((x) ® r)(y), (9.49) 

or a sum of such terms. The properties of these spinors and the form of the 
decomposition are discussed in the next section. In making such decompo- 
sitions of anticommuting (Grassmann-odd) spinors, it is always understood 

11 The notation introduced in Section 8.1 is simplified here according to H 1 :1 ' — > H and H 3 — > H. 
Also, the fermionic variables that had tildes there are written here without tildes. 
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that the space-time components ((x) are anticommuting (Grassmann odd), 
while the internal components rj(y ) are commuting (Grassmann even). 



Properties of the external space 

Let us consider the external components of Eq. (9.48) for which the index 
takes value M = p. The existence of a covariantly constant spinor ((x) on 
M 4 , satisfying 

V^C = 0, (9.50) 

implies that the curvature scalar R in Eq. (9.42) vanishes, and hence M 4 is 
Minkowski space-time. This follows from 

[v M , v,] c = ^iW rP<T C = o (9.5i) 

and the assumption of maximal symmetry (9.42). The details are shown in 
Exercises 9.6 and 9.7. Then Q is actually constant, not just covariantly con- 
stant, and it is the infinitesimal transformation parameter of an unbroken 
global supersymmetry in four dimensions. This is a nontrivial result inas- 
much as unbroken supersymmetry does not necessarily imply a vanishing 
cosmological constant by itself. AdS spaces can also be supersymmetrical, 
a fact that plays a crucial role in Chapter 12. However, this result does 
not solve the cosmological constant problem. The question that needs to be 
answered in order to make contact with the real world is whether the cos- 
mological constant can vanish, or at least be extremely small, when super- 
symmetry is broken. The present result has nothing to say about this, since 
it is derived by requiring unbroken supersymmetry. To summarize: super- 
symmetry constrains the external space to be four-dimensional Minkowski 
space. 



Properties of the internal manifold 

Let us now consider the restrictions coming from the internal components 
M = m of Eq. (9.48). The existence of a spinor that satisfies 

V m r? = 0, (9.52) 

and therefore is covariantly constant on M, leads to the integrability condi- 
tion 

[V m , V n ] 1 1 = 2 R mnpq^ Pq V = 0- 



(9.53) 
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This implies that the metric on the internal manifold M is Ricci-flat (see 
Exercises 9.6 and 9.7) 

Rmn = 0. (9.54) 

However, in contrast to the external space-time, where maximal symmetry 
is assumed, it does not mean that M is flat, since the Riemann tensor can 
still be nonzero. 



Holonomy and unbroken supersymmetry 
For an orientable six-dimensional spin manifold, 12 the main case of inter- 
est here, parallel transport of a spinor r/ around a closed curve generically 
gives a rotation by a Spin{ 6) = SU{ 4) matrix. This is the generic holonomy 
group. 13 A real spinor on such a manifold has eight components, but the 
eight components can be decomposed into two irreducible SIJ (4) represen- 
tations 

8 = 4© 4, (9.55) 

where the 4 and 4 represent spinors of opposite chirality, which are complex 
conjugates of one another. Thus, a spinor of definite chirality has four 
complex components. 

A spinor that is covariantly constant remains unchanged after being par- 
allel transported around a closed curve. The existence of such a spinor is 
required if some supersymmetry is to remain unbroken; see Eq. (9.48). The 
largest subgroup of SU( 4) for which a spinor of definite chirality can be 
invariant is SU( 3). The reason is that the 4 has an SU( 3) decomposition 

4 3 0 1. (9.56) 

and the singlet is invariant under SU( 3) transformations. Since the condi- 
tion for J\f = 1 unbroken supersymmetry in four dimensions is equivalent to 
the existence of a covariantly constant spinor on the internal six-dimensional 
manifold, it follows that the manifold should have SU{ 3) holonomy. 

The supersymmetry charge of the heterotic string in ten dimensions is a 
Majorana-Weyl spinor with 16 real components, which form an irreducible 
representation of Spin( 9, 1). Group theoretically, this decomposes with re- 
spect to an SL( 2,C) x SU{ 4) subgroup as 14 

16 = (2,4)0 (2,4). (9.57) 

12 A spin manifold is a manifold on which spinors can be defined, that is, it admits spinors. 

13 More information about holonomy and spinors is given in the appendix. 

14 The other 16-dimensional spinor, which is not a supersymmetry of the heterotic string, then 
has the decomposition 16 = ( 2 , 4 ) + ( 2 , 4 ). 
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Here SL(2, C) is the four-dimensional Lorentz group, so 2 and 2 correspond 
to positive- and negative-chirality Weyl spinors. On a manifold of 517(3) 
holonomy only the singlet pieces of the 4 and the 4 in Eq. (9.56) lead to 
covariantly constant spinors. Denoting them by fields t]±(y), the covariantly 
constant spinor e can be decomposed into a sum of two terms 

e(x,y) = C+®V '+(y) + C-®r]-(y), (9.58) 

where are two-component constant Weyl spinors on M4. Note that 

?7_ = rf + and C- = C+; (9.59) 

since £ is assumed to be in a Majorana basis. 

A representation of the gamma matrices that is convenient for this 10 = 
4 + 6 split is 

r Al = 7^ ® 1 and E m = 75 <8> 7 m, (9.60) 

where 7^ and 7 m are the gamma matrices of M4 and M, respectively, and 
75 is the usual four-dimensional chirality operator 

75 = -*7o7i7273, (9.61) 

which satisfies 75 = 1 and anticommutes with the other four 7^ s. 

Internal Dirac matrices 

The 8x8 Dirac matrices on the internal space M can be chosen to be an- 
tisymmetric. A possible choice of the six antisymmetric matrices satisfying 
{liilj} = 2 $ij is 



<72 <8> 1 <S> 0+3 0+3 <g) (72 <8> 1 1 <8> 0+3 ® 02- (9.62) 

One can then define a seventh antisymmetric matrix that anticommutes 
with all of these six as 77 = +/1 ... 76 or 

77 = 02® 02® 02- (9.63) 

The chirality projection operators are 

P± = (l + 77)/2. (9.64) 

In terms of the matrices defined above, one defines matrices = 0^7* in a 
real basis or 7 a and 7 a in a complex basis. 
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Kahler form and complex structure 

Now let us consider possible fermion bilinears constructed from i] + and r/_. 
Since these spinors are covariantly constant they can be normalized accord- 
ing to 

rj\,r] + = = 1. (9.65) 

Next, define the tensor 

Jm n = irj+7m n V+ = (9.66) 

which by using the Fierz transformation formula (given in the appendix of 
Chapter 10) satisfies 

Jm n Jn P = -5m P . (9.67) 

As a result, the manifold is almost complex, and J is the almost complex 

structure. 

Since the spinors rj± and the metric are covariantly constant, the almost 
complex structure is also covariantly constant, that is 

V m J n P = 0. (9.68) 

This implies that the almost complex structure satisfies the condition that 
it is a complex structure, since it satisfies 

N p mn = 0, (9.69) 

where N p mn is the Nijenhuis tensor (see the appendix and Exercise A. 4). 
So one can introduce local complex coordinates z a and z a in terms of which 

J a b = i5 a b , J a b = -ida b and J~ b = J- b = 0. (9.70) 



Note that 



T k T l 

Qmn = 9km 



(9.71) 



which together with Eq. (9.70) implies that the metric is hermitian with 
respect to the almost complex structure. Moreover, Eq. (9.71) implies that 
the quantity 

Jmn = Jm 9km (9.72) 

is antisymmetric and as a result defines a two-form 



1 



The components of J are related to the metric according to 



(9.73) 



Jab * 9ab' 



(9.74) 
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One important property of J is that it is closed, since 

dJ = dJ + dJ = id a gbcdz a A dz b A dz c + ida,gbcdz a A dz b A dz c = 0. (9.75) 

To see this, note that the metric is covariantly constant and take into account 
that we are using a torsion- free connection. As a result, the background is 
Kahler, and J is the Kahler form. 

Holomorphic three-form 

Let us now consider possible fermion bilinears, starting with ones that are 
bilinear in ?/_. Remembering that g is Grassmann even, one can see that 
the bilinears gT.'y a g~ and g^g abV- vanish by symmetry. Also, the bilinear 
g^g- vanishes by chirality. The only nonzero possibility, consistent with 
both chirality and symmetry, is 

flabc = V-JabcV-- (9.76) 

This can be used to define a nowhere- vanishing (3, 0)-fornr 

17 = -Q a bcdz a A dz b A dz c . (9.77) 

6 

• Let us now show that 17 is closed. Since g and the metric are covariantly 
constant, it satisfies Vjl7 a 6c = 0. The connection terms vanish for a 
Kahler manifold, and therefore one deduces that <917 = 0. It is obvious 
that <917 = 0, since there are only three holomorphic dimensions. Thus, 
17 is closed, dfl = (<9 + <9)17 = 0. The fact that 917 = 0 implies that the 
coefficients Yl a bc are holomorphic. 

• On the other hand, 17 is not exact. This can be understood as a conse- 
quence of the fact 17 A 17 is proportional to the volume form, which has a 
nonzero integral over M (see Exercise 9.8). Therefore, 17 A 17 is not exact, 
which implies that 17 is not exact. A Calabi-Yau manifold has /i 3,0 = 1, 
and 17 is a representative of the unique (3, 0) cohomology class. Other 
representatives differ by a nonzero multiplicative constant. 

The existence of a holomorphic (3, 0)-form implies that the manifold has 
a vanishing first Chern class. Indeed, since the holomorphic indices take 
three values, 17 a fe c must be proportional to the Levi-Civita symbol e a bc- 

ftabc = f(z)e a bc, (9.78) 

with f(z) a nowhere vanishing holomorphic function of z \ , Z 2 and Z 3 . This 
implies that the norm of 17, defined according to 

||17|| 2 = il7 afec 17 a6c , 



( 9 . 79 ) 
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satisfies 

where g denotes the determinant of the metric. As a result, the Ricci form 
is given by 

1Z = iddlog yj~g = — iddlog ||0|| 2 . (9.81) 

Since log 1 1 1 1 2 is a coordinate scalar, and therefore globally defined, this 
implies that 1Z is exact and c\ = 0. Since the internal spaces are Kahler 
manifolds with a vanishing first Chern class, they are by definition Calabi 
Yau manifolds. 

To summarize, assuming H = 0 and a constant dilaton, the requirement 
of unbroken J\T = 1 supersymmetry of the heterotic string compactified 
to four dimensions implies that the internal manifold is Kahler and has a 
vanishing first Chern class. In other words, it is a Calabi-Yau three-fold. 
Such a manifold admits a unique Ricci-flat metric. The Ricci-flat metric is 
generally selected in the supergravity approximation (analyzed here), while 
stringy corrections can deform it to a metric that is not Ricci-flat. 15 The 
advantage of this formulation is that Kahler manifolds with vanishing first 
Chern class can be constructed using various methods (some of which are 
presented in Section 9.3). However, backgrounds in which only the holonomy 
is specified, which in the present case is SU (n), are extremely difficult to 
deal with. 



Exercises 



Exercise 9.4 

Given a theory with J\f = 1 global supersymmetry, show that a supersym- 
metric state is a zero-energy solution to the equations of motion. 

Solution 

A supersymmetric state |T) is annihilated by one or more supercharges 

QI*) = o. 

15 However, the known corrections to the metric can be absorbed in field redefinitions, so that 
the metric becomes Ricci-flat again. 
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For an J\f = 1 supersymmetric theory there is no central charge, and we can 
write the Hamiltonian as 

H = Q ] Q, 

which is positive definite. A supersymmetric state satisfies 

H\V) = 0, 

and therefore it gives a zero-energy solution of the equations of motion. 
The converse is not true, since there are positive-energy solutions of the 
equations of motion that are not supersymmetric. In classical terms, this 
result means that a field configuration satisfying 5 £ i/j = 0, for all the fermi 
fields, as discussed in the text, is a solution of the classical field equations. □ 

Exercise 9.5 

Prove that q± in Eqs (9.59) are Weyl spinors of opposite chirality, that is, 
77 has eigenvalues ±1. 

Solution 

Using 77 = *717273747576) one finds 77 = 1. This is manifest for the repre- 
sentation presented in Eq. (9.63). We can then define P± = ^(1 ± 77), and 
rj± = P±r/. Therefore, 

777+ = 7+ and 77??- = ~V- ■ 

In terms of holomorphic and antiholomorphic indices 

77 = (1 - 7l7i)(l - 7272)(1 - 7S73) = -(1 - 7i7l)(l - 7272)(1 - 7373)) 
so the conditions 7 a *?+ = 0 and 'yg.V- = 0 al so give the same results. □ 

Exercise 9.6 

Derive the identity [V m , V n ]7 = \Rmnpq^' pq V used in Eq. (9.53). 

Solution 

Using Eq. (9.60) and the definition of the covariant derivative in the ap- 
pendix, 

V n ?? = d n r] + ^u npq Y q r], 

where LO nm are the components of the spin connection. Thus 

[V m , V n ]?7 = + ~^mpq r ) Pq i 9n T }V- 
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In writing this one has used the fact that Christoffel-connection terms of the 
form (Tmn — r nm)d p i] cancel by symmetry. The commutator above gives 

— (OmLOnrs — d n U) mrs )'J TJ + r^^mpq^nrs 7 ]Vi 
which simplifies to 



1 1 

( Q Q j p p \ T* S i ) ^ 

yUm^nrs Un^mrs + ^mrp^n s ^nrp^m sj'Y ?? — ^^mnrsT Vi 



where we have used 

hrs,l pq ] = -S^s] 91 - 



□ 



Exercise 9.7 

Prove that R mnp q r ) pq V = 0 implies that R m n = 0 . 

Solution 

Multiplying the above equation with r j n gives 

7 n 7 P<? RmnpqV = 0. 

Using the gamma matrix identity 

ryn^pQ = j^ipq + g np^q _ g nq^p 

and the equation 

7 nPq Rmnpq = 7 ^ R m [npq] = 0 , 
which is the Bianchi identity, we get the expression 

2g nq -/ p R mnpq r) = 0. 

This implies 7 p RmpV = 0. If g = 77 + is positive chirality, for example, this 
gives 

if]—'yq r y P ' l l+Rmp = Jq P Rm.p = 0 . 

J is invertible, so this implies that R mp = 0, and thus the manifold is Ricci- 
flat. □ 

Exercise 9.8 

Show that A h is proportional to the volume form of the Calabi-Yau 
three- fold that we derived in Exercise 9.1. 
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Solution 

As in the case of Exercise 9.1, this is a nontrivial closed (3, 3)-form, so this 
has to be true (up to an exact form) by uniqueness. Still, it is instruc- 
tive to examine the explicit formulas and determine the normalization. By 
definition 

H = ^ai a 2 a 3 dz ai A dz a2 A £fe“ 3 , 
where fl aia2a3 = rjT.'Y aia2a3 V- ■ Thus O A O becomes 

^ob ai A dz a 2 A dz as A dz l1 A dz A dz^Qa^as^hhh 

= ~i JAjA 

Since A J A J = dV is the volume form, we only need to prove that 
the extra factor is a constant. Because of the properties V m Haftc = 0 and 
V m g ab = 0, we have 

v m ||0|| 2 = 0 

where 

llfill 2 = l 9 a 'V 2 V sEs sw, n Wl5l . 

||fl|| 2 is a scalar, and thus it is a constant. It follows that OAfl is — z||0|| 2 dU. 

□ 



9.5 Deformations of Calabi— Yau manifolds 

Calabi-Yau manifolds with specified Hodge numbers are not unique. Some 
of them are smoothly related by deformations of the parameters characteriz- 
ing their shapes and sizes, which are called moduli. Often the entire moduli 
space of manifolds is referred to as a single Calabi-Yau space, even though 
it is really a continuously infinite family of manifolds. This interpretation 
was implicitly assumed earlier in raising the question whether or not there 
is a finite number of Calabi-Yau manifolds. There can also be more than 
one Calabi-Yau manifold of given Hodge numbers that are topologically dis- 
tinct, with disjoint moduli spaces, since the Hodge numbers do not give a full 
characterization of the topology. On the other hand, when one goes beyond 
the supergravity approximation, it is sometimes possible to identify smooth 
topology-changing transitions, such as the conifold transition described in 
Section 9.8, which can even change the Hodge numbers. 
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This section and the next one explain how the moduli parametrize the 
space of possible choices of undetermined expectation values of massless 
scalar fields in four dimensions. They are undetermined because the effective 
potential does not depend on them, at least in the leading supergravity 
approximation. A very important property of the moduli space of Calabi- 
Yau three-folds is that it is the product of two factors, one describing the 
complex-structure moduli and one describing the Kahler-structure moduli. 

Let us now consider the spectrum of fluctuations about a given Calabi 
Yau manifold with fixed Hodge numbers. Some of these fluctuations come 
from metric deformations, while others are obtained from deformations of 
antisymmetric tensor fields. 



Antisymmetric tensor-field deformations 

As discussed in Chapter 8, the low-energy effective actions for string theories 
contain various p-form fields with kinetic terms proportional to 

J d 10 xV^9 I F P I 2 , (9-82) 

where F p = dA p _ \ . An example of such a field is the type IIA or type IIB 
three- form H 3 = <LE> 2 . The equation of motion of this field is 16 

A B p -i = d* dB p -i = 0. (9.83) 

If we compactify to four dimensions on a product space M4 x M, where 
M is a Calabi- Yau three-fold, then the space-time metric is a sum of a four- 
dimensional piece and a six-dimensional piece. Therefore, the Laplacian is 
also a sum of two pieces 

A = A 4 + A 6 , (9.84) 

and the number of massless four-dimensional fields is given by the number of 
zero modes of the internal Laplacian Aq. These zero modes are counted by 
the Betti numbers b p . The ten-dimensional field L> 2 , for example, can give 
rise to four-dimensional fields that are two-forms, one-forms and zero-forms. 
The number of these fields is summarized in the following table: 



Bmn 


B pv 


Bfj,n 


Bmn 


p-forrn in 4D 


p = 2 


p = 1 


p = 0 


of fields in 4D 


fro = 1 


fri = 0 


fr 2 = h L1 



16 This assumes other terms vanish or can be neglected. 
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The 62 scalar fields in this example are moduli originating from the B 
field. More generally, a p-form field gives rise to b p moduli fields. 



Metric deformations 

The zero modes of the ten-dimensional metric (or graviton field) give rise 
to the four-dimensional metric g^ u and a set of massless scalar fields orig- 
inating from the internal components of the metric g mn . In Calabi-Yau 
compactifications no massless vector fields are generated from the metric 
since b\ = 0. A closely related fact is that Calabi Yau three- folds have no 
continuous isometry groups. 

The fluctuations of the metric on the internal space are analyzed by per- 
forming a small variation 



gmn * gmn T Y/mn ? (9.85) 

and then demanding that the new background still satisfies the Calabi-Yau 
conditions. In particular, one requires 

Rmn{g + bg) = 0. (9.86) 

This leads to differential equations for 5g, and the number of solutions counts 
the number of ways the background metric can be deformed while preserving 
supersymmetry and the topology. The coefficients of these independent 
solutions are the moduli. They are the expectation values of massless scalar 
fields, called the moduli fields. These moduli parametrize changes of the size 
and shape of the internal Calabi-Yau manifold but not its topology. 



A simple example: the torus 




Fig. 9.4. A rectangular torus can be constructed by identifying opposite sides of a 
rectangle. 

Consider the rectangular torus T 2 = S' 1 x S 1 displayed in Fig. 9.4. This 
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torus is described by a flat metric. As discussed in Exercise 9.9, it is conve- 
nient to describe a torus using two complex parameters r and p , which in 
the present case are related to the two radii by 

r = i— and p = iRiR- 2 ■ (9.87) 

R.\ 

The shape, or complex structure, of the torus is described by r, while the 
size is described by p. As a result, two transformations can be performed so 
that the torus remains a torus. A complex-structure deformation changes 
r, while a Kahler-structure deformation changes p. These deformations are 
illustrated in Fig. 9.5. 



A 



A 





Fig. 9.5. Kahler structure deformations and complex structure deformations corre- 
spond to changing the size and shape of a torus respectively. 



Recall that the holomorphic one-form on a torus is given by 

17 = dz. 



(9.88) 



The complex-structure parameter r can then be written as the quotient of 
the two periods 



r = 



J B «’ 



(9.89) 



where A and B are the cycles shown in Fig. 9.4. This definition is generalized 
to Calabi-Yau three-folds in the next section. The rectangular torus is not 
the most general torus. There can be an angle 9 as shown in Fig. 9.6. When 
r has a real part, mirror symmetry 17 only makes sense if p has a real part 
as well. The imaginary part of p then describes the volume, while the real 
part descends from the B field, as explained in Exercise 7.8. 



Deformations of Calabi-Yau three- folds 
In order to analyze the metric deformations of CalabEYau three-folds, let us 
use the strategy outlined in the introduction of this section and require that 

17 The mirror symmetry transformation that interchanges r and p is discussed in Section 9.9. 
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g mn and g mn + Sg rnn both satisfy the Calabi-Yau conditions. In particular, 
they describe Ricci-flat backgrounds so that 

Rmn{g ) = o and Rmn{g + Sg) = 0. (9.90) 



Some metric deformations only describe coordinate changes and are not of 
interest. To eliminate them one fixes the gauge 

V m <5 g mn = -V n SgZ (9.91) 

where dry™ = g mp 6g m p ■ Expanding the second equation in (9.90) to linear 
order in 5g and using the Ricci- flatness of g leads to 

V k V k 5g mn + 2 RJ n ^5g pq = 0. (9.92) 

This equation is known as the Lichnerowicz equation, which you are asked 
to verify in Problem 9.7. Using the properties of the index structure of the 
metric and Riemann tensor of Kahler manifolds, one finds that the equations 
for the mixed components 5g a i and the pure components 5g a b decouple. 
Consider the infinitesimal (1, l)-form 

5g a idz a A dz (9.93) 



which is harmonic if (9.92) is satisfied, as you are asked to verify in Prob- 
lem 9.8. We imagine that after the variation g + 5g is a Kahler metric, which 
in classical geometry should be positive definite. The Kahler metric defines 
the Kahler form J = ig a idz a Adz b , and positivity of the metric is equivalent 
to 




J A • • • A J > 0, 

r — times 



r = 1,2,3, 



(9.94) 







Fig. 9.6. The shape of a torus is described by a complex-structure parameter r. 
The angle 0 is the phase of r. 
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where M r is any complex r-dimensional submanifold of the Calabi-Yau 
three-fold. The subset of metric deformations that lead to a Kahler form 
satisfying Eq. (9.94) is called the Kahler cone. This space is a cone since 
if J satisfies (9.94), so does rJ for any positive number r, as illustrated in 
Fig. 9.7. 




Fig. 9.7. The deformations of the Kahler form that satisfy Eq. (9.94) build the 
Kahler cone. 

The five ten-dimensional superstring theories each contain an NS-NS two- 
form B. After compactification on a Calabi-Yau three- fold, the internal 
(1, l)-form B a i has h 1,1 zero modes, so that this many additional massless 
scalar fields arise in four dimensions. The real closed two-form B combines 
with the Kahler form J to give the complexified Kahler form 

J = B + iJ. (9.95) 

The variations of this form give rise to h 1,1 massless complex scalar fields 
in four dimensions. Thus, while the Kahler form is real from a geometric 
viewpoint, it is effectively complex in the string theory setting, generalizing 
the complexification of the p parameter of the torus. This procedure is called 
the complexification of the Kahler cone. For M-theory compactifications, 
discussed later, there is no two-form B, and so the Kahler form, as well as 
the corresponding moduli space, is not complexified. 

The purely holomorphic and antiholomorphic metric components g a b and 
g^l are zero. However, one can consider varying to nonzero values, thereby 
changing the complex structure. With each such variation one can associate 
the complex (2, l)-form 

^labcQ c ^hg^ E dz a A dz b A dz e . (9.96) 

This is harmonic if (9.90) is satisfied. The precise relation to complex- 
structure variations is explained in Section 9.6. 
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9.6 Special geometry 

The mathematics that is needed to describe Calabi-Yau moduli spaces, 
known as special geometry , is described in this section. 



The metric on moduli space 

The moduli space has a natural metric defined on it 18 , which is given as 
a sum of two pieces. The first piece corresponds to deformations of the 
complex structure and the second to deformations of the complexified Kahler 
form 

ds 2 = ^ J g ab g cd [SgacSgid + {dg ad 5g c i - 8B ad 8B ch )\ ^/gd 6 x, (9.97) 

where V is the volume of the Calabi Yau manifold M. The fact that the 
metric splits into two pieces in this way implies that the geometry of the 
moduli space has a product structure (at least locally) 

M(M) = M 2,1 (M) x M L1 (M). (9.98) 

Each of these factors has an interesting geometric structure of its own de- 
scribed below. 



The complex- structure moduli space 

The Kahler potential 

Let us begin with the space of complex-structure deformations of the metric. 
First we define a set of (2, l)-forms according to 

Xa = 7,(Xa)abcdz a A dz b A dz° with ( Xa)abc = (9.99) 

where t°, with a = 1, . . . , h 2 ' 1 are local coordinates for the complex-structure 
moduli space. Indices are raised and lowered with the hermitian metric, 
so that Q a b d = g cd ^labci for example. As in Eq. (9.96), these forms are 
harmonic. These relations can be inverted to show that under a deformation 
of the complex structure the metric components change according to 

dg-ab = ~ || ^ jja ^a Cd (Xa)cdb S t a , where || || 2 = ^n abc n abc . 

(9.100) 

18 The metric on the moduli space, which is a metric on the parameter space describing deforma- 
tions of Calabi-Yau manifolds, should not be confused with the Calabi-Yau metric. 
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Writing the metric on moduli space as 

ds 2 = 2 G a p6t a 5tP, (9.101) 

and using Eqs (9.97) and Eq. (9.100) for dg^, one finds that the metric on 
moduli space is 

G a - s 5t a 5tP = -[ ''I ] Xn X 5t a 5iP. (9.102) 

M y i J A Q I 

Under a change in complex structure the holomorphic (3, 0)-form fl be- 
comes a linear combination of a (3, 0)-fornr and (2, l)-forms, since dz be- 
comes a linear combination of dz and dz. More precisely, 

d a n = K a Q + Xa, (9.103) 

where d a = d/dt a and K a depends on the coordinates t a but not on the 
coordinates of the Calabi-Yau manifold M. The concrete form of K a is 
determined below. Moreover, the Xa are precisely the (2, l)-fornrs defined 
in (9.99). Exercise 9.10 verifies Eq. (9.103). 

Combining Eqs (9.102) and (9.103) and recalling that G a/ g = d a dpJC, one 
sees that the metric on the complex-structure moduli space is Kahler with 
Kahler potential given by 

/C 2 ’ 1 = -log (ijtt Afij . (9.104) 

Exercise 9.9 considers the simple example of a two-dimensional torus and 
shows that the Kahler potential is given by Eq. (9.104) for Q = dz. 



Special coordinates 

In order to describe the complex-structure moduli space in more detail, let 
us introduce a basis of three-cycles A 1 , Bj , with I, J = 0, . . . , /r 2,1 , chosen 
such that their intersection numbers are 



A 1 (1 Bj = —Bj n A 1 = 5j and A 1 n A J = n Bj = 0. (9.105) 

The dual cohomology basis is denoted by (a/,/3 7 ). Then 



/ aj = ai A /3 J = Sj 


and 


/ P 1 = 1 


IaJ J 




Jbj J 



The group of transformations that preserves these properties is the symplec- 
tic modular group Sp(2h 2 ' 1 + 2; 71). 
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In analogy with the torus example, we can define coordinates X 1 on the 
moduli space by using the A periods of the holomorphic three-form 

X 1 = [ Q with 7 = 0,..., h 2,1 . (9.107) 

J A 1 

The number of coordinates defined this way is one more than the number of 
moduli fields. However, the coordinates X 1 are only defined up to a complex 
rescaling, since the holomorphic three-form has this much nonuniqueness. 
To take account of this factor consider the quotient 19 

x a 

t a = with a = 1, . . . , h 2 ’ 1 , (9.108) 

where the index a now excludes the value 0. This gives the right number 
of coordinates to describe the complex-structure moduli. Since the X 1 give 
the right number of coordinates to span the moduli space, the B periods 



Fj 




(9.109) 



must be functions of the X, that is, Fj = Fj(X). It follows that 



n = X T a! -F I (X)P I . 
A simple consequence of Eq. (9.103) is 

J tt A <9/71 = 0, 



(9.110) 



(9.111) 



which implies 
or, equivalently, 

BF 1 

Fl = dx 1 where F= 2 XlFl ' (9 - 113) 

As a result, all of the B periods are expressed as derivatives of a single 
function F called the prepotential. Moreover, since 

r dF 

2F = X I — r (9.114) 



F is homogeneous of degree two, which means that if we rescale the coordi- 
nates by a factor A 

F(XX) = A 2 F(X). (9.115) 



19 As usual in this type of construction, these coordinates parametrize the open set X° 7^ 0. 
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Since the prepotential is defined only up to an overall scaling, strictly speak- 
ing it is not a function but rather a section of a line bundle over the moduli 
space. 

The prepotential determines the metric on moduli space. Using the gen- 
eral rule for closed three-forms a and (5 




the Kahler potential (9.104) can be rewritten in the form 

e -^' 1 = -iY j ( xI Fi-X lF i y 
1=0 



(9.116) 



(9.117) 



as you are asked to verify in a homework problem. As a result, the Kahler 
potential is completely determined by the prepotential F , which is a holo- 
morphic homogeneous function of degree two. This type of geometry is 
called special geometry. 

An important consequence of the product structure (9.98) of the moduli 
space is that the complex-structure prepotential F is exact in a'. Indeed, 
the ol expansion is an expansion in terms of the Calabi-Yau volume V, 
which belongs to Xi 1,1 (M ), and it is independent of position in Xi 2 , 1 (M), 
that is, the complex structure. 20 When combined with mirror symmetry, 
this important fact provides insight into an infinite series of stringy a! cor- 
rections involving the Kahler-structure moduli using a classical geometric 
computation involving the complex-structure moduli space only. 



The Kahler transformations 

The holomorphic three- form is only determined up to a function /, which 
can depend on the moduli space coordinates X 1 but not on the Calabi-Yau 
coordinates, that is, the transformation 

n -> e f(x) n (9.118) 

should not lead to new physics. This transformation does not change the 
Kahler metric, since under Eq. (9.118) 

/C 2 ’ 1 —> K 2 ' 1 — f{X) - f(X), (9.119) 

which is a Kahler transformation that leaves the Kahler metric invariant. 



20 Since V and a! are the only scales in the problem, the only dimensionless quantity containing 
a! is (a') 3 /V . So if one knows the full V dependence, one also knows the full a' dependence. 
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Equations (9.103) and (9.104) determine K a to be 



c<f 

1 

II 


(9.120) 


One can then introduce the covariant derivatives 




V a = d a + dalC 2 ’ 1 , 


(9.121) 


and write 




Xa 


(9.122) 


which now transforms as Xa e ^ X ^Xa- 





The Kahler- structure moduli space 

The Kahler potential 

An inner product on the space of (1,1) cohomology classes is defined by 

G (p, a) = ^7 J m Pad a bc9 ab 9 cd V9<Fx = p A ka, (9.123) 

where * denotes the Hodge-star operator on the Calabi-Yau, and p and a 
are real (1, l)-forms. Let us now define the cubic form 

k(p,<j,t)= / pAaAr, (9.124) 

Jm 

and recall from Exercise 9.1 that k(.J. J , J) = 6V. Using the identity 

-ka = — J A a + -^k(ct, J, J) J A J (9.125) 

the metric can be rewritten in the form 

G(p,a) = ~^K(p,a,J) + — ^ k(p,J,J)k((t,J,J). (9.126) 

If we denote by e a a real basis of harmonic (1, l)-forms, then we can 
expand 



J = 


B + i J 


S 

<U 

e 

3 

II 


with 


a 




(9.127) 


The metric on 


moduli 


space is then 










G a p = \G{ 


e a> Cfi) — 


d 

dw a 


® jrl,l 

dwJ ’ 


(9.128) 


where 


















k1,1 

e~ K = 


CO | hti 

'-H 

> 


J A J 


r = 8V. 


(9.129) 
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A change in the normalization of the right-hand side would correspond to 
shifting the Kahler potential by an inconsequential constant. These equa- 
tions show that the space spanned by w a is a Kahler manifold and the 
Kahler potential is given by the logarithm of the volume of the CalabKYau. 
We also define the intersection numbers 

Kafr = K(e a ,e / 3 ,e 7 ) = f e a Ae / jAe 7 (9.130) 



and use them to form 



n( , 1 
G(w) = -- 






6w° 



JAJAJ, 



(9.131) 



which is analogous to the prepotential for the complex-structure moduli 
space. Here we have introduced one additional coordinate, namely w°, in 
order to make G{w) a homogeneous function of degree two. Then we find 



e 



-1C 1 ’ 1 




(9.132) 



where now the new coordinate w° is included in the sum. In Eq. (9.132) it 
is understood that the right-hand side is evaluated at w° = 1 . A homework 
problem asks you to verify that Eq. (9.132) agrees with Eq. (9.129). 



The form of the prepotential 

To leading order the prepotential is given by Eq. (9.131). However, note that 
the size of the Calabi-Yau belongs to M 1,1 (M) and as a result a' corrections 
are possible. So Eq. (9.131) is only a leading-order result. However, the 
corrections are not completely arbitrary, because they are constrained by 
the symmetry. First note that the real part of w a is determined by B, 
which has a gauge transformation. This leads to a Peccei-Quinn symmetry 
given by shifts of the fields by constants e“ 



Sw a = £ a . 



(9.133) 



Together with the fact that G(w) is homogeneous of degree two, this implies 
that perturbative corrections take the form 



G M 



ARC 1 
KABC W W W 

w° 



iy{w 



0\2 



(9.134) 



where y is a constant. Note that the coefficient of (re 0 ) 2 is taken to be 
purely imaginary. Any real contribution is trivial since it does not affect the 




9.6 Special geometry 397 

Kahler potential. The result, which was derived by using mirror symmetry, 
is 

* = (9 ' 135) 

where y(M) = 2 (h 1,1 — h 2 ,1 ) is the Euler characteristic of the manifold. 

Nonperturbatively, the situation changes, since the Peccei-Quinn symme- 
tries are broken and corrections depending on w a become possible. It turns 
out that sums of exponentially suppressed contributions of the form 

(9.136) 

where c a are constants, are generated. These corrections arise due to in- 
stantons, as is discussed in Section 9.8. 



exp 



c a w 

a'w° 



Exercises 



Exercise 9.9 

Use the definition (9.97) to show that the metric on the complex-structure 
moduli space of a two-dimensional torus is Kahler with Kahler potential 
given by 



/C = - log 



o a n 



and 0 = dz. 



(9.137) 



Solution 



As we saw in Exercise 7.8, a two-torus compactification, with complex- 
structure modulus t = t\ + iT 2 , can be described by a metric of the form 

1 /rf + r| T\ 

T-2 \ r i 1 



9 = 



Here we are setting B = 0 and \/detg = 1, since we are interested in 
complex-structure deformations. The torus metric then takes the form 



ds 2 



1 

T2 



(rf + r|) dx 2 + 2T\dxdy + dy 2 



2 Qzzdzdz , 



where we have introduced a complex coordinate defined by 

dz = dy + rdx and g^z = • 

2 t 2 
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For these choices the Kahler potential is 



1C = - log 



dz A dz 



= -log(2 r 2 ). 



This gives the metric 



G rf = d T d f IC = — 1 
4r| 



Under a change in complex structure r — » r + dr the metric components 
change by 



5fJzz ~ 2 r| 



and 



r dT 

SfJzz ~ 2r| ' 



Using the definition of the metric on moduli space (9.97) we find the moduli- 
space metric 

ds 2 = 2 G Tf dTdf = -^ j (g zz ) 2 dg zz 5g^ \JJ)d 2 x = 
in agreement with the computation based on the Kahler potential. □ 



Exercise 9.10 

Prove that d a Q = K a il + where the Xa are the (2, l)-forms defined in 
Eq. (9.99). 

Solution 

By definition 

0 = -Q a b c dz a A dz b A dz c , 

6 

so the derivative gives 

= I ^£ dz a A dz b A dz c + Io abc d 2 a A dz b A 

The first term is a (3,0)-form, while the derivative of dz c is partly a (1,0)- 
form and partly a (0, l)-form. Since the exterior derivative d is independent 
of t a , d£l/dt a is closed, and hence 

dn/dt a G 

Now we are going to show that the (2, l)-form here is exactly the Xa hi 
Eq. (9.99). By Taylor expansion we have 



z c {t a + 5t Q ) = z c (t a ) + M c Jt a 
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which implies that 



d(dz c ) 

dt a 



*K = T^ dzd + 



dz d 



Therefore, the (2, l)-form is equal to 



1 r) M c 

— ~ — y dz a A dz b A dz d . 

2 dz d 

We want to show that this is equal to 



Therefore, we need to show that 

dM a = _1 ce ( d 9de \ 

dz d 2 y V dt a ) ' 



Differentiating the hermitian metric ds 2 = 2 g a idz a dz h in the same way that 
we did the holomorphic three-form gives the desired result 



d 9de 

dt a 



2 Qce 



dM c a 

dz d 



□ 



9.7 Type II A and type IIB on Calabi— Yau three- folds 

The compactification of type IIA or type IIB superstring theory on a Calabi- 
Yau three-fold M leads to a four-dimensional theory with J\f = 2 supersym- 
metry. The metric perturbations and other scalar zero modes lead to moduli 
fields that belong to M = 2 supermultiplets. These supermultiplets can be 
either vector multiplets or hypermultiplets, since these are the only massless 
J\f = 2 supermultiplets that contain scalar fields. 



D = 4, AT = 2 supermultiplets 

Massless four-dimensional supermultiplets have a structure that is easily 
derived from the superalgebra by an analysis that corresponds to the mass- 
less analog of that presented in Exercise 8.2. The physical states are labeled 
by their helicities, which are Lorentz-invariant quantities for massless states. 
For ACextended supersymmetry the multiplet is determined by the maximal 
helicity with the rest of the states having multiplicities given by binomial 
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coefficients. When the multiplet is not TCP self-conjugate, one must also 
adjoin the conjugate multiplet. 21 

In the case of M = 2 this implies that the supermultiplet with maximal 
helicity 2 also has two helicity 3/2 states, and one helicity 1 state. Adding 
the TCP conjugate multiplet (with the opposite helicities) gives the M = 2 
supergravity multiplet , which contains one graviton, two gravitinos and one 
graviphoton. If the maximal helicity is 1, and one again adds the TCP con- 
jugate, the same reasoning gives the N = 2 vector multiplet , which contains 
one vector, two gauginos and two scalars. Finally, the multiplet with max- 
imal helicity 1/2, called a hypermultiplet contains two spin 1/2 fields and 
four scalars. In each of these three cases there is a total of four bosonic and 
four fermionic degrees of freedom. 



Type IIA 

When the type IIA theory is compactified on a Calabi-Yau three- fold M, the 
resulting four-dimensional theory contains h 1,1 abelian vector multiplets and 
ti 2,1 + 1 hypermultiplets. The scalar fields in these multiplets parametrize 
the moduli spaces. There is no mixing between the two sets of moduli, so 
the moduli space can be expressed in the product form 

x M 2,1 (M). (9.138) 

Each vector multiplet contains two real scalar fields, so the dimension of 
A4 1,1 (M) is 2 h 1,1 . In fact, this space has a naturally induced geometry that 
promotes it into a special-Kahler manifold (with a holomorphic prepoten- 
tial). Each hypermultiplet contains four real scalar fields, so the dimen- 
sion of _M 2,1 (Af) is 4 {h 2,1 + 1). This manifold turns out to be of a special 
type called quaternionic Kahler. 22 These geometric properties are inevitable 
consequences of the structure of the interaction of vector multiplets and hy- 
permultiplets with M = 2 supergravity. The massless field content of the 
compactified type IIA theory is explored in Exercise 9.12. 



Type IIB 

Compactihcation of the type IIB theory on a Calabi-Yau three-fold W yields 
h 2,1 abelian vector multiplets and h 1 ' 1 + 1 hypermultiplets. The correspond- 

21 The only self-conjugate multiplets in four dimensions are the J\f = 4 vector multiplet and the 
Af = 8 supergravity multiplet. 

22 Note that quaternionic Kahler manifolds are not Kahler. The definition is given in the appendix. 
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ing moduli space takes the form 

M 1,l {W) x M 2,1 (W). (9.139) 

In this case the situation is the opposite to type IIA, in that M 2 ' 1 {W) 
is special Kahler and is quaternionic Kahler. The massless field 

content of the compactified type IIB theory is explored in Exercise 9.13. 

For each of the type II theories the dilaton belongs to the universal hyper- 
multiplet, which explains the extra hypermultiplet in each case. This scalar 
is complex because there is a second scalar, an axion a, which is the four- 
dimensional dual of the two- form B pu ( dB = Mia) . The complex-structure 
moduli, being associated with complex (2, l)-forms, are naturally complex. 
The h 1,1 Kahler moduli are complex due to the R-field contribution in the 
complexified Kahler form {J a i~\-iB a i) as in the case of the heterotic string. 



Exercises 



Exercise 9.11 

Explain the origin of the massless scalar fields in five dimensions that are 
obtained by compactifying M-theory on a Calabi-Yau three-fold. 

Solution 

The massless fields in 11 dimensions are 

{ Gmn , Amnp, ^m}- 

Let us decompose the indices of these fields in a SU (3) covariant way, M = 
(p., i , i). The fields belong to the following five-dimensional supermultiplets: 

gravity multiplet : G pu , A pvp , fermions 
h 1)l vector multiplets : A^j... G^. fermions 

h 2,1 hypermultiplets : A-^, Gjk, fermions. 

A five- dimensional duality transformation allows one to replace A pi/p by a 
real scalar field. The gravity multiplet has eight bosonic and eight fermionic 
degrees of freedom. The other supermultiplets each have four bosonic and 
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four fermionic degrees of freedom. The total number of massless scalar fields 
is 

4 h 2 ’ 1 + h 1 ' 1 + 3. 

□ 

Exercise 9.12 

Consider the type IIA theory compactified on a Calabi-Yau three-fold. Ex- 
plain the ten-dimensional origin of the massless fields in four dimensions. 

Solution 

The massless fields in ten dimensions are 

{Gmn, Bmn , Cm, Cmnp, ^m\ ^m\ 

where are the two Majorana-Weyl gravitinos of opposite chiral- 
ity, while \I/W, are the two Majorana-Weyl dilatinos. Writing indices 

in a SU{ 3) covariant way, M = we can arrange the fields in M = 2 

supermultiplets: 

gravity multiplet : G Y /tJy , 4^, C' /t 
h 1 ' 1 vector multiplets : C^j, Gjj, Bq . fermions 
/r 2 ' 1 hypermultiplets : CYj., Gij, fermions 

universal hypermultiplet : C^, 4>, fermions. 

is dual to a scalar field. Since the fields C^j., , Cijk are complex, the 

number of the massless scalar fields is 2/z 1,1 + 4/r 2,1 + 4. There are h 1 ’ 1 + 1 
massless vector fields. □ 

Exercise 9.13 

Consider the type IIB theory compactified on a Calabi-Yau three-fold. Ex- 
plain the ten-dimensional origin of the massless fields in four dimensions. 

Solution 

The massless fields in ten dimensions are 

{Gmn, Bmn, 3>, C, Cmn, Cmnpq, 41 m ^ ■> 
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Let us use the same SU( 3) covariant notation as in the previous exercise. 
Compactihcation on a Calabi-Yau three- fold again gives M = 2, D = 4 
supersymmetry. The fields belong to the following supermultiplets: 

gravity multiplet : G^, 'L /i , C^ jk 

h 2,1 vector supermultiplets : G^j., Gij, fermions 
h 1 ' 1 hypermultiplets : C^ w q, Gq , Bq, Cq, fermions 

universal hypermultiplet : $, C, B^, C /IU , fermions. 

Now taking into account that Gij is complex and that the four-form C has a 
self-duality constraint on its field strength, the total number of the massless 
scalar fields is 2 h 2,1 +4 (/i 1,1 + 1). The total number of massless vector fields 
is h 21 + 1. □ 



9.8 Nonperturbative effects in Calabi— Yau compactifications 

Until now we have discussed perturbative aspects of Calabi-Yau compact- 
ification that were understood prior to the second superstring revolution. 
This section and the following ones discuss some nonperturbative aspects 
of Calabi-Yau compactifications that were discovered during and after the 
second superstring revolution. 



The conifold singularity 

In addition to their nonuniqueness, one of the main problems with Calabi 
Yau compactifications is that their moduli spaces contain singularities, that 
is, points in which the classical description breaks down. By analyzing a 
particular example of such a singularity, the conifold singularity, it became 
clear that the classical low-energy effective action description breaks down. 
Nonperturbative effects due to branes wrapping vanishing (or degenerating) 
cycles have to be taken into account. 

To be concrete, let us consider the type IIB theory compactified on a 
Calabi-Yau three-fold. As we have seen in the previous section, the moduli 
space M 2,1 (M) can be described in terms of homogeneous special coordi- 
nates X 1 . A conifold singularity appears when one of the coordinates, say 

X 1 = [ ft, (9.140) 

vanishes. The period of fl over A 1 goes to zero, and therefore A 1 is called 
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a vanishing cycle. At these points the metric on moduli space generically 
becomes singular. Indeed, the subspace A 1 = 0 has complex codimension 1, 
which is just a point if h 2,1 = 1, and so it can be encircled by a closed loop. 
Upon continuation around such a loop the basis of three-cycles comes back 
to itself only up to an Sp(2; 7L ) monodromy transformation. In general, the 
monodromy is 

X 1 — X 1 and F\ —> F\ + X 1 . (9.141) 

This implies that near the conifold singularity 

-FipT 1 ) = const + ^—.X 1 log X 1 . (9.142) 

2m 

In the simplest case one can assume that the other periods transform triv- 
ially. This result implies that near the conifold singularity the Kahler po- 
tential in Eq. (9.117) takes the form 

A 2 ’ 1 ~ log(| A 1 ) 2 log | A 1 ] 2 ). (9.143) 

It follows that the metric Git = — Fk - g s j n rr U } ar a t x 1 = 0. This is 

11 dx 1 dx b 

a real singularity, and not merely a coordinate singularity, since the scalar 
curvature diverges, as you are asked to verify in a homework problem. 

The singularity of the moduli space occurs for the following reason. The 
Calabi-Yau compactification is a description in terms of the low-energy effec- 
tive action in which the massive fields have been integrated out. At the coni- 
fold singularity certain massive states become massless, and an inconsistency 
appears when such fields have been integrated out. The particular states 
that become massless at the singularity arise from D3-branes wrapping cer- 
tain three-cycles, called special Lagrangian cycles , which are explained in 
the next section. Near the conifold singularity these states becomes light, 
and it is no longer consistent to exclude them from the low-energy effective 
action. 



Supersymmetric cycles 

This section explains how to calculate nonperturbative effects due to Eu- 
clideanized branes wrapping supersymmetric cycles. The world volume of a 
Euclideanized p-brane has p + 1 spatial dimensions, and it only exists for an 
instant of time. Note that only the world-volume time, and not the time in 
the physical Minkowski space, is Euclideanized. If a Euclideanized p-brane 
can wrap a (p + l)-cycle in such a way that some supersymmetry is pre- 
served, then the corresponding cycle is called supersymmetric. This gives a 
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contribution to the path integral that represents a nonperturbative instan- 
ton correction to the theory. More precisely, fundamental-string instantons 
give contributions that are nonperturbative in a ' , whereas D-branes and 
NS5-branes give contributions that are also nonperturbative in g s . 23 If the 
internal manifold is a Calabi-Yau three-fold, the values of p for which there 
are nontrivial (p + l)-cycles are p = — 1, 1, 2, 3, 5. 24 

As was discussed in Chapter 6, type II A superstring theory contains 
even- dimensional BPS D-branes, whereas the type IIB theory contains odd- 
dimensional BPS D-branes. Each of these D-branes carries a conserved 
R-R charge. So, in addition to fundamental strings wrapping a two-cycle 
and NS5-branes wrapping the entire manifold, one can consider wrapping 
D2-branes on a three-cycle in the IIA case. Similarly, one can wrap Dl, 
D3 and D5-branes, as well as D-instantons, in the IIB case. These config- 
urations give nonperturbative instanton contributions to the moduli-space 
geometry, that need to be included in order for string theory to be consis- 
tent. As explained in Section 9.9, these effects are crucial for understanding 
fundamental properties of string theory, such as mirror symmetry. There 
are different types of supersymmetric cycles in the context of Calabi-Yau 
compactifications, which we now discuss. 25 



Special Lagrangian submanifolds 

For Calabi -Yau compactification of M-theory, which gives a five-dimensional 
low-energy theory, the possible instanton configurations arise from M2- 
branes wrapping three-cycles and M5-branes wrapping the entire Calabi 
Yau manifold. Let us first consider a Euclidean M2-brane, which has a 
three-dimensional world volume. The goal is to examine the conditions un- 
der which a Euclidean membrane wrapping a three-cycle of the Calabi-Yau 
manifold corresponds to a stationary point of the path-integral-preserving 
supersymmetry. Once this is achieved, the next step is to determine the cor- 
responding nonperturbative contribution to the low-energy five-dimensional 
effective action. 

The M2-brane in 11 dimensions has a world- volume action, with global 
supersymmetry and local n symmetry, whose form is similar to the actions 
for fundamental superstrings and D-branes described in Chapters 5 and 6. 
As in the other examples, in flat space-time this action is invariant under 



23 The g s dependence is contained in the tension factor that multiplies the world-volume actions. 

24 A p-brane with p = — 1 is the D-instanton of the type IIB theory. 

25 A vanishing potential for the tensor fields is assumed here. The generalization to a nonvanishing 
potential is known. 
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global supersymmetry 

6 e @ = e and 5 £ X m = ieT M @, (9.144) 

where X M (<r a ), with M = 0, , 10, describes the membrane configuration 
in space-time. 0 is a 32-conrponent Majorana spinor, and e is a constant 
infinitesimal Majorana spinor. However, the question arises how much of this 
supersymmetry survives if a Euclideanized M2-brane wraps a three-cycle of 
the compactification. The M2-brane is also invariant under fermionic local 
k symmetry, which acts on the fields according to 

5 k Q = 2 P+k(ct) and 5 K X M = 2iQF M P + k(<j), (9.145) 

where n is an infinitesimal 32-conrponent Majorana spinor, and P± are or- 
thogonal projection operators defined by 

p± = \( 1± \e a ^d a x M dgX N d 1 x p v MN ^j . (9.146) 

The key to the analysis is the observation that a specific configuration 
X M (<7 a ) (and 0 = 0) preserves the supersymmetry corresponding to a par- 
ticular e transformation, if this transformation can be compensated by a n 
transformation. In other words, there should exist a ft(cr) such that 

<5 e 0 + S K & = e + 2P + K{a) = 0. (9.147) 

By acting with P_ this implies 

P-£ = 0. (9.148) 

This equation is equivalent to the following two conditions: 26 

• The 11 coordinates X M consist of X a and X a , which refer to Calabi-Yau 
coordinates, and Y M , which is the coordinate in five-dimensional space- 
time. In the supersymmetric instanton solution, X^ = Xq is a constant, 
and the nontrivial embedding involves the other coordinates. The first 
condition is 

d [a X a d m X h J ai = 0. (9.149) 

The meaning of this equation is that the pullback of the Kahler form of 
the Calabi-Yau three-fold to the membrane world volume vanishes. 

• The second condition is 27 

d a X a dgX b d- ( X c n abc = e -^e 1C £ a g 1 . (9.150) 

26 The equivalence of Eq. (9.148) and the conditions (9.149) and (9.150) is proved in Exercise 9.15. 

27 £af S'y is understood to be a tensor here. Otherwise a factor of vG, where G a /3 is the induced 
metric, would appear. 
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The meaning of this equation is that the pullback of the holomorphic 
(3, 0)-form Cl of the Calabi-Yau manifold to the membrane world volume 
is proportional to the membrane volume element. The complex-conjugate 
equation implies the same thing for the (0, 3)-antiholomorphic form Cl. 
The phase <p is a constant that simply reflects an arbitrariness in the 
definition of fi. The factor e , where 1C is given by 

K, = ^(/C 1 ’ 1 — /C 2 ’ 1 ), (9.151) 

is a convenient normalization factor. The term K?' 1 is a function of the 
complex moduli belonging to K 2 ' 1 hypermultiplets. /C 1,1 is a function of 
the real moduli belonging to h 1,1 vector supermultiplets. 



The supersymmetric three-cycle conditions (9.149) and (9.150) define a 
special Lagrangian submanifold. When these conditions are satisfied, there 
exists a nonzero covariantly constant spinor of the form e = P+r]. Thus, 
the conclusion is that a Euclidean M2-brane wrapping a special Lagrangian 
submanifold of the Calabi-Yau three-fold gives a supersymmetric instanton 
contribution to the five- dimensional low-energy effective theory. 

The conditions (9.149) and (9.150) imply that the membrane has mini- 
mized its volume. In order to derive a bound for the volume of the membrane 
consider 



/ P^P^e d 3 cr > 0, 

where £ is the membrane world volume. Since 



(9.152) 



P P_ = P_ P_ = P_, 



(9.153) 



the inequality becomes 

2V > e~ K j Cl + e~ ltf j , 
where cp is a phase which can be adjusted so that we obtain 



(9.154) 



V>e^ 




(9.155) 



The bound is saturated whenever the membrane wraps a supersymmetric 
cycle C, in which case 



V = e-' c 




(9.156) 



Type IIA or type IIB superstring theory, compactified on a Calabi-Yau 
three-fold, also has supersymmetric cycles, which can be determined in a 
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similar fashion. As in the case of M-theory, the type IIA theory receives 
instanton contributions associated with a D2-brane wrapping a special La- 
grangian manifold. These contributions have a coupling constant depen- 
dence of the form exp(— l/g s ), because the D2-brane tension is proportional 
to l/g s . 

Black-hole mass formula 

When the type IIB theory is compactified on a Calabi-Yau three-fold, four- 
dimensional supersymmetric black holes can be realized by wrapping D3- 
branes on special Lagrangian three-cycles. In the present case the bound 
for the mass of the black holes takes the form 

M>e K2 ’ 1/2 [n=e ,c2 ' 1/2 [ OAT , (9.157) 

JC J M 

where T is the three- form that is Poincare dual to the cycle C. Here we are 
assuming that the mass distribution on the D3-brane is uniform. Letting 

T = q : ai —pi/3 1 -, (9.158) 

we can introduce special coordinates and use the expansion (9.110) to obtain 
the BPS bound 

M > e ^ 2 ’ 1 / 2 I prX 1 - q J Fj \ . (9.159) 

For BPS states the inequality is saturated, and the mass is equal to the 
absolute value of the central charge Z in the supersymmetry algebra. Thus 
Eq. (9.157) is also a formula for \Z\. Asa result, BPS states become massless 
when a cycle shrinks to zero size. The above expression relating the central 
charge to the special coordinates plays a crucial role in the discussion of the 
attractor mechanism for black holes which will be presented in chapter 11 . 

Holomorphic cycles 

In the case of type II theories other supersymmetric cycles also can con- 
tribute. For example, some supersymmetry can be preserved if a Euclidean 
type IIA string world sheet wraps a holomorphic cycle. This means that the 
embedding satisfies 

BX a = 0 and BX a = 0, (9.160) 

in addition to X ^ = Ag . Thus, the complex structure of the Euclideanized 
string world sheet is aligned with that of the Calabi-Yau manifold. In this 
case, one says that it is holomorphically embedded. Recall that the type IIA 
theory corresponds to M-theory compactified on a circle. Therefore, from the 
M-theory viewpoint this example corresponds to a solution on M 4 x S 1 x M 




9.8 Nonperturbative effects in Calabi-Yau compactifications 



409 



in which a Euclidean M2-brane wraps the circle and a holomorphic two-cycle 
of the Calabi-Yau. 



Exercises 



Exercise 9.14 

Show that the submanifold X = X is a supersymmetric three-cycle inside 
the Calabi-Yau three- fold given by a quintic hypersurface in CP 4 . 

Solution 

To prove the above statement, we should first check that the pullback of 
the Kahler form is zero. This is trivial in this case, because X — > X under 
the transformation J — ► — J . On the other hand, the pullback of J onto the 
fixed surface X = X should give J — ► J, so the pullback of J is zero. 

Now let us consider the second condition, and compute the pullback of 
the holomorphic three-form. The equation for a quintic hypersurface in CP 4 
discussed in Section 9.3 is 

5 

J2 (X m ) 5 = 0. 

m = 1 

Defining inhomogeneous coordinates Y k = X k /X 5 , with k = 1,2, 3, 4, on 
the open set X 5 0, the holomorphic three-form can be written as 

0 _ dY 1 A dY 2 A dY 3 

m ~ (y^E • 

The norm of Q is 

INI 2 = = gEp 

where g = det g a i- Using Eqs (9.104) and (9.129), as well as Exercise 9.8, 
one has 

e -^ 2 ’ 1 = i J ft A H = U||U|| 2 = ^e^ 1 ’ 1 ||U|| 2 

which implies that 

||R|| 2 = 8e 2 E 
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where fC = ^(/C 1,1 — 1C 2 ' 1 ). It follows that 

e~ 2lc 

g ~ 8|y 4 | 8 ' 

The pullback of the metric gives 

h a /3 = 2 d a Y a g ai d 0 Y b 
so 

JQ 

s/h, = y/8§ | det(<9Y)| = |det(dy)||^4pr 
Now we can calculate the pullback of the holomorphic (3, 0)-form 

d a Y a d p Y b d^Y c n abc = = e -^e K Vhe a(3l , 

which is what we wanted to show. □ 

Exercise 9.15 

Derive the equivalence between Eq. (9.148) and Eqs (9.149) and (9.150). 
For M-theory on M$ x M, where M is a Calabi-Yau three-fold, the M-theory 
spinor e has the decomposition 

s = A <g> 77 + + A* <8> ??_ , 

where A is a spinor on M5, and rj± are Weyl spinors on the Calabi-Yau 
manifold. So the condition (9.148) takes the form 

^1 - d a X m dpX n d 1 X lp ') mn ^j (e“*V + c.c.) = 0, 

where m, n, p label real coordinates of the internal Calabi-Yau manifold. 
Let us focus on the 77+ terms and take account of the complex-conjugate 
terms at the end of the calculation. 

The formula can be simplified by using complex coordinates X a and X a , 
as in the text, and the conditions 'y a V+ = 0- This implies that 7 a bcV+ = 0 
and 7 a bcV+ = 0- The nonzero terms are 

2iJ a [57c]?7+ 

and 

7a5c ? ?+ = e-%7-. 

The first of these relations follows from the {7 a ,7b} = ^9 a b and J ab = ig ab - 
The second one is an immediate consequence of the complex conjugate of 
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^abc = &- K il 1 -l a bcV~- and V+V- = 1- The dependence on K, reflects a choice 
of normalization of Q. The arbitrary phase 9 could have been absorbed 
into 77-1- earlier, but then it would reappear in this equation reflecting an 
arbitrariness in the phase of fl. 

Now we can write the above condition as 

e“ 4 V + l e ie e a ^d a X a dpX%X c e-> c n abc r l+ 

-e- i0 £ apl d a X a d p X l d 1 X ii J all cV+ + c.c. = 0. 

Because 7/_, 7^77 r} + , 7a 7+ are linearly independent, this is equivalent to 
the following two conditions: 

£ a ^d a X a d 0 X b d^X 5 J ab = 0 

and 

e~ ie + l -e ie £ a ^d a X a dpX%X c e- K n abc = 0 . 

Because the first equation is satisfied for all c, we have 

d [a X a d p] X b J al = 0, 

which is exactly Eq. (9.149). The second equation can be written as 

d a X a dpX b d 1 X c n abc = -ie~ 2ld e K £ a p 1 . 

Setting e~ tlf = — ie~ 2t6 gives Eq. (9.150). □ 



9.9 Mirror symmetry 

As T-duality illustrated, the geometry probed by point particles is different 
from the geometry probed by strings. In string geometry a circle of radius R 
can be equivalent to a circle of radius a' /R, providing a simple example of the 
surprising properties of string geometry. A similar phenomenon for Calabi 
Yau three-folds, called mirror symmetry , is the subject of this section. 

The mirror map associates with almost 28 any Calabi-Yau three-fold M 
another Calabi-Yau three-fold W such that 

H p,q (M) = H 3 ~ p ’ q (W). (9.161) 

This conjecture implies, in particular, that h 1,1 (M) = h 2,1 (W) and vice 

28 In the few cases where this fails, there still is a mirror, but it is not a Calabi-Yau manifold. 
However, it is just as good for string theory compact ificat ion purposes. This happens, for 
example, when M has h 2,1 = 0, since any Calabi-Yau manifold W has h 11 > 1. 
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versa. An early indication of mirror symmetry was that the space of thou- 
sands of string theory vacua appears to be self-dual in the sense that if a 
Calabi-Yau manifold with Hodge numbers (/i 1,1 , h 2,1 ) exists, then another 
Calabi-Yau manifold with flipped Hodge numbers (h 2,1 , h 1,1 ) also exists. 
The set of vacua considered were known to be only a sample, so perfect 
matching was not expected. In fact, a few examples in this set had no 
candidate mirror partners. This was shown in Fig. 9.1. 

These observations lead to the conjecture that the type II A superstring 
theory compactified on M is exactly equivalent to the type IIB superstring 
theory compactified on W. This implies, in particular, an identification of 
the moduli spaces: 

M 1 ’ 1 (M) = M 2 ’ 1 (W) and M 1 ’ 1 {W) = M 2 ’ 1 {M). (9.162) 

This is a highly nontrivial statement about how strings see the geometry of 
Calabi-Yau manifolds, since M and W are in general completely different 
from the classical geometry point of view. Indeed, even the most basic 
topology of the two manifolds is different, since the Euler characteristics are 
related by 

X (M) = - X (W). (9.163) 

Nonetheless, the mirror symmetry conjecture implies that the type IIA the- 
ory compactified on M and the type IIB theory compactified on W are dual 
descriptions of the same physics, as they give rise to isomorphic string the- 
ories. A second, and genuinely different, possibility is given by the type IIA 
theory compactified on W, which (by mirror symmetry) is equivalent to the 
type IIB theory compactified on M. 

Mirror symmetry is a very powerful tool for understanding string geome- 
try. To see this note that the prepotential of the type IIB vector multiplets 
is independent of the Kahler moduli and the dilaton. As a result, its depen- 
dence on ol and g s is exact. Mirror symmetry maps the complex-structure 
moduli space of type IIB compactified on W to the Kahler-structure moduli 
space of type IIA on the mirror M. The type IIA side does receive cor- 
rections in a 1 . As a result, a purely classical result is mapped to an (in 
general) infinite series of quantum corrections. In other words, a classical 
computation of the periods of Q in W is mapped to a problem of counting 
holomorphic curves in M. Both sides should be exact to all orders in g s , 
since the IIA dilaton is not part of and the IIB dilaton is not part 

of M 2 ' l (W). 

Let us start by discussing mirror symmetry for a circle and a torus. These 
simple examples illustrate the basic ideas. 
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Fig. 9.8. T-duality transforms a circle of radius R into a circle of radius 1 / R. This 
duality is probably the origin of mirror symmetry. 



The circle 

The simplest example of mirror symmetry has already been discussed ex- 
tensively in this book. It is T-duality. Chapter 6 showed that, when the 
bosonic string is compactified on a circle of radius R, the perturbative string 
spectrum is given by 



a M 2 = a' 




+ 21Vl + 21Vr - 4, 



(9.164) 



with 



JVr -N l = WK. 



(9.165) 



These equations are invariant under interchange of W and K, provided 
that one simultaneously sends R — » a'/R as illustrated in Fig. 9.8. This 
turns out to be exactly true for the full interacting string theory, at least 
perturbatively. 



The torus 

One can also illustrate mirror symmetry for the two-torus T 2 = S 1 x S' 1 , 
where the first circle has radius R± and the second circle has radius i? 2 - 
This torus may be regarded as an S 1 fibration over S 1 . It is characterized 
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by complex-structure and Kahler-structure parameters 



r 




and p = iRiR- 2 , 



(9.166) 



as in Section 9.5. Performing a T-duality on the fiber circle sends R\ — > 1/ R\ 
(for a' = 1), and as a result the moduli fields of the resulting mirror torus 
are 



f = iRiR'2 



and 




(9.167) 



This shows that under the mirror map the complex-structure and Kahler- 
structure parameters have been interchanged, just as in the case of the 
Calabi-Yau three-fold. 



T 3 fibrations 

An approach to understanding mirror symmetry, which is based on T- 
duality, was proposed by Strominger, Yau and Zaslow (SYZ). If mirror sym- 
metry holds, then a necessary requirement is that the spectrum of BPS states 
for the type IIA theory on M and type IIB on W must be the same. Ver- 
ifying this would not constitute a complete proof, but it would give strong 
support to the mirror-symmetry conjecture. That is often the best that can 
be done for duality conjectures in string theory. 

The BPS states to be compared arise from D-branes wrapping supersym- 
metric cycles of the Calabi-Yau. In the case of the type IIA theory, Dp- 
branes, with p = 0,2, 4, 6, can wrap even-dimensional cycles of the Calabi 
Yau. However, since only BPS states can be compared reliably, only su- 
persymmetric cycles should be considered. In the simplest case one only 
considers the DO-brane, whose moduli space is the whole Calabi-Yau M, 
since the DO-brane can be located at any point in M . In the type IIB the- 
ory the BPS spectrum of wrapped D-branes arises entirely from D3-branes 
wrapping special Lagrangian three-cycles. 

Since mirror symmetry relates the special Lagrangian three-cycle of W 
to the whole Calabi-Yau manifold M , its properties are very constrained. 
First, the D3-brane moduli space has to have three complex dimensions. 
Three real moduli are provided by the transverse position of the D3-brane. 
The remaining three moduli are obtained by assuming that mirror symmetry 
is implemented by three T-dualities. DO-branes are mapped to D3-branes 
under the action of three T-dualities. After performing the three T-dualities, 
three flat [/(l) gauge fields appear in the directions of the D3-brane. These 
are associated with the isometries of three circles which form a three-torus. 
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As a result, W is a T 3 fibration over a base B. By definition, a Calabi- 
Yau manifold is a T 3 fibration if it can be described by a three-dimensional 
base space B , with a three-torus above each point of B assembled so as to 
make a smooth Calabi-Yau manifold. A T 3 fibration is more general than a 
T 3 fiber bundle in that isolated T 3 fibers are allowed to be singular, which 
means that one or more of their cycles degenerate. Turning the argument 
around, M must also be a T 3 fibration. Mirror symmetry is a fiber-wise 
T-duality on all of the three directions of the T 3 . A simple example of a 
fiber bundle is depicted in Fig. 9.9. 




Fig. 9.9. A Moebius strip is an example of a nontrivial fiber bundle. It is a line 
segment fibered over a circle S 1 . Calabi-Yau three- folds that have a mirror are 
conjectured to be T 3 fibrations over a base B. In contrast to the simple example 
of the Moebius strip, some of the T 3 fibers are allowed to be singular. 

Since the number of T-dualities is odd, even forms and odd forms are in- 
terchanged. As a result, the (1, 1) and (2, 1) cohomologies are interchanged, 
as is expected from mirror symmetry. Moreover, there exists a holomor- 
phic three-form on W, which implies that W is Calabi-Yau. The three 
T-dualities, of course, also interchange type IIA and type IIB. 

The argument given above probably contains the essence of the proof of 
mirror symmetry. A note of caution is required though. We already pointed 
out that there are Calabi-Yau manifolds whose mirrors are not Calabi-Yau, 
so a complete proof would need to account for that. The T-duality rules and 
the condition that a supersymmetric three-cycle has to be special Lagrangian 
are statements that hold to leading order in a ' , while the full description of 
the mirror W requires, in general, a whole series of a' corrections. 



9.10 Heterotic string theory on Calabi— Yau three- folds 

As was discussed earlier, the fact that dH is an exact four-form implies that 
tr(l?Al?) and tr(FAF) = ^Tr(F AF) must belong to the same cohomology 
class. The curvature two- form R takes values in the Lie algebra of the 
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holonomy group, which is SU (3) in the case of Calabi-Yau compactification. 
Specializing to the case of the Eg x Eg heterotic string theory, F takes values 
in the Eg x Eg Lie algebra. The characteristic class tr (R A R ) is nontrivial, 
and so it is necessary that gauge fields take nontrivial background values in 
the compact directions. 

The easiest way - but certainly not the only one - to satisfy the cohomol- 
ogy constraint is for the field strengths associated with an SU (3) subgroup 
of the gauge group to take background values that are equal to those of 
the curvature form while the other field strengths have zero background 
value. More fundamentally, the Yang-Mills potentials A can be identified 
with the potentials that give the curvature, namely the spin connections. 
This method of satisfying the constraint is referred to as embedding the spin 
connection in the gauge group. There are many ways of embedding SU( 3) 
inside Eg x Eg and not all of them would work. The embedding is restricted 
by the requirement that the cohomology class of tr (F A F) gives exactly 
the class of tr(i? A R ) and not just some multiple of it. The embedding 
that satisfies this requirement is one in which the SU( 3) goes entirely into 
one Eg factor in such a way that its commutant is Eq. In other words, 
Eg D Eq x SU( 3). Thus, for this embedding, the unbroken gauge symmetry 
of the effective four-dimensional theory is Eq x Eg. 

This specific scenario is not realistic for a variety of reasons, but it does 
have some intriguing features that one could hope to preserve in a better 
set-up. For one thing, Eq is a group that has been proposed for grand uni- 
fication. In that context, the gauge bosons belong to the adjoint 78 and 
chiral fermions are assigned to the 27, which is a complex representation. 
This representation might also be used for Higgs fields. Clearly, these rep- 
resentations give a lot of extra fields beyond what is observed, so additional 
measures are required to lift them to high mass or else eliminate them alto- 
gether. 

The presence of the second unbroken Eg also needs to be addressed. The 
important observation is that all fields that participate in standard-model 
interactions must carry nontrivial standard-model quantum numbers. But 
the massless fields belonging to the adjoint of the second Eg are all Eq sin- 
glets. Fields that belong to nontrivial representations of both Eg s first occur 
for masses comparable to the string scale. Thus, if the string scale is com- 
parable to the Planck scale, the existence of light fields carrying nontrivial 
quantum numbers of the second Eg could only be detected by gravitational- 
strength interactions. These fields comprise the hidden sector. A hidden 
sector could actually be useful. Assuming that the hidden sector has a mass 
gap, perhaps due to confinement, one intriguing possibility is that hidden- 
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sector particles comprise a component of the dark matter. It has also been 
suggested that gaugino condensation in the hidden sector could be the origin 
of supersymmetry breaking. 

The adjoint of Eg. the 248, is reducible with respect to the Eq x SU( 3) 
subgroup, with the decomposition 

248 = (78, 1) + (1, 8) + (27, 3) + (27, 3). (9.168) 

The massless spectrum in four dimensions can now be determined. There 
are massless vector supermultiplets in the adjoint of Eq x Eg, since this is 
the unbroken gauge symmetry. In addition, there are h 1,1 chiral supermul- 
tiplets containing (complexified) Kahler moduli and h 2,1 chiral supermul- 
tiplets containing complex-structure moduli. These chiral supermultiplets 
are all singlets of the gauge group, since the ten-dimensional graviton is a 
singlet. 

Let us now explain the origin of chiral matter, which belongs to chiral 
supermultiplets. It is easiest to focus on the origin of the scalars and invoke 
supersymmetry to infer that the corresponding massless fermions must also 
be present. For this purpose let us denote the components of the gauge 
fields as follows: 

Am = {.A^Aa, Aa). (9.169) 

Now let us look for the zero modes of A a , which give massless scalars in four- 
dimensional space-time. As explained above, the corresponding fermions 
are chiral. The subscript a labels a quantity that transforms as a 3 of 
the holonomy SU( 3). However, the embedding of the spin connection in 
the gauge group means that this SU(3) is identified with the SU( 3) in 
the decomposition of the gauge group. Therefore, the components of A a 
belonging to the (27, 3) term in the decomposition can be written in the form 
A a sir where s labels the components of the 27 and b labels the components 
of the 3. This can be regarded as a (1, l)-form taking values in the 27. 
However, a (1, l)-form has h 1,1 zero modes. Thus, we conclude that there 
are h 1,1 massless chiral supermultiplets belonging to the 27 of Eq. The next 
case to consider is A a ^ s b. To recast this as a differential form, one uses the 
inverse Kahler metric and the antiholomorphic (0, 3)-form to define 

A a des = A a ,sbS ^ ede • (9.170) 

This is a 27-valued (l,2)-form. It then follows that there are /i 2,1 massless 
chiral supermultiplets belonging to the 27 of Eq. 

As an exercise in group theory, let us explore how the reasoning above 
is modified if the background gauge fields take values in SU( 4) or SU( 5) 
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rather than SU( 3). In the first case, the appropriate embedding would be 
Eg D 50(10) x 517(4), so that the unbroken gauge symmetry would be 
50(10) x Eg, and the decomposition of the adjoint would be 

248 = (45, 1) + (1, 15) + (10, 6) + (16, 4) + (16, 4). (9.171) 

This could lead to a supersymmetric 50(10) grand-unified theory with gen- 
erations of chiral matter in the 16, antigenerations in the 16 and Higgs 
fields in the 10. This is certainly an intriguing possibility. In the 51/(5) 
case, the embedding would be Eg D 51/(5) x 51/(5), so that the unbroken 
gauge symmetry would be 51/(5) x Eg. This could lead to a massless field 
content suitable for a supersymmetric 51/(5) grand-unified theory. 

As a matter of fact, there are more complicated constructions in which 
these possibilities are realized. For the gauge fields to take values in 51/(4) 
or 51/(5), rather than 51/(3), requires more complicated ways of solving 
the topological constraints than simply embedding the holonomy group in 
the gauge group. The existence of solutions is guaranteed by a theorem 
of Uhlenbeck and Yau, though the details are beyond the scope of this 
book. For these more general embeddings there is no longer a simple relation 
between the Hodge numbers and the number of generations. 

Starting from a Calabi-Yau compactification scenario that leads to a su- 
persymmetric grand-unified theory, there are still a number of other issues 
that need to be addressed. These include breaking the gauge symmetry to 
the standard-model gauge symmetry and breaking the residual supersym- 
metry. If the Calabi-Yau space is not simply connected, as happens for 
certain quotient-space constructions, there is an elegant possibility. Wilson 
lines Wi = exp (J> A) can be introduced along the noncontractible loops 7 i 
without changing the field strengths. The unbroken gauge symmetry is then 
reduced to the subgroup that commutes with these Wilson lines. This can 
break the gauge group to SU{ 3) x SU{ 2) x U( l) n , where n = 3 for the Eg 
case, n = 2 for the 50(10) case and n = 1 for the SU( 5) case. Experimen- 
talists are on the lookout for heavy Z bosons, which would correspond to 
extra U( 1) factors. 



9.11 K3 compactifications and more string dualities 

Compactihcations of string theory that lead to a four-dimensional space- 
time are of interest for making contact with the real world. However, it is 
also possible to construct other consistent compactifications, which can also 
be of theoretical interest. This section considers a particularly interesting 
class of four-dimensional compact manifolds, namely Calabi- Yau two-folds. 
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As discussed earlier, the only Calabi-Yau two-fold with SU (2) holonomy is 
the K3 manifold. It can be used to compactify superstring theories to six 
dimensions, M-theory to seven dimensions or F-theory to eight dimensions. 



Compactification of M-theory on K3 

M-theory has a consistent vacuum of the form Mj x K3, where Mj represents 
seven-dimensional Minkowski space-time. The compactification breaks half 
of the supersymmetries, so the resulting vacuum has 16 unbroken super- 
symmetries. The moduli of the seven-dimensional theory have two potential 
sources. One source is the moduli-space of K3 manifolds, itself, which is 
manifested as zero modes of the metric tensor on K3. The other source is 
from zero modes of antisymmetric-tensor gauge fields. However, the only 
such field in M-theory is a three-form, and the third cohomology of K3 is 
trivial. Therefore, the three-form does not contribute any moduli in seven 
dimensions, and the moduli space of the compactified theory is precisely the 
moduli space of K3 manifolds. 

Moduli space of K3 

Let us count the moduli of K3. Kahler-structure deformations are given 
by closed (1, l)-forms, 29 so their number in the case of K3 is h 1,1 = 20. 
Complex-structure deformations in the case of K3 correspond to coefficients 
for the variations 

dc/ab ~ ^acd^^bd + (a b), (9.172) 

where is the holomorphic two-form and LO bl j is a closed (1, l)-form. This 
variation vanishes if u ; is the Kahler form, as you are asked to verify in a 
homework problem. Thus, there are 38 real (19 complex) complex-structure 
moduli. Combined with the 20 Kahler moduli this gives a 58-dimensional 
moduli space of K3 manifolds. 

This moduli space is itself an orbifold. The result, worked out by mathe- 



maticians, is R + x Ad 19,3, where 




Ad 19,3 = Ad? 9 , 3/0(19, 3; Z) 


(9.173) 


and 




0 _ 0(19, 3; R) 

19 ’ 3 0(19, R) x 0(3, R)' 


(9.174) 



The R + factor corresponds to the overall volume modulus, and the factor 
-Ad 19,3 describes a space of dimension 19 x 3 = 57, as required. In contrast 

29 This is true for any Calabi-Yau n-fold. 
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to the case of Calabi-Yau three-folds, the dependence on Kahler moduli and 
complex-structure moduli does not factorize. The singularities of the moduli 
space correspond to singular limits of the K3 manifold. Typically, one or 
more two-cycles of the K3 manifold degenerate (that is, collapse to a point) 
at these loci. In fact, the TL^ orbifold described in Section 9.3 is such a limit 
in which 16 nonintersecting two-cycles degenerate. 

The proof that this is the right moduli space is based on the observation 
that the coset space characterizes the alignment of the 19 anti-self-dual and 
three self-dual two-forms in the space of two forms. Rather than trying to 
explain this carefully, let us confirm this structure by physical arguments. 



Dual description of M-theory on My x K3 
The seven-dimensional theory obtained in this way has exactly the same 
massless spectrum, the same amount of supersymmetry, and the same mod- 
uli space as is obtained by compactifying (either) heterotic string theory on 
a three-torus. Recall that in Chapter 7 it was shown that the moduli space 
of the heterotic string compactified on T n is M.iQ+ n ,n x 1R + , where 

Mi 6+n ,„ = M? 6+n , n /0( 16 + n, n; Z) (9.175) 



and 

o = 0(16 + n, n; IRQ 

ie+n,n 0(!6 + n, 1R) x 0(n, R) ' 



(9.176) 



Therefore, it is natural to conjecture, following Witten, that heterotic string 
theory on a three-torus is dual to M-theory on K3. 

In the heterotic description, the R + modulus is associated with the string 
coupling constant, which is the vacuum expectation value of exp(<b), where 
$ is the dilaton. Since this corresponds to the K3 volume in the M-theory 
description, one reaches the following interesting conclusion: the heterotic- 
string coupling constant corresponds to the K3 volume, and thus the strong- 
coupling limit of heterotic string theory compactified on a three-torus cor- 
responds to the limit in which the volume of the K3 becomes infinite. Thus, 
this limit gives 11-dimensional M-theory! This is the same strong-coupling 
limit as was obtained in Chapter 8 for ten-dimensional type IIA superstring 
theory at strong coupling. The difference is that in one case the size of a 
K3 manifold becomes infinite and in the other the size of a circle becomes 
infinite. 

An important field in the heterotic theory is the two-fornr R, whose 
field strength H includes Chern-Simon terms so that dH is proportional 
to tri? 2 — trR 2 . In the seven-dimensional K3 reduction of M-theory consid- 
ered here, the B field arises as a dual description of A3. The field A3 also 
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gives rise to 22 U( 1) gauge fields in seven dimensions, as required by the 
duality. The Chern-Simons 11-form gives seven-dimensional couplings of 
the B field to these gauge fields of the form required to account for the tr F 2 
term in the dH equation. To account for the tri? 2 terms it is necessary to 
add higher-dimension terms to the M-theory action of the form f A 3 A Xg, 
where Xg is quartic in curvature two-forms. Such terms, with exactly the 
required structure, have been derived by several different arguments. These 
include anomaly cancellation at boundaries as well as various dualities to 
string theories. 

Matching BPS branes 

As a further test of the proposed duality, one can compare BPS branes in 
seven dimensions. One interesting example is obtained by wrapping the 
M5-brane on the K3 manifold. This leaves a string in the seven noncompact 
dimensions. The only candidate for a counterpart in the heterotic theory 
is the heterotic string itself! To decide whether this is reasonable, recall 
that in the bosonic description of the heterotic string compactified on T n 
there are 16 + n left-moving bosonic coordinates and n right-moving bosonic 
coordinates. To understand this from the point of view of the M5-brane, the 
first step is to identify the field content of its world-volume theory. This is 
a tensor supermultiplet in six dimensions, whose bosonic degrees of freedom 
consist of five scalars, representing transverse excitations in 11 dimensions, 
and a two- form potential with an anti-self-dual three- form field strength. 30 
This anti-self-dual three-form F 3 gives zero modes that can be expanded as 
a sum of terms 

3 19 

F 3 = Y^ d-X^X + YX d+X l uj'S, (9.177) 

i= 1 i = 1 

where lu'± denote the self-dual and anti-self-dual two- forms of K3, and d±X l 
correspond to the left-movers and right-movers on the string world sheet. 
Since the latter are self-dual and anti-self-dual, respectively, all terms in 
this formula are anti-self-dual. In addition, the heterotic string has five 
more physical scalars, with both left-moving and right-moving components, 
describing transverse excitations in the noncompact dimensions. These are 
provided by the five scalars of the tensor multiplet. 

Recall that the dimensions of a charged p-brane and its magnetic dual 
p'-brane are related in D dimensions by 

p + p' = D- 4. (9.178) 

30 This field has three physical degrees of freedom, so the multiplet contains eight bosons and 
eight fermions, as is always the case for maximally supersymmetric branes. 
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For example, in 11 dimensions, the M5-brane is the magnetic dual of the 
M2-brane. It follows that in the compactified theory, the string obtained by 
wrapping the M5-brane on K3 is the magnetic dual of an unwrapped M2- 
brane. In the ten-dimensional heterotic string theory, on the other hand, the 
magnetic dual of a fundamental string (Fl-brane) is the NS5-brane. After 
compactification on T 3 , the magnetic dual of an unwrapped heterotic string 
is a fully wrapped NS5-brane. Thus, the heterotic NS5-brane wrapped on 
the three-torus corresponds to an unwrapped M2-brane. 

The matching of tensions implies that 



or 



Tfi = T M5 V K3 



and Tns5Vt s = ^M 2 



(9.179) 



1 Fk,3 

f2 ~ /6 



and 



Vj'Z 1 



(9.180) 



where the ~ means that numerical factors are omitted. Combining these 
two relations gives the dimensionless relation 



9s ( V T3 /il ) 1/2 ~ (V K3 /£ 4 p ) 3/4 . (9.181) 



The left-hand side of this relation is precisely the seven-dimensional heterotic- 
string coupling constant. This quantifies the earlier claim that g s —> oo 
corresponds to Vk .3 — > oo. 



Nonabelian gauge symmetry 

It is interesting to check how nonabelian gauge symmetries that arise in the 
heterotic string theory are understood from the M-theory point of view. We 
learned in Chapter 7 that the generic U(l) 22 abelian gauge symmetry of the 
heterotic string compactified on T 3 is enhanced to nonabelian symmetry at 
singularities of the Narain moduli space, which exist due to the modding out 
by the discrete factor 50(19, 3; Z). It was demonstrated in examples that 
at such loci certain spin-one particles that are charged with respect to the 
0(1) s and massive away from the singular loci become massless to complete 
the nonabelian gauge multiplet. The nonabelian gauge groups that appear 
in this way are always of the type A n = SU(n + 1), D n = SO(2n), Eq, Ej, 
Eg, or semisimple groups with these groups as factors. The ADE groups in 
the Cartan classification are the simple Lie groups with the property that 
all of their simple roots have the same length. Such Lie groups are called 
simply-laced. Given the duality that we have found, these results should be 
explainable in terms of M-theory on K3. 

Generically, K3 compactification of M-theory gives 22 7/(1) gauge fields 
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in seven dimensions. These one-forms arise as coefficients in an expansion 
of the M-theory three-form A 3 in terms of the 22 linearly independent har- 
monic two-fornrs of K3. The three gauge fields associated with the self-dual 
two-forms correspond to those that arise from right-movers in the heterotic 
description and belong to the supergravity multiplet. Similarly, the 19 gauge 
Helds associated with the anti-self-dual two-fornrs correspond to those that 
arise from left-movers in the heterotic description and belong to the vector 
supermultiplets . 

The singularities of the Narain moduli space correspond to singularities 
of the K3 moduli space. So we need to understand why there should be 
nonabelian gauge symmetry at these loci. Each of these singular loci of 
the K3 moduli space correspond to degenerations of a specific set of two- 
cycles of the K3 surface. When this happens, wrapped M2-branes on these 
cycles give rise to new massless modes in seven dimensions. In particular, 
these should provide the charged spin-one gauge fields for the appropriate 
nonabelian gauge group. 

The way to tell what group appears is as follows. The set of two-cycles 
that degenerate at a particular singular locus of the moduli space has a 
matrix of intersection numbers, which can be represented diagrammatically 
by associating a node with each degenerating cycle and by connecting the 
nodes by a line for each intersection of the two cycles. Two distinct cycles 
of K3 intersect either once or not at all, so the number of lines connecting 
any two nodes is either one or zero. 

The diagrams obtained in this way look exactly like Dynkin diagrams, 
which are used to describe Lie groups. However, the meaning is entirely 
different. The nodes of Dynkin diagrams denote positive simple roots, whose 
number is equal to the rank of the Lie group, and the number of lines 
connecting a pair of nodes represents the angle between the two roots. For 
example, no lines represents 7r/4 and one line represents 2n/3. For simply- 
laced Lie groups these are the only two cases that occur. 

Mathematicians observed long ago that the intersection diagrams of de- 
generating two-cycles of K3 have an ADE classification, but it was com- 
pletely mysterious what, if anything, this has to do with Lie groups. M- 
theory provides a beautiful answer. The diagram describing the degener- 
ation of the K3 is identical to the Dynkin diagram that describes the re- 
sulting nonabelian gauge symmetry in seven dimensions. The ADE Dynkin 
diagrams are shown in Fig. 9.10. The simplest example is when a single 
two-cycle degenerates. This is represented by a single node and no lines, 
which is the Dynkin diagram for SU{2). This case was examined in detail 
from the heterotic perspective in Chapter 7. A somewhat more complicated 
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example is the degeneration corresponding to the T 1 /^ orbifold discussed 
in Section 9.3. In this case 16 nonintersecting two-cycles degenerate, which 
gives [SU( 2 )] 16 gauge symmetry (in addition to six U( 1) factors). Similarly, 
the Z 3 orbifold considered in Exercise 9.2 gives (3 )] 9 gauge symmetry 
(in addition to four U{ 1) factors). The number of U( 1) factors is determined 
by requiring that the total rank is 22 . 




Fig. 9.10. The Dynkin diagrams of the simply-laced Lie algebras. 



Type IIA superstring theory on K3 

Compactification of the type IIA theory on K3 gives a nonchiral theory with 
16 unbroken supersymmetries in six dimensions. This example is closely re- 
lated to the preceding one, because type IIA superstring theory corresponds 
to M-theory compactified on a circle. Compactifying the seven-dimensional 
theory of the previous section on a circle, this suggests that the type IIA 
theory on K3 should be dual to the heterotic theory on T 4 . A minimal spinor 
in six dimensions has eight components, so this is an J\f = 2 theory from 
the six-dimensional viewpoint. Left-right symmetry of the type IIA theory 
implies that the two six-dimensional supercharges have opposite chirality, 
which agrees with what one obtains in the heterotic description. 

Let us examine the spectrum of massless scalars (moduli) in six dimensions 
from the type IIA perspective. As in the M-theory case, the metric tensor 
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gives 58 moduli. In addition to this, the dilaton gives one modulus and the 
two- form B 2 gives 22 moduli, since 62 (K3) = 22. The R-R fields C\ and C3 
do not provide any scalar zero modes, since 61 = 63 = 0. Thus, the total 
number of moduli is 81. The heterotic string compactified on T 4 also has 
an 81-dimensional moduli space, obtained in Chapter 7, 

R+ x M 2 o,4- (9.182) 

Thus, this should also be what one obtains from compactifying the type 
II A superstring theory on K3. The R + factor corresponds to the heterotic 
dilaton or the type IIA dilaton, so these two fields need to be related by the 
duality. 

We saw above that the 58 geometric moduli contain 38 complex-structure 
moduli and 20 Kahler-structure moduli. Of the 22 moduli coming from 
B 2 the 20 associated with (1, l)-forms naturally combine with the 20 ge- 
ometric Kahler-structure moduli to give 20 complexified Kahler-structure 
moduli, just as in the case of Calabi-Yau compactification described earlier. 
Altogether the 80-dinrensional space Ad 20,4 is parametrized by 20 complex 
Kahler-structure moduli and 20 complex-structure moduli. There is a mir- 
ror description of the type IIA theory compactified on K3, which is given by 
type IIA theory compactified on a mirror K3 in which the Kahler-structure 
moduli and complex-structure moduli are interchanged. While this is anal- 
ogous to what we found for Calabi-Yau three-fold compactification, there 
are also some significant differences. For one thing, the two sets of mod- 
uli are incorporated in a single moduli space rather than a product of two 
separate spaces. Also, type IIA is related to type IIA, whereas in the Calabi 
Yau three- fold case type IIA was related to type IIB. In that case, we used 
the SYZ argument to show that, when the Calabi-Yau has a T 3 fibration, 
this could be understood in terms of T-duality along the fibers. The cor- 
responding statement now is that, when K3 has a T 2 fibration, the mirror 
description can be deduced by a T-duality along the fibers. The reason type 
IIA is related to type IIA is that this is an even number (two) of T-duality 
transformations. 

Let us now investigate the relationship between the two dilatons, or equiv- 
alently the two string coupling constants, by matching branes. The analysis 
is very similar to that considered for the previous duality. For the purpose 
of this argument, let us denote the string coupling and string scale of the 
type IIA theory by and £a and those of the heterotic theory by gu and 
Equating tensions of the type IIA NS5-brane wrapped on K3 and the 
heterotic string as well as the heterotic NS5-brane wrapped on T 4 and the 
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type IIA string gives the relations 
1 Vk3 
€ h 



and 



V^4 



1 

4 ' 



'-A yH^H 

Let us now define six-dimensional string coupling constants by 

9m =9u 0W4) _1 and g% A = g\ (Hrs/^!)" 1 • 
Then these relations can be combined to give 



9m 



—2 

9&a- 



(9.183) 



(9.184) 



(9.185) 



This means that the relation between the two six- dimensional theories is 
an S-duality that relates weak coupling and strong coupling, just like the 
duality relating the two 50(32) superstring theories in ten dimensions. 



Type IIB superstring theory on K3 

Compactification of type IIB superstring theory on K3 gives a chiral the- 
ory with 16 unbroken supersymmetries in six dimensions. The two six- 
dimensional supercharges have the same chirality. The massless sector in 
six dimensions consists of a chiral J\f = 2 supergravity multiplet coupled 
to 21 tensor multiplets. This is the unique number of tensor multiplets for 
which anomaly cancellation is achieved. The chiral J\T = 2 supergravity has 
a U Sp( 4) « 50(5) R symmetry, and there is an 50(21) symmetry that 
rotates the tensor multiplets. In fact, in the supergravity approximation, 
these combine into a noncompact 50(21,5) symmetry. However, as always 
happens in string theory, this gets broken by string and quantum corrections 
to the discrete duality subgroup 50(21, 5; Z). 

The gravity multiplet contains five self-dual three- form field strengths, 
while each of the tensor multiplets contains one anti-self-dual three-form 
held strength and five scalars. This is the same multiplet that appears on 
the world volume of an M5-brane, discussed a moment ago. It is the only 
massless matter multiplet that exists for chiral M = 2 supersymmetry in six 
dimensions. Most of the three-form held strengths come from the self-dual 
five-form in ten dimensions as a consequence of the fact that K3 has three 
self-dual two- forms (b^ = 3) and 19 anti-self-dual two-forms ( 6 <j~ = 19). 
The additional two self-dual and anti-self-dual three-forms are provided by 
F 3 = dC 2 and H 3 = dB- 2 . The 5 x 21 = 105 scalar helds arise as follows: 58 
from the metric, 1 from the dilaton 4>, 1 from Co, 22 from B 2 , 22 from C 2 , 
and 1 from C 4 . 

The symmetries and the moduli counting described above suggest that 
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the moduli space for K3 compactification of the type IIB theory should be 
.Ad 21 , 5 . The natural question is whether this has a dual heterotic string 
interpretation. The closest heterotic counterpart is given by toroidal com- 
pactification to five dimensions, for which the moduli space is 

R+ x Mi 1 , 5 . (9.186) 

The extra modulus, corresponding to the R + factor, is provided by the 
heterotic dilaton. Therefore, it is tempting to identify the heterotic string 
theory compactihed to five dimensions on T 5 with the type IIB superstring 
compactified to five dimensions on K3 x S 1 . In this duality the heterotic- 
string coupling constant corresponds to the radius of the type IIB circle. 
Thus, the strong coupling limit of the toroidally compactified heterotic string 
theory in five dimensions gives the K3 compactihed type IIB string in six 
dimensions. The relationship is analogous to that between the type IIA 
theory in ten dimensions and M-theory in 11 dimensions. 

This picture can be tested by matching branes, as in the previous exam- 
ples. However, the analysis is more complicated this time. The essential 
fact is that in five dimensions both constructions give 26 U{ 1) gauge fields, 
with five of them belonging to the supergravity multiplet and 21 belong- 
ing to vector multiplets. Thus, point particles can carry 26 distinct electric 
charges. Their magnetic duals, which are strings, can also carry 26 distinct 
string charges. By matching the BPS formulas for their tensions one can 
deduce how to map parameters between the two dual descriptions and verify 
that, when the heterotic string coupling becomes large, the type IIB circle 
decompactifies. 



Compactification of F-theory on K3 

Type IIB superstring theory admits a class of nonperturbative compactihca- 
tions, first described by Vafa, that go by the name of F-theory. The dilaton 
is not constant in these compactifications, and there are regions in which 
it is large. Therefore, since the value of the dilaton field determines the 
string coupling constant, these solutions cannot be studied using perturba- 
tion theory (except in special limits that correspond to orientifolds). This 
is the sense in which F-theory solutions are nonperturbative. 

The crucial fact that F-theory exploits is the nonperturbative SL(2, 7L) 
symmetry of type IIB superstring theory in ten-dimensional Minkowski 
space-time. Recall that the R-R zero-form potential Co and the dilaton 
$ can be combined into a complex held 

-<t> 



t = Co + ie 



(9.187) 
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which transforms nonlinearly under SL( 2, Z) transformations in the same 
way as the modular parameter of a torus: 



ar + b 
ct + d 



(9.188) 



The two two- forms B 2 and C 2 transform as a doublet at the same time, 
while C4 and the Einstein- frame metric are invariant. 

F-theory compactifications involve 7-branes, which end up filling the d 
noncompact space-time dimensions and wrapping (8 — d)-cycles in the com- 
pact dimensions. Therefore, before explaining F-theory, it is necessary to 
discuss the classification and basic properties of 7-branes. 7-branes in ten 
dimensions are codimension two, and so they can be enclosed by a circle, 
just as is the case for a point particle in three dimensions and a string in 
four dimensions. Just as in those cases, the presence of the brane creates 
a deficit angle in the orthogonal plane that is proportional to the tension 
of the brane. Thus, a small circle of radius R, centered on the core of the 
brane, has a circumference (2n — 4>)R, where (j) is the deficit angle. In fact, 
this property is the key to searching for cosmic strings that might stretch 
across the sky. 

The fact that fields must be single- valued requires that, when they are 
analytically continued around a circle that encloses a 7-brane, they return 
to their original values up to an SL(2, Z) transformation. The reason for 
this is that SL( 2, 7L) is a discrete gauge symmetry, so that the configuration 
space is the naive field space rnodded out by this gauge group. So the 
requirement stated above means that fields should be single-valued on this 
quotient space. The field r, in particular, can have a nontrivial monodromy 
transformation like that in Eq. (9.188). Other fields, such as B 2 and C 2 , 
must transform at the same time, of course. 

Since 7-branes are characterized by their monodromy, which is an SL(2, Z) 
transformation, there is an infinite number of different types. In the case of a 
D7-brane, the monodromy is r — > t+1. This implies that 27rCo is an angular 
coordinate in the plane perpendicular to the brane. More precisely, the 7- 
brane is characterized by the conjugacy class of its monodromy. If there is 
another 7-brane present the path used for the monodromy could circle the 
other 7-brane then circle the 7-brane of interest, and finally circle the other 
7-brane in the opposite direction. This gives a monodromy described by a 
different element of SL(2, Z) that belongs to the same conjugacy class and 
is physically equivalent. The conjugacy classes are characterized by a pair 
of coprime integers (p, q ). This is interpreted physically as labelling the type 
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of IIB string that can end on the 7-brane. In this nomenclature, a D7-brane 
is a (1,0) 7-brane, since a fundamental string can end on it. 

Let us examine the type IIB equations of motion in the supergravity 
approximation. The relevant part of the type IIB action, described in Ex- 
ercise 8.3, is 

\S^(R-r ^)«“». (»•«») 

To describe a 7-brane, let us look for solutions that are independent of 
the eight dimensions along the brane, which has a flat Lorentzian metric, 
and parametrize the perpendicular plane as the complex plane with a local 
coordinate z = re ld . The idea is that the brane should be localized at the 
origin of the z-plane. Now let us look for a solution to the equations of 
motion in the gauge in which the metric in this plane is conformally flat 

ds 2 = e A{r ’ e \dr 2 + r 2 d0 2 ) - ( dx °) 2 + (dx 1 ) 2 + . . . + ( dx 7 ) 2 . (9.190) 

Just as in the case of the string world sheet, the conformal factor cancels 
out of the r kinetic term. Therefore, its equation of motion is the same as 
in flat space. The r equation of motion is satisfied if r is a holomorphic 
function t(z), as you are asked to verify in a homework problem. 

The elliptic modular function j(r) gives a one-to-one holomorphic map 
of the fundamental region of SL(2, 7L) onto the entire complex plane. It 
is invariant under SL{ 2, 7L) modular transformations, and it has a series 
expansion of the form 

OO 

j(r) = J2 c n e 2 ” inT (9.191) 

n =— 1 

with c_i = 1. Its leading asymptotic behavior for Imr — ► +oo is given by 
the first term 

j(r) ~ e~ 27rir . (9.192) 

If we choose the holomorphic function t(z) to be given by 

j(r(z))=Cz, (9.193) 

where C is a constant, then for large z 

— : log z. (9.194) 

2m 

This exhibits the desired monodromy r — > r — 1 as one encircles the 7- 
brane. 31 

31 To get t — > t T 1 instead, one could replace z by z, which corresponds to replacing the brane 
by an antibrane. 
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The tension of the 7-brane is given by 



rr 1 f <9r • dr 1 /' ,2 

2 J (Imr ) 2 2 J 



drdr + drdr 



(9.195) 



(Im r) 2 

Now let us evaluate this for the solution proposed in Eq. (9.193). Since r is 
holomorphic 



T 7 = - I d z x 



drdr 



1 

2 



(Imr ) 2 (Imr ) 2 6 ' (9 ' 196) 

This has used the fact that the inverse image of the complex plane is the 
fundamental region T. The volume of the moduli space was evaluated in 
Exercise 3 . 9 . 

The integrand in Eq. (9.196) is the energy density that acts as a source 
for the gravitational field in the Einstein equation 



1 



1 



-Roo — -^gooR — —^gooe 



-A 



drdr 



(9.197) 



(Im r) 2 

Evaluating the curvature for the metric in Eq. (9.190), one obtains the equa- 
tion 



ddA = -- 



drdr - 

= oo log Im r. 



. , . (9.198) 

2 (r — r y 

The energy density is concentrated within a string-scale distance of the 
origin, where the supergravity equations aren’t reliable. The total energy is 
reliable because of supersymmetry (saturation of the BPS bound), however. 
So, to good approximation, we can take A = a log r and use V 2 log r = 
2it5 2 (x) to approximate the energy density by a delta function at the core. 
Doing this, one then matches the integrals of the two sides to determine 
a = —1/6. This gives a result that is correct for large r, namely 



A ~ — \ log r . 
b 



(9.199) 



By the change of variables p = r 11 / 12 this brings the two-dimensional metric 
to the asymptotic form 

2 

, (9.200) 



ds 2 ~ dp 2 + p 2 ( (j- d6 



11 

12 * 



which shows that there is a deficit angle of 7t/6 in the Einstein frame. 

A more accurate solution, applicable for multiple 7-branes at positions 
Zi, i = can be constructed as follows. The general solution of 

Eq. (9.198) is 

e A = \f(z)\ 2 lniT (9.201) 
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where f(z ) is holomorphic. This function is determined by requiring mod- 
ular invariance and r -1 / 6 singularities at the cores of 7-branes. The result 
is 

N 

f(z ) = [v(r)} 2 JJ(z - Zi)~ 1/12 . (9.202) 

i= 1 

The Dedekind r) function is 

OO 

ri( T )=q 1/24 l[(l-q n ), (9.203) 

n= 1 

where 

q = e 2niT . (9.204) 

Under a modular transformation the Dedekind 7] function transforms as 

7/(— 1/t) = v 7 — (9.205) 

Thus, |? 7 (r)| 4 ImT is modular invariant. 

Since all 7-branes are related by modular transformations that leave the 
Einstein- frame metric invariant, it follows that in Einstein frame they all 
have a deficit angle of n/6. Suppose that 7-branes (of various types) are 
localized at (finite) points on the transverse space such that the total deficit 
angle is 

Y fa = 4vr. (9.206) 

Then the transverse space acquires the topology of a sphere with its cur- 
vature localized at the positions of the 7-branes, and the z-plane is bet- 
ter described as a projective space CP 1 . Since every deficit angle is 7r/6, 
Eq. (9.206) requires that there are a total of 24 7-branes. However, the 
choice of which types of 7-branes to use, and how to position them, is not 
completely arbitrary. For one thing, it is necessary that the monodromy 
associated with a circle that encloses all of them should be trivial, since the 
circle can be contracted to a point on the other side of the sphere without 
crossing any 7-branes. 

The r parameter is well defined up to an SL( 2, Z) transformation every- 
where except at the positions of the 7-branes, where it becomes singular. A 
nicer way of expressing this is to say that one can associate a torus with 
complex-structure modulus t(z) with each point in the z-plane. This gives 
a T 2 fibration with base space CP 1 , where the 24 singular fibers correspond 
to the positions of the 7-branes. Such a T 2 fibration is also called an elliptic 
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fibration. Only the complex structure of the torus is specified by the mod- 
ulus r. Its size (or Kahler structure) is not a dynamical degree of freedom. 
Recall that the type IIB theory can be obtained by compactifying M-theory 
on a torus and letting the area of the torus shrink to zero. In this limit 
the modular parameter of the torus gives the r parameter of the type IIB 
theory. Therefore, the best interpretation is that the torus in the F-theory 
construction has zero area. 

A nice way of describing the complex structure of a torus is by an algebraic 
equation of the form 

y 2 = x 3 + ax + b. (9.207) 

This describes the torus as a submanifold of C 2 , which is parametrized by 
complex numbers x and y. The constants a and b determine the complex 
structure r of the torus. There is no metric information here, so the area 
is unspecified. The torus degenerates, that is, t is ill-defined, whenever the 
discriminant of this cubic vanishes. This happens for 

27a 3 - 46 2 = 0. (9.208) 

Thus, the positions of the 7-branes correspond to the solutions of this equa- 
tion. To ensure that z = oo is not a solution, we require that a 3 and b 2 are 
polynomials of the same degree. 

Since there should be 24 7-branes, the equation should have 24 solutions. 
Thus, a = fs(z) and b = f\ 2 (z), where f n denoted a polynomial of degree 
n. The total space can be interpreted as a K3 manifold that admits a 
T 2 fibration. The only peculiar feature is that the fibers have zero area. 
Let us now count the number of moduli associated with this construction. 
The polynomials fs and f \2 have arbitrary coefficients, which contribute 
9 + 13 = 22 complex moduli. However, four of these are unphysical because 
of the freedom of an SL( 2, C) transformation of the z-plane and a rescaling 
fs — > A 2 /8, /12 — > A 3 /i 2 - This leaves 18 complex moduli. In addition there 
is one real modulus (a Kahler modulus) that corresponds to the size of the 
CP 1 base space. The complex moduli parametrize the positions of the 7- 
branes (modulo SL( 2, C)) in the z-plane. The fact that there are fewer 
than 21 such moduli shows that the positions of the 7-branes (as well as 
their monodromies) is not completely arbitrary. 

Remarkably, there is a dual theory that has the same properties. The 
heterotic string theory compactified on a torus to eight dimensions has 16 
unbroken supersymmetries and the moduli space 

18 , 2 - 



1R + x M. 



(9.209) 
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The real modulus is the string coupling constant, which therefore corre- 
sponds to the area of the CP 1 in the F-theory construction. The second 
factor has 18 x 2 real moduli or 18 complex moduli. In fact, mathematicians 
knew before the discovery of F-theory that this is the moduli space of ellip- 
tically fibered K3 manifolds. Thus, F-theory compactified on an elliptically 
fibered K3 (with section) is conjectured to be dual to the heterotic string 
theory compactified on T 2 . 

This duality can be related to the others, and so it constitutes one more 
link in a consistent web of dualities. For example, if one compactifies on 
another circle, and uses the duality between type IIB on a circle and M- 
theory on a torus, this torus becomes identified with the F-theory fiber 
torus, which now has finite area. Then one recovers the duality between M- 
theory on K3 and the heterotic string on T 3 for the special case of elliptically 
fibered K3s. 

The F-theory construction described above is the simplest example of a 
large class of possibilities. More generally, F-theory on an elliptically fibered 
Calabi-Yau n-fold (with section) gives a solution for (12 — 2n)-dimensional 
Minkowski space-time. For example, using elliptically fibered Calabi-Yau 
four-folds one can obtain four-dimensional F-theory vacua with J\[ = 1 su- 
persymmetry. It is an interesting challenge to identify duality relations 
between such constructions and other ones that can give Jf = 1, such as the 
heterotic string compactified on a Calabi-Yau three-fold. 



9.12 Manifolds with G 2 and Spin( 7) holonomy 

Since the emergence of string dualities and the discovery of M-theory, special- 
holonomy manifolds have received considerable attention. Manifolds of 
SU(3 ) holonomy have already been discussed at length. 7-manifolds with 
G 2 holonomy and 8-nranifolds with Spin{ 7) holonomy are also of interest 
for a number of reasons. They constitute the exceptional-holonomy man- 
ifolds. We refer to them simply as G 2 manifolds and Spin( 7) manifolds, 
respectively. 



G2 manifolds 

Suppose that M-theory compactified to four dimensions on a 7-manifold A/7, 

A/11 = A/4 x A/7, (9.210) 



gives rise to M = 1 supersymmetry in four dimensions. An analysis of the 
supersymmetry constraints, along the lines studied for Calabi-Yau three- 
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folds, constrains M7 to have G 2 holonomy. In such a compactification to 
flat D = 4 Minkowski space-time, there should exist one spinor (with four 
independent components) satisfying 

% = Vjif£ = 0. (9.211) 

The background geometry is then R 3,1 X M7, where M7 has G 2 holonomy, 
and £ is the covariantly constant spinor of the G 2 manifold tensored with a 
constant spinor of R 3,1 . As in the case of Calabi-Yau three-folds, Eq. (9.211) 
implies that M7 is Ricci flat. Of course, it cannot be Kahler, or even complex, 
since it has an odd dimension. Let us now examine why Eq. (9.211) implies 
that M’j has G 2 holonomy. 

The exceptional group G 2 

G 2 can be defined as the subgroup of the 50(7) rotation group that preserves 
the form 

ip = dy 123 + dy 145 + dy 167 + dy 246 - dy 257 - dy 347 - dy 356 , (9.2 1 2) 

where 

dy ijk = dy { A dy j A dy k , (9.213) 

and y l are the coordinates of Rb G 2 is the smallest of the five exceptional 
simple Lie groups (G 2, +4, Eq, E-j, Eg), and it has dimension 14 and rank 2. 
Its Dynkin diagram is given in Fig. 9.11. Let us describe its embedding in 
Spin( 7), the covering group of 50(7), by giving the decomposition of three 
representations of Spin( 7), the vector 7, the spinor 8 and the adjoint 21: 

• Adjoint representation: decomposes under G 2 as 21 = 14 + 7. 

• The vector representation is irreducible 7 = 7. 

• The spinor representation decomposes as 8 = 7 + 1. 




Fig. 9.11. The G 2 Dynkin diagram. 

The singlet in the spinor representation precisely corresponds to the co- 
variantly constant spinor in Eq. (9.211) and this decomposition is the reason 
why G*2 compactifications preserve 1/8 of the original supersymmetry, lead- 
ing to an J\f = 1 theory in four dimensions in the case of M-theory. While 
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Calabi-Yau three-folds are characterized by the existence of a nowhere van- 
ishing covariantly constant holomorphic three-form, a G -2 manifold is charac- 
terized by a covariantly constant real three- form <f>, known as the associative 
calibration 

$ = l$abce a A e b A e c , (9.214) 

fa 

where e a are the seven-beins of the manifold. The Hodge dual four- form 
is known as the coassociative calibration. 

A simple compact example 

Smooth G *2 manifolds were first constructed by resolving the singularities 
of orbifolds. A simple example is the orbifold T 7 /T, where T' is the flat 
seven-torus and T is a finite group of isometries preserving the calibration 
Eq. (9.212) generated by 

a : (y\ ...,/)-> (y 1 , y 2 , y 3 , -y\ -y 5 , -y 6 , -y 7 ), (9.215) 

P : (y\ ■ ■ ■ , y 7 ) -»• (y\ - v 2 , -y 3 , y 4 , y 5 - 1/2 - y 6 , -y 7 ), (9.216) 

7 : (y 1 , . . . , y 7 ) - ( -y\y 2 , -y 3 , y 4 , 1/2 - y 5 , y\ 1/2 - y 7 ). (9.217) 

In a homework problem you are asked to verify that a, (3, 7 have the following 
properties: (1) they preserve the calibration, (2) a 2 = /3 2 = 7 2 = 1, (3) the 
three generators commute. The group T is isomorphic to Z^. The fixed 
points of a (and similarly for (3 and 7 ) are 16 copies of T 3 , while ((3, 7 ) 
act freely on the fixed-point set of a (similarly for the fixed-point set of (3 
and 7 ). The singularities of this orbifold can be blown up in a similar way 
discussed in Section 9.1 for K 3, that is, by cutting out a ball H 4 /Z 2 around 
each singularity and replacing it with an Eguchi-Hanson space. The result 
is a smooth G 2 manifold. 

Supersymmetric cycles in G 2 manifolds 

As in the case of CalabEYau three-folds, supersymmetric cycles in G 2 man- 
ifolds play a crucial role in describing nonperturbative effects. Supersym- 
metric three-cycles can be defined for G 2 manifolds in a similar manner as 
for Calabi Yau three-folds in Section 9.8. A supersymmetric three-cycle is 
a configuration that solves the equation 

P-e=^(l- l -£ a ^d a X M dpX N d 7 X p r mnp^ e = 0, (9.218) 

where now the spinor e lives in seven dimensions. Here a,/3,... are indices 
on the cycle while M,N, . . . are D = 11 indices. By a similar calculation 




436 



String geometry 



to that in Exercise 9.15, one can verify that the defining equation for a 
supersymmetric three-cycle is 

d^dpX^X^ = £q/ 3 7 . (9.219) 

This means that the pullback of the three-form onto the cycle is proportional 
to the volume form. A G 2 manifold can also have supersymmetric four- 
cycles, which solve the equation 

P-e = l -(l - ^e al3yer d a X M d 3 X N d 1 X Q d <J X p V M npq) e = 0. (9.220) 

The solution has the same form as Eq. (9.219) with the associative calibra- 
tion replaced by the dual coassociative calibration *$. Both type of cycles 
break 1/2 of the original supersymmetry. 

Obviously, there is interest in the phenomenological implications of M- 
theory compactifications on G 2 manifolds, because these give J\T = 1 theo- 
ries in four dimensions. Let us mention a few topics in this active area of 
research. 



G *2 manifolds and strongly coupled gauge theories 
Compactihcation of M-theory on a smooth G 2 manifold does not lead to 
chiral matter or nonabelian gauge symmetry. The reason is that M-theory 
is a nonchiral theory and compactihcation on a smooth manifold cannot lead 
to a chiral theory. A chiral theory can only be obtained if singularities or 
other defects, where chiral fermions live, are included. Singularities arise, 
for example, when a supersymmetric cycle shrinks to zero size. 

M-theory compactihcation on a G 2 manifold with a conical singularity 
leads to interesting strongly coupled gauge theories, which have been in- 
vestigated in some detail. The local structure of a conical singularity is 
described by a metric of the form 

ds 2 = dr 2 + r 2 d£ln-i- (9.221) 

Here r denotes a radial coordinate and dQ^—i i s the metric of some compact 
manifold Y . In general, this metric describes an ra-dimensional space X 
that has a singularity at r = 0 unless dfl^-i is the metric of the unit sphere, 
S n ~ 1 . An example is a lens space S 3 /%n+ 1 , which corresponds to an An 
singularity. 

Singularities can give rise to nonabelian gauge groups in the low-energy 
effective action. Recall from Chapter 8 that M-theory compactihed on K3 
is dual to the heterotic string on T 3 , and that there is enhanced gauge 
symmetry at the singularities of K3, which have an ADE classification. 
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Invoking this duality for fibered manifolds, there should be a duality between 
compactification of heterotic theories on Calabi-Yau manifolds with a T 3 
fibration and M-theory on G 2 manifolds with a K3 fibration. 

In order to obtain four-dimensional theories with nonabelian gauge sym- 
metry, one strategy is to embed ADE singularities in G 2 manifolds. In 
general, the singularities of four-dimensional manifolds can be described as 
C 2 /r, where T is a subgroup of the holonomy group 50(4). The points that 
are left invariant by T then correspond to the singularities. The holonomy 
group of K3 is SU( 2), and as a result T has to be a subgroup of SU( 2) to 
give unbroken supersymmetry. The finite subgroups of 51/(2) also have an 
ADE classification consisting of two infinite series (A n , n = 1,2,... and D 
k = 4, 5 ... ) and three exceptional subgroups (Eq, E-j and E$). So for exam- 
ple, the generators for the two infinite series can be represented according 
to 



/ e 2rri/n Q \ 

V 0 ' 



(9.222) 



for the A n series. Meanwhile has two generators given by 



/ e ni/(k-2) o \ 

V 0 e — 7Tz/(fe— 2) J 



and 




(9.223) 



In the heterotic/M-theory duality discussed in Section 9.11, the heterotic 
string gets an enhanced symmetry group whenever the K3 becomes sin- 
gular. In general, M-theory compactified on a background of the form 
n 4 /T ADE x IR 5 ' 1 gives rise to a Yang-Mills theory with the correspond- 
ing ADE gauge group, near the singularity. Embedding four-dimensional 
singular spaces into G 2 manifolds, M-theory compactification can therefore 
give rise to nonabelian gauge groups in four dimensions. 



G 2 manifolds and intersecting D6-brane models 

Another area where G 2 manifolds play an important role is intersecting D6- 
brane models. 32 Recall that Section 8.3 showed that N parallel D6-branes 
in the type IIA theory are interpreted in M-theory as a multi-center Taub- 
NUT metric times a flat seven-dimensional Minkowski space-time. Half 
of the supersymmetry is preserved by a stack of parallel branes. If they 
are not parallel, the amount of supersymmetry preserved depends on types 
of rotations that relate the branes. Any configuration preserving at least 
one supersymmetry is described by a special-holonomy manifold from the 
M-theory perspective. If the position of the branes is such that they can 

32 This is one of the constructions used in attempts to obtain realistic models. 
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be interpreted in M-theory as a seven-manifold on which one covariantly 
constant real spinor can be defined times flat four-dimensional Minkowski 
space-time, then this is a G 2 holonomy configuration. 

For parallel D6-branes, the 7-manifold with G 2 holonomy is a direct prod- 
uct of the multi-center Taub-NUT metric times R 3 , as you are asked to 
verify in a homework problem. As discussed in Chapter 8, certain type IIA 
fields, such as the dilaton and the XJ( 1) gauge held, lift to pure geometry in 
11 dimensions. From the M-theory perspective, strings stretched between 
two D6-branes have an interpretation as membranes wrapping one of the 
n(n + l)/2 holomorphic embeddings of S 2 in multi-center Taub-NUT, as 
shown in Fig. 9.12. When two D6-branes come close to each other, these 
strings become massless, resulting in nonabelian gauge symmetry. Without 
entering into the details, let us mention that chiral matter can be realized 
when D6-branes intersect at appropriate angles, because the GSO projection 
removes massless fermions of one chirality. This leads to interesting models 
with some realistic features. 




Fig. 9.12. Strings stretched between two D6-branes can be interpreted as mem- 
branes wrapping a holomorplrically embedded S 2 in a multi-center Taub-NUT ge- 
ometry. 



Spin( 7) manifolds 

Eight-dimensional manifolds of Spin{ 7) holonomy are of interest in the study 
of string dualities including connections to strongly coupled gauge theories. 
Compactihcation of M-theory on a Spin( 7) manifold gives a theory with 
J\[ = 1 supersymmetry in three dimensions. The supercharge has two com- 
ponents, so 1/16 of the original supersymmetry is preserved. This is less 
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supersymmetry than the minimal amount for a Lorentz-invariant supersym- 
metric theory in four dimensions. Witten has speculated that the existence 
of such a three-dimensional theory might indicate the existence of a theory 
in four dimensions with no supersymmetry that upon circle compactifica- 
tion develops an J\f = 1 supersymmetry in three dimensions. This is one 
of many speculations that have been considered in attempts to explain why 
the observed cosmological constant is so tiny. 

Spin{ 7) is the subgroup of Spin{ 8) that leaves invariant the self-dual four- 
form 

17 = dy 1234 + dy 12 ' 56 + dy 1278 + dy 135 ' — dy 1368 — dy 1458 — dy 1467 — 
dy 2358 _ dy236 7 _ ^2457 + ^2468 + dy 3456 + ^3478 + dy 5678 > 

where 



dy ijkl = dyi A dy j A dy k A dy 1 , (9.224) 

and y.j with i = 1, . . . , 8 are the coordinates of 1R 8 . This 21-dinrensional Lie 
group is compact and simply-connected. 

The decomposition of the adjoint is 28 = 21 + 7. Spin{ 8) has three 
eight-dimensional representations: the fundamental and two spinors, which 
are sometimes denoted 8 V , 8 S and 8 C . Because of the triality of Spin( 8), 
discussed in Chapter 5, it is possible to embed Spin( 7) inside Spin( 8) such 
that one spinor decomposes as 8 C = 7+ 1, while the 8 V and 8 S both reduce 
to the spinor 8 of the Spin( 7) subgroup. By choosing such an embedding, 
the Spin( 7) holonomy preserves 1/16 of the original supersymmetry corre- 
sponding to the singlet in the decomposition of the two Spin( 8) spinors. 

Examples of compact Spin{ 7) manifolds can be obtained, as in the G -2 
case, as the blow-ups of orbifolds. The simplest example starts with an 
orbifold T 8 /Zj 4 . Spin( 7) manifolds are not Kahler in general. As in the G -2 
case, it is interesting to consider manifolds with singularities, which can lead 
to strongly coupled gauge theories. 



Exercises 



Exercise 9.16 

Verify that the calibration (9.212) is invariant under 14 linearly independent 
combinations of the 21 rotation generators of ET . 
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Solution 

An infinitesimal rotation has the form Rjj = 5ij + atj, where is infinites- 
imal, and a,ij = — dji . This acts on the coordinates by y' 1 = Rij'jj 3 ■ Now 
plug this into the three-form (9.212) and keep only the linear terms in a. 
Requiring the three-form to be invariant results in the equations 

014 + <236 + <227 = 0, <215 + <273 + 026 = 0, 

<216 + «43 + «52 = 0, <217 + «35 + «42 = 0, 

076 + O54 + 032 = 0, <212 + O74 + <265 = 0, 

«13 + 057 + <264 = 0. 

These seven constraints leave 21 — 7 = 14 linearly independent rotations 
under which the calibration is invariant. This construction ensures that 
they generate a group. □ 



Appendix: Some basic geometry and topology 

This appendix summarizes some basic geometry and topology needed in this 
chapter as well as other chapters of this book. This summary is very limited, 
so we refer the reader to GSW as well as some excellent review articles for 
a more detailed discussion. The mathematically inclined reader may prefer 
to consult the math literature for a more rigorous approach. 



Real manifolds 

What is a manifold? 

A real d-dimensional manifold is a space which locally looks like Euclidean 
space R c? . More precisely, a real manifold of dimension d is defined by 
introducing a covering with open sets on which local coordinate systems are 
introduced. Each of these coordinate systems provides a homeomorphism 
between the open set and a region in R ci . The manifold is constructed by 
pasting together the open sets. In regions where two open sets overlap, 
the two sets of local coordinates are related by smooth transition functions. 
Some simple examples of manifolds are as follows: 

• R rf and are examples of noncompact manifolds. 
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Fig. 9.13. This is not a one-dimensional manifold, because the intersection points 
are singularities. 

• The n-sphere (xf) = 1 is an example of a compact manifold. The 

case n = 0 corresponds to two points atx = ±l,n = lisa circle and n = 2 
is a sphere. In contrast to the one-dimensional noncompact manifold Ft 1 , 
the compact manifold S' 1 needs two open sets to be constructed. 

• The space displayed in Fig. 9.13 is not a one-dimensional manifold since 
there is no neighborhood of the cross over points that looks like R 1 . 

Homology and cohomology 

Many topological aspects of real manifolds can be studied with the help of 
homology and cohomology groups. In the following let us assume that M is 
a compact d-dimensional manifold with no boundary. 

A p-form A p is an antisymmetric tensor of rank p. The components of A p 
are 

A p = ^A fil ... fip dx fil A • • • A dx*>, (9.225) 

where A denotes the wedge product (an antisymmetrized tensor product). 
From a mathematician’s viewpoint, these p- forms are the natural quantities 
to define on a manifold, since they are invariant under diffeonrorphisms and 
therefore do not depend on the choice of coordinate system. The possible 
values of p are p = 0, 1, . . . , d. 

The exterior derivative d gives a linear map from the space of p- forms into 
the space of (p + l)-forms given by 

dAp = ^<9 w A M2 ... Mp+1 dz Ml A • • • A dx^ p+1 . (9.226) 

A crucial property that follows from this definition is that the operator d is 
nilpotent, which means that d? = 0. This can be illustrated by applying d 2 
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to a zero form 

( BA \ B 2 A 

^ -dx p ) = — — z^—dx p A dx u , (9.227) 

BxJ 1 J dx p dx v ’ v ' 

which vanishes due to antisymmetry of the wedge product. A p-forrn is 
called closed if 

dA p = 0, (9.228) 

and exact if there exists a globally defined ( p — l)-form A p _\ such that 

A p = dAp_ i. (9.229) 

A closed p-form can always be written locally in the form aL4 p _i, but this 
may not be possible globally. In other words, a closed form need not be 
exact, though an exact form is always closed. 

Let us denote the space of closed p-forms on M by C P (M) and the space 
of exact p-forms on M by Z P (M). Then the pth de Rham cohomology group 
H P (M) is defined to be the quotient space 

H P (M) = C P (M) /Z P (M). (9.230) 

H P (M ) is the space of closed forms in which two forms which differ by an 
exact form are considered to be equivalent. The dimension of H P (M ) is 
called the Betti number. Betti numbers are very basic topological invariants 
characterizing a manifold. The Betti numbers of S 2 and T 2 are described in 
Fig. 9.14. Another especially important topological invariant of a manifold 
is the Euler characteristic , which can be expressed as an alternating sum of 
Betti numbers 

d 

X(M) = ]T(-1 (9.231) 

i=0 

The Betti numbers of a manifold also give the dimensions of the homology 
groups , which are defined in a similar way to the cohomology groups. The 
analog of the exterior derivative d is the boundary operator 5, which acts 
on submanifolds of M . Thus, if N is a submanifold of M, then 5N is its 
boundary. This operator associates with every submanifold its boundary 
with signs that take account of the orientation. The boundary operator is 
also nilpotent, as the boundary of a boundary is zero. Therefore, it can 
be used to define homology groups of M in the same way that the exterior 
derivative was used to define cohomology groups of M. Arbitrary linear 
combinations of submanifolds of dimension p are called p-chains. Here again, 
to be more precise, one should say what type of coefficients is used to form 
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Fig. 9.14. The Betti numbers b p count the number of p-cycles which are not bound- 
aries. For the sphere all one-cycles can be contracted to a point and the Betti 
numbers are bo = 62 = 1 and b\ = 0. The torus supports nontrivial one-cycles and 
as a result the Betti numbers are &o = ^2 = 1 and &i = 2. 



the linear combinations. A chain that has no boundary is called closed , and 
a chain that is a boundary is called exact. A closed chain z p , also called a 
cycle, satisfies 

5z p = 0. (9.232) 

The ishnplicial homology group H P (M ) is defined to consisF-of equivalence 
classes Jjf p-cycles. Two p-cycles are equivalent if and only if their difference 
is a boundary. 



Poincare duality 

A fundamental theorem is Stokes’ theorem. Given a real manifold M, let 
A be an arbitrary p - form and let N be an arbitrary (p + l)-chain. Then 
Stokes’ theorem states 




(9.233) 



This formula provides an isomorphism between H P (M ) and Hd- P (M ) that 
is called Poincare duality. To every closed p-form A there corresponds a 
(d — p)-cycle N with the property 



[ AAB= [ B, (9.234) 

J M Jn 

for all closed (d — p )- forms B. The fact that the left-hand side only depends 
on the cohomology class of A and the right-hand side only depends on the 
homology class of N is an immediate consequence of Stokes’ theorem and 
the fact that M has no boundary. Poincare duality allows us to determine 
the Betti numbers of a manifold by counting the nontrivial cycles of the 
manifold. For example, S N has Betti numbers 60 = 1, 61 = 0, . . . , 6 jv = 1- 
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Riemannian geometry 

Metric tensor 

The manifolds described so far are entirely characterized by their topol- 
ogy. Next, we consider manifolds endowed with a metric. If the metric 
is positive definite, the manifold is called a Riemannian manifold. If it 
has indefinite signature, as in the case of general relativity, it is called a 
pseudo- Riemannian manifold. In either case the metric is a symmetric ten- 
sor characterized by an infinitesimal line element 

ds 2 = g f _ w (x)dx^ l dx u , (9.235) 

which allows one to compute the length of a curve by integration. The 
line element itself is coordinate independent. This fact allows one to com- 
pute how the metric components g^v{x) transform under general coordinate 
transformations (diffeomorphisms) . 

The metric tensor can be expressed in terms of the frame. This consists 
of d linearly independent one-forms e a that are defined locally on M. In 
terms of a basis of one-forms 



e a = (9.236) 

The components e“ form a matrix called the vielbein. Let rf 1 ® and r) a p 
denote the flat metric whose only nonzero entries are ±1 on the diagonal. 
In the Riemannian case (Euclidean signature) i] is the unit matrix. In the 
Lorentzian case, there is one —1 corresponding to the time direction. The 
metric tensor is given in terms of the frame by 

9 = Vape a <8> e 13 

In terms of components this corresponds to 

57 w = Val3 e fj, e u' 

The inverse vielbein and metric are denoted 

Harmonic forms 

The metric is needed to define the Laplace operator acting on p- forms on a 
d- dimensional space given by 

A p = Sd + dS = {d + S) 2 , (9.239) 



(9.237) 



(9.238) 



e 1 ^ and g^ v . 



where 



S = (-l) d P +<i+1 * d-k 



(9.240) 
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for Euclidean signature, and there is an extra minus sign for Lorentzian 
signature. The Hodge ^-operator acting on p-forms is defined as 

gill’” llpflp-\-l f-Ld 

*(dx^ A • • • A dx pp ) = | |g| 1/2 g^+i^P+i ' ' ' 9p d u d dx Up+1 A • • • A dx Vd . 

(9.241) 

The Levi-Civita symbol e transforms as a tensor density, while e/lp] 1 / 2 is a 
tensor. A p-forrn A is said to be harmonic if and only if 

A p A = 0. (9.242) 

Harmonic p- forms are in one-to-one correspondence with the elements of the 
group H P (M). Indeed, from the definition of the Laplace operator it follows 
that if A p is harmonic 

{dS + Sd)A p = 0, (9.243) 

and as a result 

(A p , (dd) + d)d)Ap) = 0 =>- (d) A p , $ A p ) + (dA p , dA p ) = 0. (9.244) 

Using a positive-definite scalar product it follows that A p is closed and co- 
closed. The Hodge theorem states that on a compact manifold that has a 
positive definite metric a p-forrn has a unique decomposition into harmonic, 
exact and co-exact pieces 

A p = A* + dA e p _ i + S Apt\ . (9.245) 

As a result, a closed form can always be written in the form 

A p = Ap + dAp_ 1 . (9.246) 

Since the Hodge dual turns a closed p-forrn into a co-closed (d — p)-form 
and vice versa, it follows that the Hodge dual provides an isomorphism 
between the space of harmonic p-forms and the space of harmonic (d — p)- 
forms. Therefore, 

b P = b d _ p . (9.247) 

The connection 

Another fundamental geometric concept is the connection. There are ac- 
tually two of them: the affine connection and the spin connection, though 
they are related (via the vielbein). Connections are not tensors, though the 
arbitrariness in their definitions corresponds to adding a tensor. Also, they 
are used in forming covariant derivatives, which are constructed so that they 
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map tensors to tensors. The expressions for the connections can be deduced 
from the fundamental requirement that the vielbein is covariantly constant 

V/^e" = d p e« - K» e ° P + = 0- (9-248) 

This equation determines the affine connection T and the spin connection ui 
up to a contribution characterized by a torsion tensor , which is described in 
Chapter 10. The affine connection, for example, is given by the Levi-Civita 
connection plus a torsion contribution 

r ^ = {^}+ V, (9-249) 

where the Levi-Civita connection is 

{/fzz} = \ gPX< ' d i‘- JuX + A - d\ g pu ), (9.250) 

and K is called the contortion tensor. The formula for the spin connection, 
given by solving Eq. (9.248), is 

<V = -e£(^-r^). (9.251) 

Curvature tensors 

The curvature tensor can be constructed from either the affine connection T 
or the spin connection iv. Let us follow the latter route. The spin connection 
is a Lie-algebra valued one- form uj a p = u^pdx^. The algebra in question is 
SO(d), or a noncompact form of SO(d ) in the case of indefinite signature. 
Thus, it can be regarded as a Yang-Mills gauge field. The curvature two- 
form is just the corresponding field strength, 

R a (3 = dLU a p + Lo a 1 Aw^, (9.252) 

which in matrix notation becomes 

R = dui + <jj A u. (9.253) 

Its components have two base-space and two tangent-space indices R pv a p. 
One can move indices up and down and convert indices from early Greek 
to late Greek by contracting with metrics, vielbeins and their inverses. In 
particular, one can form R^ up \, which coincides with the Riemann curvature 
tensor that is usually constructed from the affine connection. Contracting 
a pair of indices gives the Ricci tensor 



Ru\ — fCisjjX , 



(9.254) 
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and one more contraction gives the scalar curvature 



R = g^Rpv 



(9.255) 



Holonomy groups 

The holonomy group of a Riemannian manifold M of dimension d describes 
the way various objects transform under parallel transport around closed 
curves. The objects that are parallel transported can be tensors or spinors. 
For spin manifolds (that is, manifolds that admit spinors), spinors are the 
most informative. The reason is that the most general transformation of 
a vector is a rotation, which is an element of S'O(d). 33 The corresponding 
transformation of a spinor, on the other hand, is an element of the covering 
group Spin(d). So let us suppose that a spinor is parallel transported around 
a closed curve. As a result, the spinor is rotated from its original orientation 

£ -»• U £, (9.256) 

where U is an element of Spin(d) in the spinor representation appropriate 
to £. Now imagine taking several consecutive paths each time leaving and 
returning to the same point. The result for the spinor after two paths is, for 
example, 

e — * UiU 2 e = fhj£. (9.257) 

As a result, the U matrices build a group, called the holonomy group H(M). 

The generic holonomy group of a Riemannian manifold M of real di- 
mension d that admits spinors is Spin(d). Now one can consider different 
special classes of manifolds in which 7i(M) is only a subgroup of Spin(d). 
Such manifolds are called manifolds of special holonomy. 

• hi C U(d/ 2) if and only if M is Kahler. 

• TL C SU(d/2) if and only if M is Calabi-Yau. 

• hi C Sp(d/ 4) if and only if M is hyper-Kahler. 

• hi C Sp(d/ 4) • Sp( 1) if and only if M is quaternionic Kahler. 

In the first two cases d must be a multiple of two, and in the last two 
cases it must be a multiple of four. Kahler manifolds and Calabi-Yau man- 
ifolds are discussed later in this appendix. Hyper-Kahler and quaternionic 
Kahler manifolds will not be considered further. There are two other cases 
of special holonomy. In seven dimensions the exceptional Lie group G 2 is 

33 Reflections are avoided by assuming that the manifold is oriented. 
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a possible holonomy group, and in eight dimensions Spin{ 7) is a possible 
holonomy group. The G 2 case is of possible physical interest in the context 
of compactifying M-theory to four dimensions. 



Complex manifolds 

A complex manifold of complex dimension n is a special case of a real mani- 
fold of dimension d = 2 n. It is defined in an analogous manner using complex 
local coordinate systems. In this case the transition functions are required 
to be biholomorphic, which means that they and their inverses are both 
holomorphic. Let us denote complex local coordinates by z a (a = 1 , ,n) 
and their complex conjugates z a . 

A complex manifold admits a tensor J, with one covariant and one con- 
travariant index, which in complex coordinates has components 

Ja = iS a b , Ja l = Ja = J~a = 0 - ( 9 . 258 ) 

These equations are preserved by a holomorphic change of variables, so they 
describe a globally well-defined tensor. 

Sometimes one is given a real manifold M in 2 n dimensions, and one 
wishes to determine whether it is a complex manifold. The first requirement 
is the existence of a tensor, J m n , called an almost complex structure , that 
satisfies 

Jm n Jn P = Sm P . ( 9 . 259 ) 

This equation is preserved by a smooth change of coordinates. The second 
condition is that the almost complex structure is a complex structure. The 
obstruction to this is given by a tensor, called the Nijenhuis tensor 

N p mn = Jm q d [q J n] p - Jn q d [q J m] p . ( 9 . 260 ) 

When this tensor is identically zero, J is a complex structure. Then it is 
possible to choose complex coordinates in every open set that defines the 
real manifold M such that J takes the values given in Eq. ( 9 . 258 ) and the 
transition functions are holomorphic. 

On a complex manifold one can define (p, g)-forms as having p holomorphic 
and q antiholomorphic indices 

Ap , q = ^ A a 1 --.a p b 1 --.- bq dz ai A • • • A dz a * A dz b 1 A • • • A dz b i. ( 9 . 261 ) 

The real exterior derivative can be decomposed into holomorphic and anti- 
holomorphic pieces 



d = d + d 



(9.262) 
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with 

r\ r\ 

d = dz a — and 8 = dz*^L. (9.263) 

dz a 8z a y 

Then d and d, which are called Dolbeault operators , map (p, (/)- forms to 
(p + 1, c/)-forms and ( p,q + l)-forms, respectively. Each of these exterior 
derivatives is nilpotent 

8 2 = 8 2 = 0, (9.264) 

and they anticommute 

dd + dd = 0. (9.265) 



Complex geometry 

Let us now consider a complex Riemannian manifold. In terms of the com- 
plex local coordinates, the metric tensor is given by 

ds 2 = g a bdz a dz b + g a j ) dz a dz b + gabdz a dz h + g d bdz a dz b . (9.266) 

The reality of the metric implies that g a i is the complex conjugate of g a b 
and that g a i is the complex conjugate of g & b ■ A hermitian manifold is a 
special case of a complex Riemannian manifold, which is characterized by 
the conditions 

Sab = Sab = 0. (9.267) 

These conditions are preserved under holomorphic changes of variables, so 
they are globally well defined. 

The Dolbeault cohomology group Hff q (M) of a hermitian manifold M 
consists of equivalence classes of enclosed (p, (/)-forms. Two such forms are 
equivalent if and only if they differ by a 9-exact (p, g)-form. The dimension 
of iL|’ 9 (M) is called the Hodge number hP' q . We can define the Laplacians 

A q = dd t + d^d and A § = 88 1 + 8^8. (9.268) 

A Kahler manifold is defined to be a hermitian manifold on which the 
Kahler form 

J = ig a idz a A dz b (9.269) 

is closed 

dJ = 0. (9.270) 

It follows that the metric on these manifolds satisfies 8 a gbc = 8bg a c, as well 
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as the complex conjugate relation, and therefore it can be written locally in 
the form 

9ah = dz a 0z h ^ Z '' (9.271) 

where )C(z, z) is called the Kdhler potential. Thus, 

J = i'ddK. 



The Kahler potential is only defined up to the addition of arbitrary holo- 
morphic and antiholomorphic functions f(z ) and f[z), since 

IC(z,z) = K.(z,z) + f(z) + f(z) (9.272) 

leads to the same metric. In fact, there are such relations on the overlaps of 
open sets. 

On Kahler manifolds the various Laplacians all become identical 

A d = 2A d = 2A g. (9.273) 

The various possible choices of cohomology groups (based on d, d and 3) 
each have a unique harmonic representative of the corresponding type, as in 
the real case described earlier. Therefore, in the case of Kahler manifolds, 
it follows that they are all identical 

H% q (M) = Hg’ q (M) = H p ' q (M). (9.274) 

As a consequence, the Hodge and the Betti numbers are related by 

k 

b k = h p ’ k ~ p . (9.275) 

p = o 

If u; is a (p, (/)-form on a Kahler manifold with n complex dimensions, 
then the complex conjugate form uj* is a (g,p)-form. It follows that 

h P,q = h q, P (9.276) 

Similarly, if uj is a (p, g)-form, then is a (n — p,n — (/)-form. This implies 
that 

h n- p ,n-q = h P,q _ ( 9 . 2 77) 

One way of understanding this result is to focus on the harmonic represen- 
tatives of the cohomology classes, which are both closed and co-closed. As 
in the case of real manifolds, the Hodge dual of a closed form is co-closed 
and vice versa, so the Hodge dual of a harmonic form is harmonic. 

In terms of complex local coordinates, only the mixed components of the 
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Ricci tensor are nonvanishing for a hermitian manifold. Therefore, one can 
define a (1, l)-form, called the Ricci form, by 

7 Z = iR a idz a A dz (9.278) 

For a hermitian manifold, the exterior derivative of the Ricci form is propor- 
tional to the torsion. However, for a Kahler manifold the torsion vanishes, 
and therefore the Ricci form is closed ddZ = 0. It is therefore a represen- 
tative of a cohomology class belonging to This class is called the 

first Chern class 

ci = (9.279) 



Exercises 



Exercise a.i 

Use Stokes’ theorem to verify Poincare duality. 

Solution 

Consider a form A £ H P (M). It can be expanded in a basis {uA}, so that 
A = a.iW i . Consider also a form B £ H d ~ p (M), which is expanded in a basis 
{v ] } as B = fijvfi Therefore, 

f A A B = ai(3j f w l A v ] = aifijirdfi 

Jm Jm 

Now we define the dual basis to {C} as {Zj}, which are (d — p)-cycles that 
satisfy 




According to Stokes’ theorem, we can integrate B over the (d — p)-cycle 
N = a t rrd J Zj, to get 

f B = f = a.i(3 1 m l iS 1 - = aifijmB = f A A B. 

Jn J a i m i i Zj JM 

It follows that, for any A £ H P (M), there is a corresponding N £ 77^_p(M). 
This implies Poincare duality 

H p {M ) « H d _ p (M) 
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□ 

Exercise a. 2 

Consider the complex plane with coordinate z = x + iy and the standard 
flat Euclidean metric (ds 2 = dx 2 + dy 2 ). Compute kdz and kdz. 

Solution 

Because we have a Euclidean metric, it is easy to check 
-kdx = dy and * dy = —dx, 
where we have used e xy = — e yx = 1. Thus 

-kdz = — idz and * dz = idz. 



Exercise a. 3 

If V is a torsion- free connection, which means that T p nn = Ynm, ■ show that 
Eq. (9.260) is equivalent to 



ATP — Ji v JP — J q v TP — JP v T q 4- T p V J q 

iV mn — n u n v o^ m u a v m u n \ a v n u r 



Solution 

By definition 



W J p n + J p q V n J\ - J q n V q J p m - J p q V m J q n 

= J q m (d q J p n + T qX p j\-T qn x J p x ) 

+J p q {d n J q m + T nX q J x m - T nm x J q x ) - (n ~ m). 

Because J q m T qX p J x n and J p q T nm x J q x are symmetric in ( n,m ), if the con- 
nection is torsion-free, these terms cancel. To see the cancellation of 

tp p « h _ rt r x T p 

° q nA ° m m qn ° A’ 

we only need to exchange the index A and q of the first term. So all the 
affine connection terms cancel out, and the expression simplifies to 

NP mn = J q m d qJ P n + “ ( n ^ "0> 



which is what we wanted to show. 



□ 
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Homework Problems 



Problem 9.1 

By considering the orbifold limit in Section 9.3 explain why the 22 harmonic 
two- forms of K3 consist of three self-dual forms and 19 anti-self-dual forms. 

Problem 9.2 

Show that the Eguchi-Hanson space defined by Eq. (9.24) is Ricci flat and 
Kahler and that the Kahler form is anti-self-dual. 

Problem 9.3 

Show that the curvature two-form of S 2 using the Fubini-Study metric is 

_ 0 dzAdz 

( 1 + zz ) 2 ' 

Using this result compute the Chern class and the Chern number (that is, 
the integral of the Chern class over S 2 ) for the tangent bundle of S 2 . 

Problem 9.4 

Show that the Kahler potential for C P n given in Eq. (9.31) undergoes a 
Kahler transformation when one changes from one set of local coordinates 
to another one. Construct the Fubini-Study metric. 

Problem 9.5 

Show that 1C = — log (f J ) is the Kahler potential for the Kahler-structure 
modulus of a two-dimensional torus. 

Problem 9.6 

Consider a two-dimensional torus characterized by two complex parame- 
ters t and p (that is, an angle 6 is also allowed). Show that T-duality 
interchanges the complex-structure and Kahler parameters, as mentioned in 
Section 9.5, and that the spectrum is invariant under this interchange. 

Problem 9.7 

Verify the Lichnerowicz equation discussed in Section 9.5: 

V k V k 5gmn + 2 RJ n q 5g pq = 0. 

Hint: use R mn = 0 and the gauge condition in Eq. (9.91). 
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Problem 9.8 

Use (9.92) to show that (9.93) and (9.96) are harmonic. 

Problem 9.9 

Check the result for the Kahler potential Eq. (9.117). 

Problem 9.10 

Show that Eq. (9.132) agrees with Eq. (9.129). 

Problem 9.11 

Compute the scalar curvature of the conifold metric in Eq. (9.143), and 
show that it diverges at X 1 = 0. Thus, the conifold singularity is a real 
singularity in the moduli space. 

Problem 9.12 

Show that the operators in Eq. (9.146) are projection operators. 

Problem 9.13 

Consider the Eg x Eg heterotic string compactified on a six- dimensional 
orbifold 

T 2 x T 2 x T 2 
2 ^ ’ 

where Z 4 acts on the complex coordinates ( 21 , 22 , 23 ) of the three tori, as 
(zi, Z2, 23) — > (izi,iz2, —Z3). Identify the spin connection with the gauge 
connection of one of the Eg s to find the spectrum of massless modes and 
gauge symmetries in four dimensions. 

Problem 9.14 

Verify that Eq. (9.172) vanishes if J is the Kahler form. 

Problem 9.15 

As mentioned in Section 9.11, compactification of the type IIB theory on 
K3 leads to a chiral theory with J\f = 2 supersymmetry in six dimensions. 
Since this theory is chiral, it potentially contains gravitational anomalies. 
Using the explicit form of the anomaly characteristic classes discussed in 
Chapter 5, show that anomaly cancellation requires that the massless sector 
contain 21 matter multiplets (called tensor multiplets) in addition to the 
supergravity multiplet. 
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Problem 9.16 

Consider the second term in the action (9.189) restricted to two dimensions 
described by a complex variable z. Form the equation of motion of the field 
r and show that it is satisfied by any holomorphic function t(z). 

Problem 9.17 

Consider a Calabi-Yau three-fold given as an elliptically fibered manifold 
over CP 1 x CP 1 

y 2 = X 3 + f(zi, Z 2 )x + g(zi, z 2 ), 

where z i, z 2 represent the two CP 1 s and /, g are polynomials in / in (zi, z 2 ). 

(i) What is the degree of the polynomials / and g ? Hint: write down 
the holomorphic three-form and insist that it has no zeros or poles 
at infinity. 

(ii) Compute the number of independent complex structure deformations 
of this Calabi-Yau. What do you obtain for the Hodge number h 2,1 ? 

(iii) How many Kahler deformations do you find, and what does this imply 
for h 1,1 ? 



Problem 9.18 

Verify properties (i)-(in) for the G 2 orbifold P'/T defined in Section 9.12. 
Show that the blow-up of each fixed point gives 12 copies of T 3 . 

Problem 9.19 

Verify that the solution to the constraint equation for a supersymmetric 
three-cycle in a G 2 manifold Eq. (9.218) is given by Eq. (9.219). Repeat the 
calculation for the supersymmetric four-cycle. 

Problem 9.20 

Show that the direct product of the multi-center Taub-NUT metric dis- 
cussed in Section 8.3 with flat R 3 corresponds to a 7-manifold with G 2 
holonomy. 

Problem 9.21 

Find the conditions, analogous to those in Exercise 9.16, defining the Spin( 7) 
action that leaves invariant the four- form (9.224). Verify that there are the 
correct number of conditions. 
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Moduli-space problem 

The previous chapter described Calabi-Yau compactification for a product 
manifold M4 x M. When the ten-dimensional heterotic string is compacti- 
fied on such a manifold the resulting low-energy effective action has M = 1 
supersymmetry, which makes it phenomenologically attractive in a num- 
ber of respects. Certain specific Calabi-Yau compactifications even lead to 
three- generation models. 

An unrealistic feature of these models is that they contain massless scalars 
with undetermined vacuum expectation values (vevs). Therefore, they do 
not make specific predictions for many physical quantities such as coupling 
constants. These scalar fields are called moduli fields, since their vevs are 
moduli for which there is no potential in the low-energy four-dimensional 
effective action. This moduli-space problem or moduli-stabilization problem 
has been recognized, but not emphasized, in the traditional string theory 
literature. This situation changed with the discovery of string dualities and 
recognition of the key role that branes play in string theory. 

As discussed in Chapter 8, the moduli-space problem already arises for 
simple circle compactification of D = 11 supergravity, where the size of the 
circle is a modulus, dual to the vev of the type IIA dilaton, which is un- 
determined. A similar problem, in a more complicated setting, appears for 
the volume of the compact space in conventional Calabi-Yau compactifica- 
tions of any superstring theory. In this case the size of the internal manifold 
cannot be determined. 



Warped compactifications 

Recently, string theorists have understood how to generate a potential that 
can stabilize the moduli fields. This requires compactifying string theory 
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on a new type of background geometry, a warped geometry. 1 Warped com- 
pactifications also provide interesting models for superstring and M-theory 
cosmology. Furthermore, they are relevant to the duality between string 
theory and gauge theory discussed in Chapter 12. 

In a warped geometry, background values for certain tensor fields are 
nonvanishing, so that associated fluxes thread cycles of the internal manifold. 
An n-form potential A with an (n + l)-form field strength F = cL4 gives a 
magnetic flux of the form 2 




( 10 . 1 ) 



that depends only on the homology of the cycle J n +i- Similarly, in D di- 
mensions the same held gives an electric flux 




i 



*Fi 



( 10 . 2 ) 



where the star indicates the Hodge dual in D dimensions. This flux depends 
only on the homology of the cycle 'yo-n-i- 



Flux quantization 

This chapter explores the implications of flux compactifications for the 
moduli-space problem, and it presents recent developments in this active 
area of research. The fluxes involved are strongly constrained. This is im- 
portant if one hopes to make predictions for physical parameters such as the 
masses of quarks and leptons. The form of the n-form tensor fields that solve 
the equations of motion is derived, and the important question of which of 
these preserve supersymmetry and which do not is explored. 

In addition to the equations of motion, a second type of constraint arises 
from flux-quantization conditions. Section 10.5 shows that when branes are 
the source of the fluxes, the quantization is simple to understand: the flux 
(suitably normalized) through a cycle surrounding the branes is the number 
of enclosed branes, which is an integer. For manifolds of nontrivial homology, 
there can be integrally quantized fluxes through nontrivial cycles even when 
there are no brane sources, as is explained in Section 10.1. In such cases, the 
quantization is a consequence of the generalized Dirac quantization condition 
explained in Chapter 6. In special cases, there can be an offset by some 
fraction in the flux quantization rule due to effects induced by curvature. 

1 Warped geometries have been known for a long time, but their role in the moduli-stabilization 
problem was only recognized in the 1990s. 

2 It is a matter of convention which flux is called magnetic and which flux is called electric. 
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This happens in M-theory, for example, due to higher-order quantum gravity 
corrections to the D = 11 supergravity action, as is explained in Section 10.5. 



Flux compactifications 

Let us begin by considering compactifications of M-theory on manifolds that 
are conformally Calabi-Yau four-folds. For these compactifications, the met- 
ric differs from a Calabi-Yau metric by a conformal factor. Even though 
these models are phenomenologically unrealistic, since they lead to three- 
dimensional Minkowski space-time, in some cases they are related to J\f = 1 
theories in four dimensions. This relatively simple class of models illustrates 
many of the main features of flux compactifications. More complicated ex- 
amples, such as type IIB and heterotic flux compactifications, are discussed 
next. In the latter case nonzero fluxes require that the internal compactifica- 
tion manifolds are non-Kahler but still complex. It is convenient to describe 
them using a connection with torsion. 



The dilaton and the radial modulus 

Two examples of moduli are the dilaton, whose value determines the string 
coupling constant, and the radial modulus, whose value determines the size 
of the internal manifold. Classical analysis that neglects string loop and in- 
stanton corrections is justified when the coupling constant is small enough. 
Similarly, a supergravity approximation to string theory is justified when 
the size of the internal manifold is large compared to the string scale. When 
there is no potential that fixes these two moduli, as is the case in the ab- 
sence of fluxes, these moduli can be tuned so that these approximations are 
arbitrarily good. Therefore, even though compactifications without fluxes 
are unrealistic, at least one can be confident that the formulas have a regime 
of validity. This is less obvious for flux compactifications with a stabilized 
dilaton and radial modulus, but it will be shown that the supergravity ap- 
proximation has a regime of validity for flux compactifications of M-theory 
on manifolds that are conformally Calabi-Yau four- folds. 

More generally, moduli fields are stabilized dynamically in flux compactifi- 
cations. While this is certainly what one wants, it also raises new challenges. 
How can one be sure that a classical supergravity approximation has any 
validity at all, once the value of the radial modulus and the dilaton are sta- 
bilized? There is generally a trade-off between the number of moduli that 
are stabilized and the amount of mathematical control that one has. This 
poses a challenge, since in a realistic model all moduli should be stabilized. 
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Some models are known in which all moduli are fixed, and a supergravity 
approximation still can be justified. In these models the fluxes take integer 
values N, which can be arbitrarily large in such a way that the supergravity 
description is valid in the large N limit. 



The string theory landscape 

Even though flux compactifications can stabilize the moduli fields appear- 
ing in string theory compactifications, there is another troubling issue. Flux 
compactifications typically give very many possible vacua, since the fluxes 
can take many different discrete values, and there is no known criterion for 
choosing among them. These vacua can be regarded as extrema of some po- 
tential, which describes the string theory landscape. Section 10.6 discusses 
one approach to addressing this problem, which is to accept the large de- 
generacy and to characterize certain general features of typical vacua using 
a statistical approach. 



Fluxes and dual gauge theories 

Chapter 12 shows that superstring theories in certain backgrounds, which 
typically involve nonzero fluxes, have a dual gauge-theory description. The 
simplest examples involve conformally invariant gauge theories. However, 
there are also models that provide dual supergravity descriptions of confining 
supersymmetric gauge theories. Section 10.2 describes a flux model that is 
dual to a confining gauge theory in the context of the type IIB theory, the 
Klebanov-Strassler (KS) model. The dual gauge theory aspects of this model 
are discussed in Chapter 12. 



Brane-world scenarios 

An alternative to the usual Kaluza-Klein compactihcation method of hid- 
ing extra dimensions, called the brane-world scenario, is described in Section 
10.2. One of the goals of this approach is to solve the gauge hierarchy prob- 
lem, that is, to explain why gravity is so much weaker than the other forces. 
The basic idea is that the visible Universe is a 3-brane, on which the stan- 
dard model fields are confined, embedded in a higher dimension space-time. 
Extra dimensions have yet to be observed experimentally, of course, but in 
this set-up it is not out of the question that this could be possible. 3 While 

3 The search for extra dimensions is one of the goals of the Large Hadron Collider (LHC) at 
CERN, which is scheduled to start operating in 2007. 
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the standard model fields are confined to the 3-brane, gravity propagates in 
all 4 + n dimensions. Section 10.2 shows that the hierarchy problem can be 
solved if the (4 + n)-dimensional background geometry is not factorizable, 
that is, if it involves a warp factor, like those of string theory flux compact- 
ifications. In fact, flux compactifications of string theory give a warp factor 
in the geometry, which could provide a solution to the hierarchy problem. 
This is an alternative to the more usual approach to the hierarchy problem 
based on supersymmetry broken at the weak scale. 



Fluxes and superstring cosmology 

The Standard Big Bang model of cosmology (SBB) is the currently accepted 
theory that explains many features of the Universe such as the existence of 
the cosmic microwave background (CMB). The CMB accounts for most of 
the radiation in the Universe. This radiation is nearly isotropic and has 
the form of a black-body spectrum. However, there are small irregularities 
in this radiation that can only be explained if, before the period described 
by the SBB, the Universe underwent a period of rapid expansion, called 
inflation. This provides the initial conditions for the SBB theory. Different 
models of inflation have been proposed, but inflation ultimately needs to be 
derived from a fundamental theory, such as string theory. This is currently 
a very active area of research in the context of flux compactifications, and it 
is described towards the end of this chapter. Cosmology could provide one 
of the most spectacular ways to verify string theory, since strings of cosmic 
size, called cosmic strings, could potentially be produced. 



10.1 Flux compactifications and Calabi— Yau four- folds 

In the traditional string theory literature, compactifications to fewer than 
four noncompact space-time dimensions were not considered to be of much 
interest, since the real world has four dimensions. However, this situa- 
tion changed with the discovery of the string dualities described in Chap- 
ters 8 and 9. In particular, it was realized that M-theory compactifications 
on conformally Calabi-Yau four-folds, which are discussed in this section, 
are closely related to certain F-theory compactifications to four dimensions. 
Since the three-dimensional theories have J\f = 2 supersymmetry, which 
means that there are four conserved supercharges, they closely resemble 
four- dimensional theories with J\f = 1 supersymmetry. 

Recall that Exercise 9.4 argued that a supersymmetric solution to a the- 
ory with global M = 1 supersymmetry is a zero-energy solution of the equa- 
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tions of motion. By solving the first-order supersymmetry constraints one 
obtains solutions to the second-order equations of motion, and thus a con- 
sistent string-theory background. One has to be careful when generalizing 
this to theories with local supersymmetry, since solving the Killing spinor 
equations does not automatically ensure that a solution to the full equations 
of motion. This section shows that the supersymmetry constraints for flux 
compactifications, together with the Bianchi identity, yield a solution to the 
equations of motion, which can be derived from a potential for the moduli, 
and that this potential describes the stabilization of these moduli. 



M-theory on Calabi-Yau four-folds 

The bosonic part of the action for 11-dinrensional supergravity, presented in 
Chapter 8, is 

2 K 2 n S = J d u xV^G (r - \\F^ ~ If ^3 A F 4 A F 4 . (10.3) 

The only fermionic field is the gravitino and a supersymmetric configuration 
is a nontrivial solution to the Killing spinor equation 

S*M = V M £ + ^ (r M F (4) - 3F$) £ = 0. (10.4) 

The notation is the same as in Section 8.1. This equation needs to be solved 
for some nontrivial spinor £ and leads to constraints on the background 
metric as well as the four-form field strength. In Chapter 9 a similar analysis 
of the supersymmetry constraints for the heterotic string was presented. 
However, there the three-form tensor field was set to zero for simplicity. 

In general, it is inconsistent to set the fluxes to zero, unless additional sim- 
plifying assumptions (or truncations) are made. This section shows that van- 
ishing fluxes are inconsistent for most M-theory compactifications on eight 
manifolds due to the effects of quantum corrections to the action Eq. (10.3). 

Warped geometry 

Let us now construct flux compactifications of M-theory to three-dimensional 
Minkowski space-time preserving M = 2 supersymmetry. The most gen- 
eral ansatz for the metric that is compatible with maximal symmetry and 
Poincare invariance of the three-dimensional space-time is a warped metric. 
This means that the space-time is not a direct product of an external space- 
time with an internal manifold. Rather, a scalar function depending on the 



4 A similar analysis can be performed to obtain models with Jsf = 1 supersymmetry. 
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coordinates of the internal dimensions A (y) is included. The explicit form 
for the metric ansatz is 

ds 2 = A(y)~ 1 r] lxu dx ,x dx u +A(y) 1/2 g mn (y)dy m dy n , (10.5) 

' ,, ' ' v ' 

3D flat 8D internal 

space-time manifold 

where are the coordinates of the three-dimensional Minkowski space-time 
M3 and y m are the coordinates of the internal Euclidean eight-manifold 
M. In the following we consider the case in which the internal manifold 
is a Calabi-Yau four-fold, which results in J\f = 2 supersymmetry in three 
dimensions. The scalar function A (y) is called the warp factor. The powers 
of the warp factor in Eq. (10.5) have been chosen for later convenience. 

In general, a warp factor can have a dramatic influence on the properties 
of the geometry. Consider the example of a torus, which can be described 
by the flat metric 

ds 2 = d6 2 + dip 2 with 0 < 0 < 77 0 < 99 < 27 r. (10.6) 

By including a suitable warp factor, the torus turns into a sphere 

ds 2 = d6 2 + sin 2 6 dip 2 , (10.7) 

leading to topology change. Moreover, once the warp factor is included, 
it is no longer clear that the space-time splits into external and internal 
components. However, this section shows (for flux compactifications of M- 
theory on Calabi-Yau four-folds) that the effects of the warp factor are 
subleading in the regime in which the size of the four-fold is large. In this 
regime, one can use the properties of Calabi-Yau manifolds discussed in 
Chapter 9. 



Decomposition of Dirac matrices 

To work out the dimensional reduction of Eq. (10.4), the 11-dimensional 
Dirac matrices need to be decomposed. The decomposition that is required 
for the 11 = 3 + 8 split is 

= A -1/2 (7 m <g> 79) and E m = A 1/4 (l <g> 7™), (10.8) 

where 7^ are the 2x2 Dirac matrices of M3. Concretely, they can be 
represented by 



70 = *04 



71 = °2 



and 72 = us, 



(10.9) 
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where the a's are the Pauli matrices 




( 10 . 10 ) 



Moreover, 7 m are the 16 x 16 gamma matrices of M and 79 is the eight- 
dimensional chirality operator that satisfies 7! = 1 and anticommutes with 
the other eight 7 m ’s. It is both possible and convenient to choose a repre- 
sentation in which the 7 m and 79 are real symmetric matrices. In a tangent- 
space basis one can choose the eight 16 x 16 Dirac matrices on the internal 
space M to be 



cr 2 <8 cr 2 <8 1 <8 <773, cr 2 <g> <773 <g> <T 2 <g) 1, 

cr 2 (8) 1 <8 (7 73 <8 cr 2 , (J73 (8) 1 8> 1 <g> 1 . 



( 10 . 11 ) 



Then one can define a ninth symmetric matrix that anticommutes with all 
of these eight as 



79 = 71 ... 78 = cr 2 (8) CT 2 <8 CT 2 <g> <J 2 , 



from which the chirality projection operators 



P± = (1 ± 7g)/2 



( 10 . 12 ) 

(10.13) 



are constructed. 



Decomposition of the spinor 

The 11-dimensional Majorana spinor e decomposes into a sum of two terms 
of the form 

e{x,y) = C{x) ® + C*(t) (10.14) 

where £ is a two-component anticommuting spinor in three dimensions, while 
i] is a commuting 16-component spinor in eight dimensions. A theory with 
J\f = 2 supersymmetry in three dimensions has two linearly independent 
Majorana- Weyl spinors 771 , r/ 2 on M, which have been combined into a 
complex spinor in Eq. (10.14). In general, these two spinors do not need to 
have the same chirality. However, for Calabi-Yau four-folds the spinor on 
the internal manifold is complex and Weyl 

7 1 = Vi + f' r /2 with (79 — l)r/ = 0. (10.15) 

This sign choice for the eigenvalue of 79, which is just a convention, is 
called positive chirality. The two real spinors 7/1, ?y 2 correspond to the two 
singlets in the decomposition of the 8 C representation of Spin( 8) to 577(4), 
the holonomy group of a Calabi-Yau four-fold, 



(10.16) 
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Fig. 10.1. This figure illustrates the Poincare-Hopf index theorem. A continuous 
vector field on a sphere must have at least two zeros, which in this case are located 
at the north and south poles, since the Euler characteristic is 2. On the other hand, 
a vector field on a torus can be nonvanishing everywhere since X = 0. 

Nonchiral spinors 

If r/i and r /2 have opposite chirality the complex spinor ?/ = ?/i + 77/2 is 
nonchiral. The two spinors of opposite chirality define a vector field on the 
internal manifold 

v a = vh am- (10.17) 

Requiring this vector to be nonvanishing leads to an interesting class of solu- 
tions. Indeed, the Poincare-Hopf index theorem of algebraic topology states 
that the number of zeros of a continuous vector field must be at least equal to 
the absolute value of the Euler characteristic % of the background geometry. 
As a result, a nowhere vanishing vector field only exists for manifolds with 
X = 0. An example of this theorem is illustrated in Fig. 10.1. Flux back- 
grounds representing M5-branes filling the three-dimensional space-time and 
wrapping supersymmetric three-cycles on the internal space are examples of 
this type of geometries. Moreover, once the spinor is nonchiral, compacti- 
fications to AdS 3 spaces become possible. Compactifications to AdS space 
are considered in Chapter 12, so the discussion in this chapter is restricted 
to spinors of positive chirality. It will turn out that AdS 3 is not a solution 
in this case. 



Solving the supersymmetry constraints 
The constraints that follow from Eq. (10.4) are influenced by the warp- 
factor dependence of the metric. As was pointed out in Chapter 8, there 
is a relation between the covariant derivatives of a spinor with respect to 
a pair of metrics that differ by a conformal transformation. In particular, 
in the present case, the internal and external components of the metric are 
rescaled with a different power of the warp factor and the vielbeins are given 
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by E “ = A -1 / 2 e“ and Eff = A 1 / 4 e" v This leads to 

V M e -> V fj,e - |A ” 7 / 4 ( 7 ^ 0 797 m ) <9 m As, 



(10.18) 



V m £ -*■ V m £ + |A 1 d n A (1 0 ) 7 m n ) e. 

For compactifications to maximally symmetric three-dimensional space-time, 
Poincare invariance restricts the possible nonvanishing components of F 4 to 



Emnpqiy ) and F pupm — £qivpfm{y)i (10.19) 

where £ pup is the completely antisymmetric Levi-Civita tensor of M3. Once 
the gamma matrices are decomposed as in Eq (10.8), the nonvanishing flux 
components take the form 

F ( 4 ) = A- 1 (l<8)F) + A 5 / 4 (l<8)79f), 



f|j 4) = A 3 / 4 ( 7/i 0f), (10.20) 

F$ = -A 3 / 2 / m (ry) (1 0 79) + A- 3 / 4 (l 0 F m ), 

where F, F, m and f are defined like their ten-dimensional counterparts, but 
the tensor fields are now contracted with eight-dimensional Dirac matrices 

F = ^F mnpql mn ™, F m = ^F mnpq r pg and f = 7 m fm- 

( 10 . 21 ) 

The gravitino supersymmetry transformation Eq. (10.4) has external and 
internal components depending on the value of the index M. 



External component of the gravitino equation 
Let us analyze the external component = 0 first. In three-dimensional 
Minkowski space-time a covariantly constant spinor, satisfying 

V M C = 0, (10.22) 

can be found. As a result, the <54^, = 0 equation becomes 

0A “ 3/2 ry + fry + ^A“ 9/4 Fry = 0, (10.23) 

which by projecting on the two chiralities using the projection operators P± 
leads to 

Fry = 0, (10.24) 



and 



fm{y) = -d m A 3/2 . 



(10.25) 
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The last of these equations provides a relation between the external flux 
component and the warp factor. 



Internal component of the gravitino equation 

After decomposing the gamma matrices and fluxes using Eqs (10.8) and 
(10.20), respectively, the internal component of the supersymmetry trans- 



formation (5T m = 0 takes the form 




V m ?y + 1 A _1 <9 m A?7 - ^-A -3/4 F m 77 = 0. 


(10.26) 


This equation leads to 




F m £ = 0 and V m £ = 0, 


(10.27) 


where 




£ = A VV 


(10.28) 



Since £ is a nonvanishing covariantly constant complex spinor with defi- 
nite chirality, the second expression in Eq. (10.27) states that the internal 
manifold M is conformal to a Calabi-Yau four-fold. 

Conditions on the fluxes 

The mathematical properties of Calabi-Yau four-folds are similar to those 
of three-folds, as discussed in Chapter 9. The covariantly constant spinor 
appearing in Eq. (10.27) can be used to define the almost complex structure 
of the internal manifold 

Ja = (10.29) 

which has the same properties as for the Calabi-Yau three-fold case, as you 
are asked to verify in Problems 10.2, 10.3. Recall that the Dirac algebra for 
a Kahler manifold 

7 6 } = 0, { 7 S , 7 5 } = 0, { 7 “, 7 5 } = 2<? a \ (10.30) 

can be interpreted as an algebra of raising and lowering operators. This 
is useful for evaluating the solution of Eq. (10.27). To see this rewrite 
Eq. (10.29) as 

J ab = WaS = -*£ f 7 abt = (laTb ~ 9ab )£• (10.31) 



This implies 



o = ihaTbi = (7aO t (7sO- 



(10.32) 
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By setting a = b the previous equation implies that £ is a highest-weight 
state that is annihilated by 7 s , 

7 a£ = 7 a C = 0, (10.33) 

for all indices on the Calabi-Yau four-fold. Using this result, Exercise 10.3 
shows that the first condition in Eq. (10.27) implies the vanishing of the 
following flux components: 

F 4,o = f o,4 = 3 = p 3,i = (10.34) 

and that the only nonvanishing component is F € which must satisfy 

the primitivity condition 

Falcd9 cd = 0. (10.35) 

Since £ has a definite chirality, F is self-dual on the Calabi-Yau four-fold, 
as is explained in Exercise 10.2. The self-duality implies that Eq. (10.35) 
can be written in the following form : 5 

F 2 ’ 2 A J = 0. (10.36) 

As a result of the above analysis, supersymmetry is unbroken if F lies in the 
primitive ( 2 , 2 ) cohomology, that is, 

F € -^primitive (M) ■ (10.37) 

In the following the general definition of primitive forms is given and their 
relevance in building the complete de Rham cohomology is discussed. 

Primitive cohomology 

Any harmonic (p, g)-form of a Kahler manifold can be expressed entirely in 
terms of primitive forms, a representation known as the Lefschetz decompo- 
sition. This construction closely resembles the Fock-space construction of 
angular momentum states \j, m) using raising and lowering operators J±. 
Chapter 9 discussed the Hodge decomposition of the de Rham cohomology 
of a compact Kahler manifold. The Lefschetz decomposition is compatible 
with the Hodge decomposition, as is shown below. 

On a compact Kahler manifold M of complex dimension d (and real di- 
mension 2d) with Kahler form J, one can define an SU (2) action on harmonic 

5 Problem 10.5 asks you to verify that the primitivity condition is modified when the complex 
spinor on the internal manifold is nonchiral. 
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forms (and hence the de Rham cohomology) by 



■h 


: G - 


■* \{d — n)G, 






: G - 


+ JAG, 


(10.38) 


J+ 


: G- 


+ 2 (n- 2 )\ JPlP2G PrP 2 -Pu dxP3 A • • • A dx Pn , 





where G is a harmonic n-form. Notice that J_ lowers the J 3 eigenvalue by 
one and as a result acts as a lowering operator while J+ increases the value 
of J 3 by one and thus acts as a raising operator. Problem 10.6 asks you to 
verify that these operators satisfy an SU (2) algebra. 

As in the case of the angular momentum algebra, the space of harmonic 
forms can be classified according to their J 3 and J 2 eigenvalues, with basis 
states denoted by 

I j, m) with m = -j, + — 1 ,j. (10.39) 

Primitive forms are defined as highest- weight states that are annihilated by 
J_l_, that is, 

J+G primitive =0, (10.40) 

and may be denoted by | j,j). All other states (or harmonic forms) can then 
be obtained by acting with lowering operators J_ on primitive forms. A 
primitive n-form also satisfies 

J 2j+ ^primitive = 0 where j = - n . (10.41) 

Notice that the primitive forms in the middle-dimensional cohomology (that 
is, with n = d) correspond to j = 0. So they are singlets 1 0, 0) that are 
annihilated by both the raising and lowering operators 

J+G = 0 or J_G = 0. (10.42) 

These two formulas correspond to Eqs (10.35) and (10.36), respectively. 
This discussion makes it clear that primitive forms can be used to construct 
any harmonic form and hence representatives of every de Rham cohomology 
class. Schematically, the Lefschetz decomposition is 6 

H"(M) = 0 (10.43) 

k 



6 It would be more precise to write Harm n (M) instead of H n (M). 
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The Lefschetz decomposition is compatible with the Hodge decomposition, 
so that we can also write 

H M(M) = © JlH^; e k \M). (10.44) 

k 

In this way any harmonic (p, g)-form can be written in terms of primitive 
forms. If M is a Calabi-Yau four-fold, it follows from Eq. (10.41) that 
primitive (p, g)-forms satisfy 

J A • ; • A J Ai^;? mitive = 0. (10.45) 

5 —p—q times 

In the case of a Calabi-Yau four-fold, it is a useful fact that the Hodge * 
operator has the eigenvalue (— l) p on the primitive (p. 4 — p) cohomology 
(see Exercise 10.4). This is of relevance in Section 10.3. 



Tadpole- cancellation condition 

We have learned that unbroken supersymmetry requires that the internal 
flux components F mnpq (y) are given by a primitive (2,2)-form, Eq. (10.37), 
and the external flux components f m (y ) are determined in terms of the warp 
factor by Eq. (10.25). The equation that determines the warp factor follows 
from the equation of motion of the four-form field strength. Using self- 
duality, it would make the energy density | F 4 \ 2 proportional to the Laplacian 
of log A, which gives zero when integrated over the internal manifold. If 
this were the whole story, one would be forced to conclude that the flux 
vanishes, so that one is left with ordinary Calabi-Yau compactification of 
the type discussed in Chapter 9. However, quantum gravity corrections to 
11 -dimensional supergravity must be taken into account, and then nonzero 
flux is required for consistency. Let us explain how this works. 

The action for 11-dimensional supergravity receives quantum corrections, 
denoted 5S, coming from an eight-form Y 8 that is quartic in the Riemann 
tensor 

ss = -T M2 [ A 3 A Y 8 , (10.46) 

JM 



where 



^8 



1 

( 2 vr ) 4 



192 



-trie 



1 

768 



(tuR 2 ) 2 . 



(10.47) 



This correction term was first derived by considering a one-loop scattering 
amplitude in type IIA string theory involving four gravitons G pu and one 
two- form tensor field B pu . In the type IIA theory the correction takes a 
similar form as in M-theory, with the three- form A 3 replaced by the NS-NS 
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Fig. 10.2. The higher-order interaction in Eq. (10.46) can be determined by calcu- 
lating a one-loop diagram in type IIA string theory, involving four gravitons and 
one NS-NS two-form field, whose result can then be lifted to M-theory. 



two- form i? 2 - Since the result does not depend on the dilaton, it can be 
lifted to M-theory. 

The 5S term is also required for the cancellation of anomalies on bound- 
aries of the 11-dimensional space-time, such as those that are present in the 
strongly coupled Eg x Eg theory, which is also know as heterotic M-theory. 
This was discussed in Chapter 5. Together with the original f Ag A F± A F 4 
term it gives the complete Chern-Simons part of the theory, so it is not just 
the leading term in some expansion. In fact, it is the only higher-derivative 
term that can contribute to the problem at hand in the large- volume limit. 

The field strength satisfies the Bianchi identity 

dF = 0. (10.48) 

Furthermore, the 5S term contributes to the 11-dimensional equation of 
motion of the four-form field strength. Combining Eqs (10.3) and (10.46), 
the result is 

d * F 4 = — —F 4 A F 4 — 2kIiTm2^8- (10.49) 

Using Eq. (10.25) this gives an equation for the warp factor 

d-kg ci log A = A F + ^K 2 ll T M 2 Xg. (10.50) 

Integrating this expression over the internal manifold leads to the tadpole- 
cancellation condition , as follows. The integral of the left-hand side vanishes, 
since it is exact, and (for the time being) it is assumed that no explicit delta 
function singularities are present. In other words, it is assumed that no 
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space- filling M2-branes are present. To obtain the result of the Xg integra- 
tion, it is convenient to express the anomaly characteristic class Xg in terms 
of the first and second Pontryagin forms of the internal manifold 



Pi = 



1 



This gives 




and P 2 



1 



-^tri? 4 + i(tr P 2 ) 2 . 

(10.51) 



*8 




4P 2 ). 



(10.52) 



For complex manifolds the Pontryagin classes are related to the Chern classes 
by 

Pi = cf — 2c 2 and P 2 = c| — 2C1C3 + 2C4. (10.53) 



Thus 



Y 8 



1 

192 



(cf - 4cfc2 + 8C1C3 - 8C4). 



(10.54) 



Calabi-Yau manifolds have vanishing first Chern class, so the only nontrivial 
contribution comes from the fourth Chern class. This in turn is related to 
the Euler characteristic y, so 




1 

24 




(10.55) 



Thus, Eq. (10.50) leads to the tadpole-cancellation condition 



1 

4Kf 1 T M 2 



F AF = 



IM 



24' 



(10.56) 



Fluxes without sources 



Using the last equation, it is possible to estimate the order of magnitude of 
the internal flux components. Expressing k \ j and the M2-brane tension in 
terms of the 11-dimensional Planck length yields 

4k? 1 T M2 = 2(2v r£ p ) 6 . (10.57) 



As a result, the order of magnitude of the fluxes is 



ll 



1 ? ~ (9 — t- 

mnpq — ^ I I 3 



(10.58) 



where v is the volume of the Calabi-Yau four-fold. Comparing this result 
with Eq. (10.50) shows that the warp factor satisfies log A ^> 3/4 , or if 
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Fig. 10.3. According to Maxwell’s theory, an electric current in a solenoid gener- 
ates a magnetic field even though no monopoles, electric or magnetic, are present. 
The integral of the field strength and its dual over any closed surface in space van- 
ishes. Similarly, nontrivial flux solutions exist in M-theory, even when no 5-function 
sources, corresponding to M2-branes or M5-branes, are present. 



this is small 

A=il+0 (j4)- ( 10 - 59 > 

In the approximation in which the size of the Calabi-Yau is very large, that 
is, when £ p / v — ► 0, the background metric becomes unwarped. 

This analysis shows that nontrivial flux solutions are possible even in the 
absence of explicit delta function sources for M2-branes or M5-branes, which 
would appear in the equation of motion and Bianchi identity for F±. A rather 
similar situation appears in ordinary Maxwell theory, where a magnetic flux 
is generated by an electric current running through a loop even though there 
are no magnetic monopoles, as illustrated in Fig. 10.3. 

According to Eq. (10.50), nonsingular solutions for the warp factor and 
the background geometry are possible even in the absence of explicit brane 
sources. In fact, a nonsingular background is necessary to justify rigorously 
the validity of the supergravity approximation everywhere in space-time. 
Nevertheless, the supergravity approximation is valid for singular solutions 
provided that the delta-function singularities are treated carefully. 



Inclusion of M2-brane sources 

If M2-branes filling the external Minkowski space are also present, an addi- 
tional integer N (the number of M2-branes) appears on the left-hand side 
of Eq. (10.56), resulting in 



N + 



F A F 



X_ 

24' 



4:k1 1 T M 2 



M 



(10.60) 
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Since F is self-dual, both terms on the left-hand side of this equation are 
positive. So if x > 0, there are supersymmetry preserving solutions with 
nonvanishing flux or M2-branes. The number of these solutions is finite, 
because of quantization constraints on the fluxes that are discussed in Sec- 
tion 10.6. For x < 0 there are no supersymmetric solutions. 



Interactions of moduli fields 

As discussed in Chapter 9, a Calabi-Yau four- fold has three independent 
Hodge numbers (/i 1,1 , h 2 ' 1 and h 3 ’ 1 ), each of which gives the multiplicities 
of scalar fields in the lower-dimensional theory. The purpose here is to show 
that many of these fields can be stabilized by fluxes. 

The D = 3 field content 

The variations of the complex structure of a Calabi-Yau four-fold are parametrized 
by /i 3,1 complex parameters T 1 , the complex-structure moduli fields, which 
belong to chiral supermultiplets. Deformations of the Kahler structure give 
rise to h 1,1 real moduli K A . Thus, the Kahler form is 

h 1 ’ 1 

J=Y J K A e A , (10.61) 

A= 1 

where e A is a basis of harmonic (1, l)-forms. Together with the h 1,1 vec- 
tors arising from the three-form A3 these give h 1,1 three-dimensional vec- 
tor supermultiplets. Moreover, h 2,1 additional complex moduli Nfi belong- 
ing to chiral supermultiplets, arise from the three- form A3. For simplic- 
ity of the presentation, the scalars N l are ignored in the discussion that 
follows. The conditions for unbroken M = 2 supersymmetry in three di- 
mensions, described above, can be regarded as conditions that determine 
some of the scalar fields in terms of the fluxes. Let us therefore derive the 
three-dimensional interactions that account for these conditions. A more 
direct derivation, based on a Kaluza-Klein compactification, is given in Sec- 
tion 10.3. 

In the absence of flux it is possible to make duality transformations that 
replace the vector multiplets by chiral multiplets. In particular, the vectors 
are replaced by scalars. Once this is done, the Kahler moduli are complex- 
ified. When fluxes are present there are nontrivial Chern-Simons terms. 
Nevertheless the duality transformation is still possible, but it becomes more 
complicated. Thus, we prefer to work with the real Kahler moduli. 
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Superpotential for complex- structure moduli 
The complex-structure moduli T 1 appear in chiral multiplets, and the inter- 
actions responsible for stabilizing them are encoded in the superpotential 

W 3,1 (T) = 77- / OAF, (10.62) 

2?r J m 

where 01 is the holomorphic four-form of the Calabi-Yau four-fold, and we 
have set kh = 1. There are several different methods to derive Eq. (10.62). 
The simplest method, which is the one used here, is to verify that this super- 
potential leads to the supersymmetry constraints Eq. (10.34). An alternative 
derivation is presented in Section 10.3, where it is shown that Eq. (10.62) 
arises from Kaluza-Klein compactification of M-theory on a manifold that 
is conformally Calabi-Yau four-fold. 

In space-times with a vanishing cosmological constant, the conditions for 
unbroken supersymmetry are the vanishing of the superpotential and the 
vanishing of the Kahler covariant derivative of the superpotential, that is, 

IE 3 ’ 1 = DjlE 3 ’! = 0 with I = l,...,h 3 ’ 1 , (10.63) 

where VjW 3,1 = djW 3 ' 1 — W 3 ’ 1 dj/C 3,1 , and 1C 3 ' 1 is the Kahler potential on 
the complex-structure moduli space introduced in Section 9.6, namely 

/C 3 ’ 1 = - log f J Q A flV (10.64) 

The Kahler potential is now formulated in terms of the holomorphic four- 
form instead of the three-form used in Chapter 9. The condition IK 3:1 = 0 
implies 

F 4,o = ^0,4 = Q (10.65) 

As in the three-fold case of Section 9.6, generates the (3, 1) cohomology 
so that the second condition in Eq. (10.63) imposes the constraint 

F 1 ’ 3 = F 3 ’ 1 = 0. (10.66) 

The form of the superpotential in Eq. (10.62) holds to all orders in per- 
turbation theory, because of the standard nonrenormalization theorem for 
the superpotentials. This theorem, which is most familiar for J\f = 1 the- 
ories in D = 4, also holds for M = 2 theories in D = 3." Supersymmetry 

7 The basic argument is that since the superpotential is a holomorphic function, the size of 
the internal manifold could only appear in the superpotential paired up with a corresponding 
axion. However, the superpotential cannot depend on this axion, as otherwise the axion shift 
symmetry would be violated. Correspondingly, the superpotential does not depend on the size 
of the internal manifold, and its form is not corrected in perturbation theory. Nonperturbative 
corrections are nevertheless allowed, as they violate the axion shift symmetry. For more details 
see GSW, Vol. II. 
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implies that the superpotential Eq. (10.62) generates a scalar potential for 
the complex-structure moduli fields, so that these fields are stabilized. This 
potential is discussed in Section 10.3. 

Interactions of the Kdhler moduli 
The primitivity condition, 

F 2 ’ 2 A J = 0, (10.67) 

is the equation that stabilizes the Kahler moduli. This condition can be 
derived from the real potential 

W hl (K)=[ J A J A F, (10.68) 

J M 

where J is the Kahler form. This interaction is sometimes called a superpo- 
tential in the literature, but it is not a holomorphic function, so this name 
is somewhat misleading. Supersymmetry imposes the constraint 

W 1 ’ 1 = d A W 1A = 0 with A = l,..., h 1 - 1 , (10.69) 

which leads to the primitivity condition. Section 10.3 shows that W 1,1 
appears in the scalar potential for the moduli fields of M-theory compactified 
on a Calabi-Yau four-fold. 



F -theory on Calabi-Yau four-folds 

The M-theory compactifications on manifolds that are conformally Calabi 
Yau four-folds are dual to certain F-theory compactifications on Calabi- 
Yau four-folds, which lead to four-dimensional space-times with J\f = 1 
supersymmetry. Thus, this dual formulation is more attractive from the 
phenomenological point of view. The F-theory backgrounds one is interested 
in are nonperturbative type IIB backgrounds in which the Calabi-Yau four- 
fold is elliptically fibered, as was discussed in Chapter 9. 

To be concrete, the Calabi-Yau four-fold one is interested in can be de- 
scribed locally as a product of a Calabi-Yau three-fold times a torus. 8 The 
conditions on the four-form fluxes derived above correspond to conditions 
on three-form fluxes in the type IIB theory. Concretely, the relation between 
the F-theory four-form and type IIB three-form is 

F 4 = — ^ (G% Adz-G 3 A dz ) , (10.70) 

T — T 



8 Locally, this is always possible, except at singular fibers. 
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where 

dz = da i + Td(T 2 ■ (10.71) 

£ 71,2 are the coordinates parametrizing the torus, and r is its complex struc- 
ture, which in the type IIB theory is identified with the axion-dilaton field. 
Moreover, G 3 = F 3 — tH 3 is a combination of the type IIB R-R and NS-NS 
three-forms. In components, this implies that 

F 1 ’ 3 = — !— [(G3) 0 ’ 3 Adz- (G3) 1 ’ 2 A dz] , (10.72) 

F 0 ’ 4 = ^(Gs) 0 ’ 3 A dz. (10.73) 

T — T 

Imposing the M-theory supersymmetry constraints F 0,4 = F 1,3 = 0 leads to 
the supersymmetry constraints for the type IIB three-form 

G 3 € F (2 ’ 1} , (10.74) 

while the remaining components of G 3 vanish. The next section shows that 
any harmonic (2, l)-form on a Calabi-Yau three- fold with h 1,0 = 0 is primi- 
tive. Therefore, primitivity is automatic if the background is a Calabi-Yau 
three-fold with nonvanishing Euler characteristic. Otherwise, it is an addi- 
tional constraint that has to be imposed. 

Many examples of M-theory and F-theory compactifications on Calabi- 
Yau four- fold have been constructed in the literature. A simple example is 
described by M-theory on K 3 x K3, which leads to a theory with J\f = 4 
supersymmetry in three dimensions. Other examples include orbifolds of 
T' 2 x T 2 x T 2 x T 2 . 



Exercises 



Exercise 10.1 

Explain the powers of A in Eq. (10.20). 

Solution 

The powers of A in Eq. (10.20) are a straightforward consequence of the 
powers of A appearing in the gamma matrices in Eq. (10.8). □ 
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Exercise 10.2 

Show that if the Killing spinor £ has positive chirality, that is, if 7 g£ = +£, 
F is self-dual on the Calabi-Yau four-fold, as stated in the text. What 
happens if we reverse the chirality of £? 

Solution 

Using the gamma-matrix identities listed in the appendix of this chapter it 
is possible to show that 

F m F m £ = — 2F 2 £ - 1 F mnpq (. F ™ qp £, 

where 7 g£ = ±£. Since F m £ = F£ = 0, it follows that 

(F^*F) 2 = 0. 

This quantity is positive and therefore 

F = ± * F for 7 g£ = ±£. 

Thus, positive-chirality spinors lead to a self-dual F . If the chirality is 
reversed, self-duality is replaced by anti-self-duality. □ 

Exercise 10.3 

Show that a harmonic four-form on a Calabi-Yau four-fold satisfying F m £ = 
0 belongs to ^w 

Solution 

In complex coordinates the condition F m £ = 0 implies 
^c7 S ^ + 3F ms5c7 ^ c £ = 0, 

where m can be a holomorphic or antiholomorphic index. Each of these 
terms has to vanish separately: 

• Using Eq. (10.33), the condition F m& i 5 y a ^ c £ = 0 implies 

Fmab-c {%b 7 s55 } £ = 6 F md - 6c - 7 ^£ = 0. 

This in turn implies that 

F mdbc 7e,7 ftc £ = 4F mJgg7 c £ = 0, 

which yields 

F mdec {7 f, 7 C } £ = 2 Fmdefi = 
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Since rn can be holomorphic or antiholomorphic and F is real, this results 
in 

p 4 >° = f 3,1 = p 1 ’ 3 = p°4 = o. 

• Applying the same reasoning as above, the condition F mg j }C 'y abc £, = 0 im- 
plies that 

F abcdS c ^ = 0 - 

Using the self-duality of F shown in Exercise 10.2 and the relation between 
J and the metric, this equation can be re-expressed as 

F A J = 0. 

As a result, F G ^Sitive- D 

Exercise 10.4 

Show that a harmonic (3, l)-form on a Calabi-Yau four-fold is anti- self- dual. 

Solution 

A harmonic (3, l)-form 

F 3 ’ 1 = i F abc ~ d dz a A dz h A dz c A dz ~ d 

satisfies 

F ab cdJ cS = 0. 

If this did not vanish, it would give a harmonic (2, 0)-form, but this does 
not exist on a Calabi-Yau four-fold. Using this equation and the explicit 
representation of the e symbol, 

E-abcdpqrs = ( 9ap9bq9cr9ds i permutations), 

it is easy to verify that *F 3:1 = — F 3,1 . Note that this argument can be 
easily generalized to show that a primitive (p. 4 — p)- form satisfies 

+p(pA-p) = (_l yp(pA-p)' 

□ 

Exercise 10.5 

Show that the supersymmetry constraints in Eqs (10.63) and (10.69) lead 
to the flux constraints in Eqs (10.65)-(10.67). 
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Solution 

In analogy to the three- fold case discussed in Chapter 9, the following for- 
mulas hold for four-folds: 

d I YL = K I Yl + xi, I ~ 1...../C 3 -' 



and 



J = K A e A , A = \, ..., h ’ , 

where xi and e A describe bases of harmonic (3, l)-forms and (1, l)-forms, 
respectively. Since O is a (4, 0)-form one obtains from Eq. (10.63) 



0 A F 0 ’ 4 = 0 and 



IM 



l XI 



A F 1 ’ 3 = 0. 



Since h 0A = 1, the first constraint leads to F 0,4 = 0. Since xi describes a 
basis of harmonic (3, l)-forms, *F 3,1 = A I xi , which leads to 



IM 



*F 3 ’ 1 AF 1 ’ 3 = / *(F 1,3 )* A F 1,3 = / \F 1 *\ 2 Jg<Px = 0, 



I M 



IM 



as F is real. This leads to the flux constraint 

F 1 ’ 3 = F 3,1 = F 0,4 = F 4,0 = 0. 



Using d A W 1A = 0 and Eq. (10.68), one gets 

J e A A J A F 2 ' 2 = 0. 

Since *(./ A F 2,2 ) is a harmonic (1, l)-form, we have 

*( J A F 2,2 ) = ^U A e A . 

A=1 



So the above constraint results in 

p2,2\ A I T A 172,2 



*(J A F 2 ’ 2 ) A ( J A F 2 ’ 2 ) = / |J AF 2 ’ 2 ! 2 ^^ = 0 



/M 



'M 



which leads to the primitivity condition Eq. (10.67). Notice that the condi- 
tion W 1 ’ 1 = 0 is then satisfied, too. □ 
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10.2 Flux compactifications of the type IIB theory 

No-go theorems for warped compactifications of perturbative string theory 
date back as far as the 1980s. The arguments used then, based on low- 
energy supergravity approximations to string theory, were claimed to rule 
out warped compactifications to a Minkowski or a de Sitter space-time. If 
the internal spaces are compact and nonsingular, and no brane sources are 
included, the warp factor and fluxes are necessarily trivial in the leading 
supergravity approximation. These theorems were revisited in the 1990s 
when the contributions of branes and higher-order corrections to low-energy 
supergravity actions were understood better. These ingredients made it pos- 
sible to evade the no-go theorems and to construct warped compactifications 
of the type IIB theory, which we will describe in detail below. 



The no-go theorem 

The no-go theorem states that if the type IIB theory is compactified on 
internal spaces that are compact and nonsingular, and no brane sources are 
included, the warp factor and fluxes are necessarily trivial in the leading su- 
pergravity approximation. This subsection shows how this result is derived 
and then it shows how sources invalidate the no-go theorem. A similar no-go 
theorem shows that compactifications to D = 4 de Sitter space-time do not 
solve the equations of motion (see Problem 10.8). 



Type IIB action in the Einstein frame 

For illustrative purposes, as well as concreteness, let us consider warped 
compactifications of the type IIB theory to four-dimensional Minkowski 
space-time M 4 on a compact manifold M. The ten-dimensional low-energy 
effective action for the type IIB theory was presented in Chapter 8 . In the 
Einstein frame it takes the form 9 



S = 



1 

2/? 



d 10 xV^G 



\3t\ 2 

2 (Im t ) 2 



|g 3 | 2 

2 Im r 



w 

4 



where 



+ 



1 


r c 4 a g 3 a g* 


(10.75) 


8 in 2 , 


1 Im r 


g 3 


= F 3 — T H 3 , 


(10.76) 



9 Recall that the Einstein-frame and string-frame metrics are related by g (( N = e 22 ^ ■ 
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and F% = (IC 2 , H% = di? 2 - The R— R scalar Co, which is sometimes called an 
axion, and the dilaton <J> are combined in the complex axion-dilaton field 

t = C 0 + ie~® . (10.77) 

The only change in notation from that described in Section 8.1 is the use of 
M, N (rather than //, v) for ten-dimensional vector indices. As explained in 
that section, 

F 5 = * 10-^5 (10.78) 



has to be imposed as a constraint. Here *10 is the Hodge-star operator in 
ten dimensions. | C? 3 1 2 is defined by 

IG'sl 2 = ^G MiNi G m ^G m ^G Mi m 2 m 3 G* NiN2N3 . (10.79) 



The equations of motion and their solution 

To compactify the theory to four dimensions, let us consider a warped- metric 
ansatz of the form 
9 

ds w= ^2 G MN dx M dx N = e 2 ^ 7/flu dx^dx u +e~ 2A{y l g mn ( y )dy m dy n , 

M,iV=0 ' ^ m ' 

(10.80) 

where x ^ denote the coordinates of four-dimensional Minkowski space-time, 
and y rn are local coordinates on M. Poincare invariance implies that the 
warp factor A(y) is allowed to depend on the coordinates of the internal 
manifold only. 

Poincare invariance and the Bianchi identities restrict the allowed com- 
ponents of the flux. The three-form flux G 3 is allowed to have components 
along M only, while the self-dual five-form flux F$ should take the form 

F$ = (1 + * 10 )da A dx° A dx 1 A dx 2 A dx 3 , (10.81) 



where oe(y) is a function of the internal coordinates, which will turn out to 
be related to the warp factor A(y). 

The no-go theorem is derived by using the equations of motion following 
from the action Eq. (10.75). The ten-dimensional Einstein equation can be 
written in the form 



where 



Rain = « 2 (tmn - -GmnT^ , 


(10.82) 


2 tiS 


Tmn 5G mn 


(10.83) 
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is the energy-momentum tensor, and T is its trace. This equation has an 
external piece (/ w ) and an internal piece ( mn ), but the mixed piece vanishes 
trivially. The external piece takes the form 10 

Rmn = —~^Gmn ^ 2i mr l^ 3 l 2 + e -8j4 |<9a| 2 ^ M, N = 0, 1, 2, 3. 

(10.84) 

Transforming to the metric r gives an equation determining the warp 
factor in terms of the fluxes 

p aa 1 

AA = — |G 3 | 2 + -e 8 \da\ 2 , (10.85) 

8 im r 4 

or, equivalently 

Ae 4A = — |G 3 | 2 + e~ 4A (\da\ 2 + \de 4A \ 2 ) . (10.86) 

2 1m r 

The no-go theorem is a simple consequence of this equation. If both sides 
are integrated over the internal manifold M, the left-hand side vanishes, 
because it is a total derivative. The right-hand side is a sum of positive- 
definite terms, which only vanishes if the individual terms vanish. As a 
result, oue is left with constant A, a and vanishing G 3 . The assumption of 
maximal symmetry would, in principle, allow an external space-time with a 
cosmological constant A, which for A < 0 results in AdS space-times while 
for A > 0 gives dS space-times. It turns out that the above no-go theorem 
can be generalized to include this cosmological constant. As you are asked 
to show in Problem 10.8, A appears with a positive coefficient on the right- 
hand side of Eq. (10.86). Using the same reasoning as above, one obtains 
another no-go theorem which excludes dS solutions in the absence of sources 
and/or singularities in the background geometry. 



Flux-induced superpotentials 

It turns out that brane sources can and do invalidate the no-go theorem. 
There is an energy-momentum tensor associated with these sources, which 
contributes to the right-hand side of Eq. (10.86) in the form 

2 n 2 e 2A J loc , (10.87) 

where 

1 9 3 

J\oc = TmM - r M M )ioc, (10.88) 

M = 5 M = 0 

10 Indices M, N are used (rather than /x, v) to emphasize that this curvature is constructed using 
the metric Gmn • 
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and T loc denotes the energy-momentum tensor associated with the local 
sources given by 



rp\oC 

1 MN ~ 



2 6S loc 
5G MN ' 



(10.89) 



Here S\ oc is the action describing the sources. For a Dp-brane wrapping a 
(p — 3)-cycle S in M the relevant interactions are 



Sloe = - 



/R 4 xS 



d p+1 ZT P V=g + Fp c\ 



/R 4 xE 



p+ 1 - 



(10.90) 



This is the action to leading order in of and for the case of vanishing fluxes 
on the brane. This action was described in detail in Section 6.5. In order 
to describe D7-branes wrapped on four-cycles it is necessary to include the 
first of correction given by the Chern-Simons term on the D7-brane 



-l-hi 



/R 4 xS 



C 4 A 



Pi(R) 
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(10.91) 



It turns out that Eq. (10.87) can contribute negative terms on the right-hand 
side of Eq. (10.86). 

These sources also contribute to the Bianchi identity 11 for F 3 

dF$ = H 3 A F 3 + 2n 2 T 3 p 3 . (10.92) 



Here p 3 is the D3 charge density from the localized sources and, as usual, it 
contains a delta function factor localized along the source. 



Tadpole- cancellation condition 

Integrating Eq. (10.92) over the internal manifold M leads to the type IIB 
tadpole-cancellation condition 

ttL- f H 3 AF 3 + Q 3 = 0, (10.93) 

2« I3 J M 

where Q 3 is the total charge associated with p 3 . As a result, nonvanishing 
Q 3 charges induce three- form expectation values. It is shown below that G 3 
is imaginary self-dual. Therefore, three-form fluxes are only induced if Q 3 
is negative. Problem 10.12 asks you to check that the D7-branes generate 
a negative contribution to the right-hand side of Eq. (10.86) by solving the 
equations of motion in the presence of branes. 

A useful way of describing the type IIB solution is by lifting it to F-theory 
compactified on an elliptically fibered Calabi-Yau four- fold X. As explained 
in Section 9.3, the base of the hbration encodes the type IIB geometry while 



11 Because of self-duality, this is the same as the equation of motion. 
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the fiber describes the behavior of the type IIB axion-dilaton r. In this 
description, the tadpole-cancellation condition takes a form similar to that 
found for M-theory on a four-fold 



X(X) 

24 



Nd3 + 



1 

2 k 2 T 3 



h 3 a f 3 , 






(10.94) 



where x(X) is the Euler characteristic of the four-fold, and Nd 3 is the D3- 
brane charge present in the compactification. 12 The left-hand side of this 
equation can be interpreted as the negative of the D3-brane charge induced 
by curvature of the D7-branes. Thus, the equation is the condition for the 
total D3-brane charge from all sources to cancel. 



Conditions on the fluxes 



What conditions does the background satisfy? To answer this question there 
are several ways to proceed. One way is to solve the equations of motion pre- 
viously described but now taking brane sources into account. Schematically, 
this is done by inserting the F$ flux of Eq. (10.81) into the Bianchi identity 
Eq. (10.92) and subtracting the result from the contracted Einstein equa- 
tion Eq. (10.86), taking the energy-momentum tensor contribution from the 
brane sources into account. The resulting constraint is 

A (e 4A -a)= 6ikye 8A I iG 3 “ * G 3 | 2 +e~ 4A | d(e 4A - a) | 2 

(10.95) 



+2 K 2 e 2A (j loc - T 3 p l 3 ° c ) . 



Most localized sources satisfy the BPS-like bound 



Jloc > T 3 pY- 



(10.96) 



As a result, for the kinds of sources that are considered here, the solutions 
to the equations are characterized by the following conditions: 



• The three-form field strength G 3 is imaginary self-dual, 

*G 3 = *G 3 , (10.97) 

where the * denotes the Hodge dual in six dimensions. A solution to the 
imaginary self-dual condition is a harmonic form of type (2, 1) + (0,3). 
It is shown below that only the primitive part of the (2, 1) component is 
allowed in supersymmetric solutions. 

• There is a relation between the warp factor and the four-form potential 

e 4A = a. (10.98) 



12 This includes D3-branes and instantons on D7-branes. 
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• The sources saturate the BPS bound, that is, 

Jioc = T 3 p% c . (10.99) 

This equation is satisfied by D3-branes, for example. Indeed, using the 
relevant terms in the world-volume action for the D3-brane in Eq. (10.90) 
shows 

T 0 ° = T 1 1 = T 2 2 = T 3 3 = -T 3 p 3 and T m m = 0. (10.100) 

This implies that the BPS inequality is not only satisfied but also satu- 
rated. On the other hand, anti-D3-branes satisfy the inequality but do 
not saturate it, since the left-hand side of Eq. (10.99) is still positive but 
the right-hand side has the opposite sign. A different way to saturate the 
bound is to use D7-branes wrapped on four-cycles and 03-planes. D5- 
branes wrapped on collapsing two-cycles satisfy, but do not saturate, the 
BPS bound. 



The superpotential 

The constraint Eq. (10.97) can be derived from a superpotential for the 
complex-structure moduli fields 

W= f OA G 3 , (10.101) 

Jm 

where 0 denotes the holomorphic three-form of the Calabi-Yau three-fold. 

Let us derive the conditions for unbroken supersymmetry using the super- 
potential Eq. (10.101). For concreteness, consider the case of a Calabi-Yau 
manifold with a single Kahler modulus, which characterizes the size of the 
Calabi-Yau. Before turning on fluxes, there are massless fields describing 
the complex-structure moduli z a (a = 1 , ,h 2,1 ), the axion-dilaton r and 
the superfield p containing the Kahler modulus. 

As is explained in Exercise 10.6, the Kahler potential can be computed 
from the dimensional reduction of the ten-dimensional type IIB action by 
taking the Calabi-Yau manifold to be large. The result for the radial mod- 
ulus p is 

K{p) = -Z logH(p-p)]. (10.102) 

This should be added to the results for the axion-dilaton and complex- 
structure moduli, which are 

1C(t) = — log[— i(r — r)] and JC(z a ) = — log ( i f QaQ 

\ Jm 

(10.103) 





486 



Flux compactifications 



The total Kahler potential is given by 

K, = lC(p) + K,(t) + JC(z a ). (10.104) 

Conditions for unbroken supersymmetry 
Supersymmetry is unbroken if 

V a W = d a w + da/CW = 0, (10.105) 

where a = p,r,a labels all the moduli superfields. In order to evaluate this 
condition, first note that the superpotential in Eq. (10.101) is independent 
of the radial modulus. As a result, 

V P W = dplCW = - W = 0, (10.106) 

which implies that supersymmetric solutions obey 

W = 0. (10.107) 

So the (0, 3) component of G 3 has to vanish. The equation 

V T W = — —[ QaG 3 = 0 (10.108) 

t-t J M 

implies that the (3, 0) component of G 3 has to vanish as well. The remaining 
conditions are 

V a w= [ x«AG 3 = 0, (10.109) 

JM 

where Xa is a basis of harmonic (2, l)-forms introduced in Chapter 9. Since 
this condition holds for all harmonic (2, l)-forms, one concludes that super- 
symmetry is unbroken if 

G 3 € i7 (2)1) (M). (10.110) 

Remark on primitivity 

Compact Calabi-Yau three- folds with a vanishing Euler characteristic satisfy 
h 1,0 = 0. In this case any harmonic (2, l)-form is primitive. To see this, 
let us apply the Lefschetz decomposition to the present case. A harmonic 
(2, l)-form 

X = \xabcdz a A dz b A dz c (10.111) 

can be decomposed into a part parallel to J and an orthogonal part according 
to 



X = v A J + (x - v A J) = X|| + X_L, 



(10.112) 
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where 

v = \xa V qJ vq dz a , (10.113) 

which has been chosen so that 

Xl A J = 0. (10.114) 

On the other hand, if such a one-form v exists, it is harmonic, which implies 
h 1,0 7 ^ 0. As a result, x = X±i and any harmonic (2, l)-form is primitive. 
Note that the vanishing of h 1,0 is required to prove that any harmonic (2, 1)- 
form is primitive. On a six-torus h 1,0 7 ^ 0 and there are harmonic (2, l)-forms 
that are not primitive. If h 1,0 7 ^ 0 supersymmetry is unbroken if 

d'3 G <i ive - (10.115) 

Note that besides being primitive, the Xa are also imaginary self-dual. The 
behavior of three-forms under the Hodge-star operation is displayed in the 
table. Expressing the Levi-Civita tensor in the form 

Sabcpqf = -i ( g a p9bq9cr ± permutations) (10.116) 

allows us to check these rules by the reasoning of Exercise 10.4. Then 
Eq. (10.110) agrees with the condition that G 3 is imaginary self-dual. 



(3,0) 


n 


= — in 


( 2 , 1 ) 


Xa 


*Xa = ‘I'Xa 


( 1 , 2 ) 


Xa 


*Xa = ~i"Xa 


(0,3) 


n 


-kD. = iXl 



An example: flux background on the conifold 

As discussed in Chapter 9, different Calabi-Yau manifolds are connected 
by conifold transitions. At the connection points the Calabi-Yau manifolds 
degenerate. This section explores further the behavior of a Calabi-Yau 
manifold near a conifold singularity of its moduli space. By including these 
singular points it is possible to describe many, and possibly all, Calabi-Yau 
manifolds as part of a single connected web. In order to be able to include 
these singular points, it is necessary to understand how to smooth out the 
singularities. This can be done in two distinct ways, called deformation and 
resolution. 

Conifold singularities occur commonly in the moduli spaces of compact 
Calabi-Yau spaces, but they are most conveniently analyzed in terms of 
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Fig. 10.4. The deformation and the resolution of the singular conifold near the 
singularity at the tip of the cone. 

the noncompact Calabi-Yau space obtained by magnifying the region in 
the vicinity of a singularity of the three-fold. This noncompact Calabi- 
Yau space is called the conifold, and its geometry is given by a cone. This 
section describes the space-time geometry of the conifold, together with its 
smoothed out cousins, the deformed conifold and the resolved conifold. Type 
IIB superstring theory compactihed on a deformed conifold is an interesting 
example of a flux compactification. It is the superstring dual of a confin- 
ing gauge theory, which is described in Chapter 12. Here we settle for a 
supergravity analysis. 

The conifold 

At a conifold point a Calabi-Yau three-fold develops a conical singularity, 
which can be described as a hypersurface in C 4 given by the quadratic 
equation 

4 

^2{w A ) 2 = 0 for w A € C 4 . (10.117) 

A = 1 

This equation describes a surface that is smooth except at w A = 0. It 
describes a cone with an S 2 x S 3 base. To see that it is a cone note that if 
w A solves Eq. (10.117) then so does A w A , where A is a complex constant. 
Letting w A = x A + iy A , and introducing a new coordinate p, Eq. (10.117) 
can be recast as three real equations 

x ■ x — TjP 2 = 0 , y-y-^p 2 = 0 , x-y = 0 . (10.118) 
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The first equation describes an S 3 with radius p/y/ 2. Then the last two 
equations can be interpreted as describing an S 2 fibered over the S 3 . It can 
be shown that a Ricci flat and Kahler metric on this space is given by a cone 

ds 2 = dr 2 + r 2 dH 2 , (10.119) 

where r = y / 3/2p 2 / 3 and dT? is the metric on the five-dimensional base, 
which has the topology S 2 x S' 3 . Explicitly, the metric on the base can be 
written in terms of angular variables 

1 2 2 i 2 

dT, 2 = - ^2 d/3 + ^ cos Qidefi'j + - ^ ( d9 2 + sin 2 Oidej) 2 ) . (10.120) 

i= 1 i = 1 

The range of the angular variables is 

0 < /3 < 2i r, 0 < 0i < it and 0 < 4>i < 2n, (10.121) 



for i = 1,2, while 0 < r < oo. This space has the isometry group SU( 2) x 
SU{2) x U( l). 13 

In order to describe this background in more detail, it is convenient to 
introduce the basis of one-forms 



with 



9 1 = ^(e 1 - e 3 ) 



5 3 = ^ (e i + e 3 )) 



g 2 = l {e 2_ e A) 



9 5 =e 5 , 



V2 V 



5 4 = ^(e 2 + e 4 ) 



e 1 = — sin Oidcfi, e 2 = dd i, 

e 3 = cos 2/3 sin 02d(p2 — sin 2/3dd2, 

e 4 = sin 2/3 sin 02^2 + cos 2f3d02, 

e 5 = 2d/3 + cos Q\d<j>i + cos 02d</>2- 
In terms of this basis the metric takes the form 



cffi 2 ^ 5 ) 2 + lx>‘> 2 - 



( 10 . 122 ) 



(10.123) 



(10.124) 



1=1 



The conifold has a conical singularity at r = 0. In fact, this would also 



13 Compact Calabi-Yau three- folds do not have continuous isometry groups. 
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be true for any choice of the five-dimensional base space other than a five- 
sphere of unit radius. As was already mentioned, in the case of the conifold 
there are two ways of smoothing out the singularity at the tip of the cone, 
called deformation and resolution. 

The deformed conifold 

The deformation consists in replacing Eq. (10.117) by 

4 

J2(w A ) 2 = z, (10.125) 

A= 1 

where z is a nonzero complex constant. Since w A £ C 4 we can rescale 
these coordinates and assume that z is real and nonnegative. This defines 
a Calabi-Yau three- fold for any value of z. As a result, z spans a one- 
dimensional moduli space. At the singularity of the moduli space (z = 0) 
the manifold becomes singular (at p = 0). 

For large r the deformed conifold geometry reduces to the singular conifold 



with z = 0, that is, it is a cone with an S 2 x 
towards the origin, the S 2 and S' 3 both shrink, 
and imaginary parts, as before, yields 


S' 3 base. Moving from oo 
Decomposing w A into real 


z = x ■ x — y ■ y, 


(10.126) 


and using the definition 




p 2 = x-x + y-y, 


(10.127) 


shows that the range of r is 




z < p 2 < oo. 


(10.128) 



As a result, the singularity at the origin is avoided for z > 0. This shows 
that as p 2 gets close to z the S 2 disappears leaving just an S 3 with finite 
radius. 



The resolved conifold 

The second way of smoothing out the conifold singularity is called resolution. 
In this case as the apex of the cone is approached, it is the S' 3 which shrinks 
to zero size, while the size of the S 2 remains nonvanishing. This is also 
called a small resolution, and the nonsingular space is called the resolved 
conifold. 

In order to describe how this works, let us make a linear change of variables 
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to recast the singular conifold in the form 



(10.129) 



Away from ( A , Y,U,V) = 0 this space is equivalently described as the space 

= 0, (10.130) 



A 

V 



u 

Y 



in which Ai and A 2 don’t both vanish. The solutions for A* are determined 
up to an overall multiplicative constant, that is, 



(Ai, A 2 ) — A(Ai, A 2 ) with A G C*. (10.131) 

As a result, the variables (X,Y,U,V) and (Ai,A 2 ) lie in C 4 x CP 1 and 
satisfy the condition (10.130). This describes the resolved conifold, which 
is nonsingular. Why is the singularity removed? In order to answer this 
question note that for (A, Y, U, V) / (0, 0, 0, 0) this space is the same as 
the singular conifold. However, at the point (A, Y , U, V) = (0, 0, 0, 0) any 
solution for (Ai, A 2 ) is allowed. This space is CP 1 , which is a two-sphere. 

Fluxes on the conifold 

Let us now consider a flux background of the conifold geometry given by 
N space-time-filling D3-branes located at the tip of the conifold, as well as 
M D5-branes wrapped on the S 2 in the base of the deformed conifold and 
filling the four- dimensional space-time. These D5-branes are usually called 
fractional D3-branes. 

This background can be constructed by starting with a set of M D5- 
branes, which give 



Is 3 



P 3 = 47 t 2 oIM. 



This can also be written as 



and 



Mol 

P 3 — —^—^3 



1 



where 



lo 3 = g a Alu 2 , 



uj 2 = 2 (si 11 $ 1^1 A d(j>i — sm02dO2 A df> 2 ) 



(10.132) 



(10.133) 



(10.134) 



In order to describe a supersymmetric background, the complex three-form 
G 3 should be an imaginary self-dual (2, l)-form. This implies that an H 3 
flux has to be included. Imaginary self-duality determines the H 3 flux to be 



h 3 = —5s Mol dr A u 2 , 
2 r 



(10.135) 
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where g s = is the string coupling constant, which is assumed to be 
constant, while the axion Co has been set to zero. Once //■-> and F$ are both 
present, F , 5 is determined by the Bianchi identity 

dFs = Ho A F 3 + 2k 2 T3/33, (10.136) 

to be 

F 5 = ( 1 + *io)^, (10.137) 

where 

T = ^ir(a') 2 N eS (r)u 2 A cu 3 (10.138) 

and 

lVe ff (r) = N + ^ ffs M 2 log . (10.139) 

27T V r o/ 

Note that the total five-form flux is now radially dependent, with 

f F 5 = \(a') 2 7 TN eS (r). (10.140) 

The geometry in this case is a warped conifold, where the metric has the 
form 

ds 2 w = e 2 A ^r lllu dx fi dx u + e~ 2 A{r \dr 2 + r 2 dS 2 ). (10.141) 

The metric of the base, dE 2 , is given in Eq. (10.120). The volume form for 
the metric in these coordinates is given by 

\/— 5 = -^-e~ 2A r 5 sindi sin$ 2 - (10.142) 

54 

Using this and 

W 2 A W 3 = —d/3 A sin$id#i A d<f>\ A sin 02^02 A d<f> 2 , (10.143) 

one obtains 

*(cj 2 A W 3 ) = 54r~ 5 e 8 j 4 d?’ A dx° A dx 1 A dx 2 A dx 3 . (10.144) 

The warp factor is determined in terms of the five-form flux by Eq. (10.81), 
or equivalently 

= da A dx° A dx 1 A dx 2 A dx 3 , (10.145) 

while a = exp(4^4) according to Eq. (10.98). Using the expression for the 
five-form flux in Eq. (10.138) this leads to the equation 

da = 27 it (a ' ) 2 a 2 r~ 5 N e s(r) dr. 



(10.146) 
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Integration then gives the warp factor 



g— 4 A(r) 



27ir {a') 2 
4 r 4 



9sN + 



3 

2n 



(g s M) 2 log 







(10.147) 



where ro is a constant of integration. 

Problem 10.13 asks you to show that G% is primitive. This result implies 
that this is a supersymmetric background. Note that in this section we have 
used the constraints in Eqs (10.98) and (10.115), which were derived for 
compact spaces. However, these constraints can also be derived from the 
Killing spinor equations for type IIB, which are local. As a result, they also 
hold for noncompact spaces. 



Warped space-times and the gauge hierarchy 

The observation that Poincare invariance allows space-times with extra di- 
mensions that are warped products has interesting consequences for phe- 
nomenology. Brane-world scenarios are toy models based on the proposal 
that the observed four-dimensional world is confined to a brane embedded 
in a five- dimensional space-time. 14 In one version of this proposal, the fifth 
dimension is not curled up. Instead, it is infinitely extended. If we live on 
such a brane, why is there a four-dimensional Newtonian inverse-square law 
for gravity instead of a five- dimensional inverse-cube law? The answer is 
that the space-time is warped. Let’s explore how this works. 

Localizing gravity with warp factors 

The action governing five-dimensional gravity with a cosmological constant 
A in the presence of a 3-brane is 

S ~ J d 5 xV^G {R - 12A) -T j (10.148) 

where T is the 3-brane tension, Gmn is the five-dimensional metric, and g^ w 
is the induced four-dimensional metric of the brane. This action admits a 
solution of the equations of motion of the form 

ds 2 = e~ 2A ^ x ^ri^ w dx ,J 'dx l/ + dx 2 . (10.149) 

with 

A(x 5 ) = v/-A|£ 5 |. (10.150) 



14 There could be an additional compact five-dimensional space that is ignored in this discussion. 
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Fig. 10.5. Gravity is localized on the Planck brane due to the presence of a warp 
factor in the metric. 



Here — oo < X5 < 00 is infinite, and the brane is at X5 = 0. Moreover, 
for a static solution it is necessary that the brane tension is related to the 
space-time cosmological constant A by 

T=12^A, (10.151) 



which requires that the cosmological constant is negative. This geometry is 
locally anti-de Sitter ( AdS 5 ), except that there is a discontinuity in deriva- 
tives of the metric at x 5 = 0. This discontinuity is determined by the delta 
function brane source using standard matching formulas of general relativity. 

The metric (10.149) contains a warp factor, which has the interesting 
consequence that, even though the fifth dimension is infinitely extended, 
four- dimensional gravity is observed on the brane. This way of concealing 
an extra dimension is an alternative to compactification. Computing the 
normal modes of the five-dimensional graviton in this geometry, one finds 
that the zero mode, which is interpreted as the four-dimensional graviton, 
is localized in the vicinity of the brane and that G 4 controls its interactions. 
The effective four-dimensional Planck mass on the brane is given by 



Mf = Mf J dx 5 e- 2 ^ |a:51 , 



or in terms of Newton’s constant 




-1 



(10.152) 



G 4 = G 5 



•2y=A|x 5 | 



(10.153) 
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Fig. 10.6. On the SM brane the energy scales are redslrifted due to the presence of 
the warp factor in the metric. 

Large hierarchies from warp factors 

If instead of one 3-brane, two parallel 3-branes are considered, the implica- 
tions for phenomenology are even more interesting. In this construction the 
background geometry is again a warped product, but now the warp factor 
provides a natural way to solve the hierarchy problem. 

Imagine that the 3-branes are again embedded in a five-dimensional space- 
time as shown Fig. 10.6. One brane is located at x$ = 7 rr, and called the 
standard-model brane (SM), while the other brane is located at X5 = 0 and 
called the Planck brane (P). The action governing five- dimensional gravity 
coupled to the two branes is 

d 4 x\J — g SM — Tp J d 4 x\J —g p , 

(10.154) 

where Tg m and Tp are the tensions of the two branes. The metric is again 
assumed to be a warped product 

ds 2 = e- 2A( ' xs ’\p lu dx fl dx 1 ' + dx\ (10.155) 

in the interval 0 < X5 < nr. 

The equations of motion are solved by a warp factor of the form 

A(x5) = n/^AIxsI, (10.156) 

as before, and 

T P = -T sm = 12 a/^A. (10.157) 
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Negative tension may seem disturbing. However, negative-tension branes 
can be realized in orientifold models and in F-theory compactifications. In 
this solution the metric is normalized so that it takes the form 



9/j.u ~ V^v- 



(10.158) 



on the Planck brane. Then, because of the warp factor, the SM brane metric 
is 



g 



SM 

11V 



= e-W^, 



(10.159) 



This scale factor means that objects with energy E at the Planck brane are 
red-shifted on the SM brane, and appear as objects with energy e~' Kr '^~^E. 
By choosing the separation scale r suitably, one can arrange for this factor 
to be of order 10 -16 , so as to find TeV scale physics on the SM brane by 
starting with Planck-scale physics on the Planck brane. This is an interest- 
ing proposal (due to Randall and S undrum) for solving the gauge hierarchy 
problem. This scenario has a number of remarkable implications. It be- 
comes conceivable that phenomena that used to be relegated to ultra-high 
energy scales may be accessible at accelerator energies. Thus, Kaluza-Klein 
modes, fundamental strings, black holes, gravitational radiation could all be 
observable. The LHC experiments are preparing to search for all of these 
possibilities. Supersymmetry, which many view as more likely to be dis- 
covered, seems quite mundane by comparison. Not surprisingly, these ideas 
have attracted a lot of attention, and there is a large and rapidly growing 
literature on the subject. In the following, we settle for a brief sketch of how 
this scenario might be realized in string theory. 



A large hierarchy on the deformed conifold 
It is interesting that the above approach to solving the hierarchy problem 
appears naturally in string theory. 15 The branes that seem best suited 
to this purpose are the D3-branes in a type IIB orientifold or F-theory 
construction. One can imagine D3-branes placed at points on a compact 
internal manifold. To get a large hierarchy two sets of D3-branes would 
need to be separated by the distance r. This distance would then determine 
the size of the hierarchy. However, r is a modulus in the four-dimensional 
theory, since the D3-brane coordinates have no potential. In the following 
we will see that one can obtain a warped background generating a large and 
stable hierarchy by using the flux backgrounds discussed at the beginning 
of this section. 

To be concrete, one can consider the deformed conifold geometry. Locally, 



15 So does supersymmetry. 
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near the tip of the cone, the flux solution is similar to the one described in 
the previous section. Globally, however, the background solution must be 
changed, since we are interested in a compact solution. The conifold solution 
presented in the previous section is noncompact with r unbounded. This 
can be interpreted as a singular limit of a compact manifold in which one of 
the cycles degenerates to infinite size. 

Let us assume that there are M units of iy> flux through an A-cycle and 
—K units of H 3 flux through a B- cycle, that is, 

7 f F's = 27 tM and - f H 3 = —2-kK. (10.160) 

27ra' ,7 4 27ra' J B 

Using Poincare duality, the superpotential can then be written as 



W = 



G 3 a n = (27 r) V 




n - Kt 




(10.161) 



The complex coordinate describing the cycle collapsing at the tip of the 
conifold is 



2 ! = 




(10.162) 



The discussion of special geometry in Section 9.6 explained that the dual 
coordinates, that is, the coordinates defining periods of the H-cycles, are 
functions of the periods of the A-cycles. More concretely, since we are de- 
scribing a conifold singularity, we can invoke the result derived in Section 9.8 
that 




11 = log z + holomorphic. 

2iri 



(10.163) 



Using these results, the Kahler covariant derivative of the superpotential 
can be rewritten in the form 16 



V Z W ~ (2tt)V 




K 

— i — 
9s 




(10.164) 



in the limit in which K/g s is large. The equation T> Z W = 0 is solved by 



Z ~ e - 27rK / M 9s _ 



(10.165) 



Thus, one obtains a large hierarchy of scales if, for example, M = 1 and 
K/g s = 5. It is assumed that the dilaton is frozen in this solution. 

The solution for the warp factor can be estimated in the following way. As 



16 This assumes 2 : <C 1, which is the case of interest. 
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will be discussed in more detail in Chapter 12, close to a set of N D3-branes 
the space-time metric takes the form 

ds 2 = (^-^j | dx | 2 + (J—^J {d r2 + :§) with R 4 = 47 xg s N(a') 2 , 

(10.166) 

where r is the distance from the D3-brane, which is located at r ~ 0. We 
would like to estimate the warp factor close to the D3-brane. Since the 
background is the deformed conifold, r has a minimal value determined by 
the deformation parameter z according to 

T min ^ p 2 J! n = Z 1 '* ~ e ~^ K /^ M 9 . , ( 10.167) 

showing that the warp factor approaches a small and positive value close to 
the D3-brane. 



Exercises 



Exercise 10.6 

Show that in a Calabi-Yau three-fold compactihcation of type IIB super- 
string theory the Kahler potential for the radial modulus, the axion-dilaton 
modulus and the complex-structure moduli is given by 

K, = — 3 log [— i(p — p)] — log[— ?'(r — f )] — log (i Q A Q 

V JM 

Solution 

The part of the Kahler potential depending on the complex-structure moduli 
(the last term) was derived in Chapter 9. The way to derive the contribution 
from the radial modulus p and the axion-dilaton modulus r is to consider 
the action on a background of the form 

ds 2 = e~ 6u W g^dxV +e 2u ^ g mn dy m dy n . 

" v ' v — ^ 

4 D CY 3 

Here u(x) parametrizes the volume of the Calabi-Yau three-fold. The power 
of i n the first term has been chosen to give a canonically normalized 
Einstein term in four dimensions. 

The supersymmetric partner of the radial modulus is another axion 6, 
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which descends from the four-form according to 

C- fiupq = fl iiv Jpq ■ 

where J is the Kahler form. In four dimensions the two-form a can be 
dualized to a scalar b according to 

da = e~ 8u ^ * db. 



Setting 



p = 71 + ie 



4 u 



the resulting low-energy effective action is 



S = 



1 

2 k\ 



d A Xy/^g 




1 dfjT d^T 

2 (Imr) 2 



3 d^pd^p \ 

2 (Im p ) 2 J 



Here the four-dimensional gravitational coupling constant is given by = 
k\q/V, where V is the volume of the Calabi-Yau three- fold computed using 
the metric g mn . The kinetic terms for r and p correspond to the first two 
terms in the Kahler potential 1C. □ 



10.3 Moduli stabilization 

The important fact about compactifications with flux is that there is a non- 
trivial scalar potential for the moduli fields. 17 This should not be surprising, 
since the background flux modifies the equations that determine the geom- 
etry. The complete scalar potential V for the moduli fields can be obtained 
from the superpotential and the Kahler potential by a standard supergravity 
formula, as was discussed earlier, or by a direct Kaluza-Klein compactifica- 
tion, as is done here. 



Scalar potential for M-theory 

In the following the scalar potential for flux compactifications of M-theory 
on a Calabi-Yau four-fold is derived from the low-energy expansion of the 
action Eq. (10.3) on the warped geometry described by Eq. (10.5). This 
further illustrates that the constraints derived from IK 3,1 in Eq. (10.62) 
stabilize the complex-structure moduli, while the equations derived from 
W 1,1 in Eq. (10.68) stabilize the Kahler moduli. 

17 Calling these fields moduli in this setting is a bit of an oxymoron, since moduli are defined to 
have no potential. However, this has become standard usage. 
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As you are asked to check in Problem 10 . 18 , fluxes generate a scalar 
potential for the moduli 

V(T, K) = -± 3 ( J F A *F — ^T M 2 x) , (10.168) 

where we set kh = 1, as in Section 10.1. The terms that contribute to the 
potential originate from the internal component of the flux while the f m 
term has been dropped, because it gives a subleading contribution in the 
large- volume limit. 

Since l 7 is a four-form it lies in the middle-dimensional cohomology of the 
Calabi-Yau four-fold. According to Eq. (10.44) the (2, 2)-component of the 
four-form flux has the Lefschetz decomposition 

F 2 ’ 2 = F 2,2 + j A F i,i _|_ j A JF o,0 j (10.169) 

where the subindex o indicates that the flux is primitive. As was shown in 
Eq. (10.67), only the primitive term, that is, the first term, is nonzero for 
a supersymmetric solution. However, here all terms are included in order 
to allow for the possibility of supersymmetry breaking. Since the first and 
third terms are self-dual, and the second term is anti-self-dual, 

*F 2 ’ 2 = F 2 ’ 2 - 2J A F 0 U , (10.170) 

where * denotes the Hodge dual on the internal manifold. It follows from 
Exercise 10.4 that 

*F 4 ’° = F 4 ’° and * F 3,1 = — F 3 ’ 1 , (10.171) 

and similarly for the (0,4) and (1,3) components, since F is real. Taking 
the previous two equations into account, the total four-form flux satisfies 

*F = F — 2 F 3 ’ 1 - 2F 1,3 - 2 J A F 0 U . (10.172) 

Therefore, after taking the wedge product with F, the kinetic term for the 
flux appearing in Eq. (10.168) can be rewritten in the form 



FA*F= / FAF-4 / F 3 ’ 1 AF 1 ’ 3 -2 / JAF ^’ 1 A JAF 0 1J . (10.173) 



All other terms vanish by orthogonality relations given by the Hodge de- 
composition and the Lefschetz decomposition. Inserting this into the scalar 
potential Eq. (10.168), we realize that the first term on the right-hand side 
of Eq. (10.173) cancels due to the tadpole-cancellation condition Eq. (10.60) 
with N = 0. As a result, only the anti-self-dual part of F contributes to the 
scalar potential. 
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Supersymmetry-breaking solutions 

The preceding results imply the existence of supersymmetry-breaking solu- 
tions of the equations of motion. Indeed, any flux satisfying 

F = *F and F f S<2 Wv « (10.174) 

solves the equations of motion and breaks supersymmetry. Fluxes of the 
form 

F ~ H or F ~ J A <7 (10.175) 

provide examples. Moreover, since these flux components do not appear in 
the scalar potential they do not generate a cosmological constant. 



The scalar potential 

The second term on the right-hand side of Eq. (10.173) can be rewritten 
according to 



F 3,1 A F 1,3 = -e^G 



IJ 



VjW 



3,1 



IM 



VjW 



3,1 



(10.176) 



and as a result yields a scalar potential for the complex-structure moduli. 
This result is obtained by expanding F 3,1 in a basis of (3, l)-forms. The 
explicit calculation is rather similar to Exercise 10.5. Analogously, the last 
term on the right-hand side of Eq. (10.173) generates a potential for the 
Kahler-structure moduli 



J A F} a A J A F' j = -V 



-l 



G AB V A W 1A V B W 1A , 



I M 



(10.177) 



where 18 



T>a = d A — with /C 1 ’ 1 = — 31ogV, (10.178) 

and G ab is the inverse of the metric Gab 

G A B = -\d A d B logV. (10.179) 

Here V = ^ / JAJAJAJis the Calabi-Yau volume. In total, the scalar 
potential becomes 



V(T, K) = e K G IJ V I W 3A V J W 3,1 + ^V~ 4 G AB V A W hl V B W 1A , (10.180) 



18 Note that /C 1,1 is not a Kahler potential, since it is function of real fields. Nevertheless, it has 
some similar properties. 




502 



Flux compactifications 



where /C = /C 3,1 + /C 1,1 . This potential is manifestly nonnegative, which 
shows that compactifications to AdS 3 spaces cannot be obtained in this 
way. 



The radial modulus 

Note that not all of the moduli need contribute to the potential Eq. (10.180). 
For example, it does not depend on the radial modulus, which characterizes 
the overall volume of the compact manifold M. Therefore, this modulus 
is not stabilized. The reason for this is that the conditions for unbroken 
supersymmetry in Eqs (10.65), (10.66) and (10.67), and also the conditions 
for the existence of supersymmetry breaking solutions in Eq. (10.174), are 
invariant under the rescaling of the volume by a constant. While this may 
seem disappointing, it is also quite fortunate. This freedom means that the 
volume can be chosen sufficiently large to justify the approximations that 
have been made. At sufficiently large volume, most of the higher-derivative 
terms of M-theory can be dropped. The situation, of course, changes once 
nonperturbative effects are included. It is expected that such effects stabilize 
the radial modulus and that the calculations made remain valid when the 
flux quantum is large. This is not specific to the M-theory compactifications 
discussed in this section, but holds for most of the flux compactifications 
discussed in the literature. Very few models have been constructed in which 
all moduli are stabilized without nonperturbative effects. 



The scalar potential for type IIB 

The scalar potential for type IIB compactified on a Calabi Yau three-fold 
follows from a standard supergravity formula. In Section 10.2 the formulas 
for the superpotential W and Kahler potential K, were presented. Given 
these potentials, J\f = 1 supergravity determines the scalar potential in 
terms of these quantities 19 

V = e K (G al V a WVfW - 3|IK| 2 ) , (10.181) 

where G a i = <9 a <9g/C is the metric on moduli space, with a, b labelling all the 
superfields, and G ab is its inverse. Moreover, V a = d a + d a K. 

As it should be, this scalar potential is invariant under the Kahler trans- 
formation 

K,{z, z ) -> IC(z , z) - f(z ) - f(z), (10.182) 

19 This compact ificat ion gives J\f = 2 supersymmetry, but an J\f = 1 formalism is still applicable. 
Moreover, one only has J\f = 1 when orientifold planes are included. 
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since the superpotential transforms according to 

W(z) -> e f(z) W(z). (10.183) 

This transformation is a consequence of the linear dependence of IT on tt and 
the behavior of the holomorphic three-form under Kahler transformations. 
Here z refers to the moduli fields and f(z) is a holomorphic function of 
these fields. The four-dimensional gravitational constant (or Planck length) 
K 4 has been set to one in the above formulas. 

A simple calculation shows that this potential does not depend on the 
radial modulus (except as an overall factor). Using the result for the Kahler 
potential for p derived in exercise 10.6, one finds 

G pp V p WVpW - 3|1U| 2 = 0. (10.184) 

As a result, the scalar potential is of the no- scale type 

V = e K G fj ViWVjW, (10.185) 

h&p 

where i,j label all the fields excluding p. At the minimum of the potential 

V,W = 0, (10.186) 

which implies V = 0 even though supersymmetry is broken in general, since 

V p W + 0. (10.187) 

These solutions have the interesting property that V = 0 at the minimum of 
the potential, so that the cosmological constant vanishes at the same time 
supersymmetry that is broken. Even though this may seem encouraging for 
achieving the goal of breaking supersymmetry without generating a large 
vacuum energy density, it does not constitute a solution of the cosmological 
constant problem. There is no reason to believe that this result continues 
to hold when a' and g s corrections are included. In the next section we will 
see that nonperturbative corrections to W depending on p can generate a 
nonvanishing cosmological constant. 



Moduli stabilization by nonperturbative effects 

The type IIB no-go theorem excludes the possibility of compactification to 
four- dimensional de Sitter (dS) space, or more generally to a space with a 
positive cosmological constant. This section shows that this conclusion can 
be circumvented when nonperturbative effects are taken into account. This 
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is of interest, since the Universe appears to have a small positive cosmological 
constant. 

The basic idea is to stabilize all moduli of the type IIB compactihcation 
and to break the no-scale structure by adding nonperturbative corrections 
to the superpotential. These contributions are combined in such a way 
that supersymmetry is not broken. This leads to an AdS vacuum with a 
negative vacuum energy density. Then one adds anti-D3-branes that break 
the supersymmetry and give a positive vacuum energy density. 

In the simplest case, there is only one exponential correction to the su- 
perpotential, but in general there may be multiple exponentials. The cor- 
rections to the Kahler potential can be ignored in the large- volume limit. 
The Kahler potential for the radial modulus is then equal to its tree-level 
expression. Assuming that all other modes are massive and can be inte- 
grated out, one is left with an effective theory for the radial modulus. In 
the following we assume that the only Kahler modulus is the size, while the 
complex structure and the dilaton become massive due to the presence of 
fluxes. 

The superpotential is assumed to be given by the tree-level result Wq 
together with an exponential generated by nonperturbative effects 



W = W 0 + Ae iap . (10.188) 

One source of nonperturbative effects is instantons arising from Euclidean 
D3-branes wrapping four-cycles. These give a contribution to the superpo- 
tential of the form 



Wi nst = T(z a )e 2 * ip , (10.189) 

where T(z ° ) is the one-loop determinant that is a function of the complex- 
structure moduli, and p is the radial modulus. Another possible source for 
such corrections is gluino condensation in the world- volume gauge theory of 
D7-branes, which might be present and wrapped around internal four-cycles. 

The coefficient a is a constant that depends on the specific source of the 
nonperturbative effects. For simplicity, we assume that a, A and Wo are real 
and that the axion vanishes. At the supersymmetric minimum all Kahler 
covariant derivatives of the superpotential vanish including V p W = 0. Using 
the Kahler potential in Eq. (10.102), Exercise 10.7 shows that the effective 
potential 



V = e K (G pp V p WVpW - 3\W\ 2 ) 



(10.190) 
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Fig. 10.7. Form of the potential as a function of the radial modulus. The values of 
the potential and the size depend on the values used for A, a and IT o . The figure 
displays a minimum at which the potential is negative leading to an AdS vacuum. 



has a minimum that is given by 



n 2 A ' 2 

H 0 = e~ 2aa °. (10.191) 

6a 0 

Here do is the value of a in the radial modulus p = ia at the minimum of the 
potential. Since this potential is negative, the only maximally symmetric 
space-time allowed by such a supersymmetric compactification is AdS space- 
time. 

One can break supersymmetry explicitly by adding anti-D3-branes. This 
gives an additional term in the scalar potential of the form 

5V = -IS, (10.192) 

a z 

where D is proportional to the number of anti-D3-branes. 

It can be chosen to make the vacuum energy density positive, so that a 
compactification to dS space becomes possible. Including the anti-D3-brane 
contribution results in the scalar potential 

A ~ a <T /i \ n 

V(a) = c ^ 2 ( -aaAe~ acT + W 0 + Ae~ a<T ) + . (10.193) 

The form of V(a) is displayed in Fig. 10.8. It shows that a vacuum with a 
positive cosmological constant can be obtained. Strictly speaking, the vacua 
obtained in this way are only metastable. However, the lifetime could be 
extremely long. 
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Fig. 10.8. Form of the potential as a function of the radial modulus after taking 
anti-D3-branes into account. The figure displays a minimum at which the potential 
is positive leading to a de Sitter vacuum. 



Exercises 



Exercise 10.7 

Derive the extremum of the potential in Eq. (10.191). 



Solution 



The only solution is supersymmetric, so let us assume it from the outset. 
Using 

W = W 0 + Ae iap , 



the solution for p = ia in the ground state, which we denote by ao, is the 
solution of 



V p W = d p W + dpKL W = 0 
This gives 



W 0 = -A 



or 

W = 



with JC = — 3 log [—i(p — p)\ ■ 

Qrnro + l) e-“ CT0 , 

-^Aaa 0 e~ arT ° . 



So the minimum of the potential 

V = e K ( G pp V p WVpW - 3|TU| 2 ) 
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is 



E 0 



a 2 A 2 

6fj 0 



e ~2aao 



in agreement with Eq. (10.191). 



□ 



Exercise 10.8 

Show that the potential Eq. (10.181) can be expressed entirely in terms of 
the Kahler-transformation invariant combination 

K, = /C + log|IU| 2 . 



Solution 

Using this definition, Eq. (10.181) is equal to 

jV n WVrW 



V = e [ G‘ 



/C / r^ab 



w w 



-^=- -3 . 



However, 

G a ~ b = d a d b lC = d a d~ b Z , 

and thus the inverse metric G ab only depends on 1C. Also, 



VgW 

w 



= da log W + da)C = dale. 



Therefore, 



V = e K ( G ab d a lCd b K, - 3 



only depends on 1C. 



□ 



Exercise 10.9 

Use dimensional analysis to restore the factors of K 4 in the scalar potential. 
Discuss the limit K 4 — ► 0. 



Solution 

IU has dimension three, 1C has dimension two and the scalar potential V has 
dimension four. Therefore, restoring the powers of K 4 , Eq. (10.181) takes 
the form 

K \V = [nlG^VaWV-hW - 3 kI\W\ 2 ^J , 
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where V a W = d a W + nldJC W. Thus 

V = e K * K (G ai V a WViW - 3^|IF| 2 ) . 

For small K 4 , 

V = G ai d a WdiW + 0 (k\). 

As expected, one finds the global supersymmetry formula plus corrections 
proportional to Newton’s constant. □ 



10.4 Fluxes, torsion and heterotic strings 

This section explores compactifications of the weakly coupled heterotic string 
in the presence of a nonzero three- form field H. 20 A nonvanishing H flux has 
two implications for the background geometry. First, the background geom- 
etry becomes a warped product, like that discussed in the previous sections. 
The second consequence of nonvanishing H is that its contributions to the 
various equations can be given a geometric interpretation as torsion of the 
internal manifold. If the gauge fields are not excited, heterotic supergravity 
is a truncation of either type II supergravity theory. Therefore, some of the 
analysis in this section applies to those cases and vice versa. 

Warped geometry 

As in the previous sections, when H flux is included, the space-time is no 
longer a direct-product space of the form M 1 q = M 4 x M. (For simplicity, in 
the following we assume that the external space-time is four-dimensional.) 
Analysis of the heterotic supersymmetry transformation laws will show that 
a warp factor e 2D ^ must be included in the metric in order to provide 
a consistent solution. In the Einstein frame, let us write the background 
metric for the warped compactification in the form 

ds 2 = e 2D{y \g^ u {x)dx^dx v + g mn (y)dy m dy n ) (10.194) 

' V ' v — ' 

4D 6D 

As before, x denotes the coordinates of the external space, y the internal 
coordinates, the indices //, v label the coordinates of the external space and 
m, n label the coordinates of the internal space. 

The function D(y) depends only on the internal coordinates. It will be 
shown that supersymmetry can be satisfied when there is nonzero H flux 
provided that 

D(y) = 4>(y), (10.195) 

20 The index on H 3 is suppressed. 
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where $ is the dilaton field. In the case without H flux, the dilaton is 
constant, so the geometry is a direct product in the Einstein frame. When 
d rn i> / 0, it becomes a warped product. This warp factor is exactly the 
one that converts the Einstein frame to the string frame. So the geometry 
actually is a direct product with respect to the string-frame metric even 
when there is nonzero H flux. Since the internal space is compact and 
the dilaton field <h(y) is nonsingular (in the absence of NS5-branes), the 
dilaton is bounded. Therefore, shifting by a constant can make the coupling 
arbitrarily weak, so that perturbation theory is justified. 

Torsion 

The use of a connection with torsion is natural, since the three-form H is 
part of the supergravity multiplet. The torsion two- form T a is defined in 
terms of the frame and spin-connection one-forms by 21 

T a = de a + oj °‘ 1 A e 7 , (10.196) 

which can be written in terms of connection coefficients T r mn according to 

T a = T r mn e a r dx m A dx n , (10.197) 

Since torsion is a tensor, it has intrinsic geometric meaning. A connection 
is torsion-free if it is symmetric in its lower indices. 

In defining the geometry one is free to choose what torsion tensor to 
include in the connection as one pleases. A connection, which is not a 
tensor, can always be redefined by a tensor, and in this way the torsion 
is changed. In particular, one can choose to use the Christoffel connection, 
which has no torsion. The use of a connection with torsion has the geometric 
consequences described below. However, you are never required to use such 
a connection. In flux compactifications of the heterotic string there is a 
natural choice, since by incorporating the three-form flux in the connection, 
in the way described below, one is able to define a covariantly constant 
spinor. 

Geometrically, torsion measures the failure of infinitesimal parallelograms, 
defined by the parallel transport of a pair of vectors, to close. Parallel 
transport for the case in which the torsion vanishes is illustrated in Fig. 10.9 
and a case in which it does not vanish is illustrated in Fig. 10.10. 

As a simple example consider the Euclidean metric ds 2 = dx 2 + dy 2 on 
the two-dimensional plane 1R 2 . If parallel transport is defined in the usual 



21 There are other meanings of the word torsion that should not be confused with the one intro- 
duced here. 
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w 




x 



Fig. 10.9. The vectors V and W are parallel transported to V' and W' using a 
torsion-free connection. The resulting parallelogram closes. 



sense of elementary geometry, the Christoffel connection vanishes in carte- 
sian coordinates. However, any connection compatible with the flat metric 
is allowed. This means one can choose any connection that respects angles 
and distances or equivalently which leaves the metric covariantly constant. 
In the present case this means that one can choose any spin connection one- 
form taking values in the Lie algebra of the two-dimensional rotation group, 
so 



hs a /3i (10.198) 

where h can be any one-form. Parallel transport of a vector now leads to 
a (would-be) parallelogram that fails to close, as indicated in Fig. 10.10. 
Mathematically, this means that Vyl V — VwV / [V, W]. 



y 

W’ 




Fig. 10.10. The vectors V and W are parallel transported to V' and W' using a 
connection that has torsion. The resulting parallelogram fails to close. 
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Conditions for unbroken supersymmetry 

The goal of this subsection is to derive the supersymmetry constraints 
for compactifications of the heterotic string to maximally symmetric four- 
dimensional space-time allowing for nonzero H flux. As was explained in 
Section 9.4, a supersymmetric configuration is one for which a spinor e exists 
that satisfies 



<5 'I'm 


= Vm£- |Hm£ = 0, 




SX 


= -^$£+|H£ = 0, 


(10.199) 


Sx 


= ~\Fe = 0, 





in the notation of Section 8.1. A very convenient fact is that these formulas 
are written in the string frame. Therefore, the warp factor is already taken 
into account, and they can be analyzed using a space-time that is a direct 
product of external and internal spaces, just as in Chapter 9. As before, <J> 
is the dilaton, F is the nonabelian Yang-Mills field strength and H is the 
three-form field strength satisfying the Bianchi identity 

o! 

dH = — [tr{R A R) - tr(F A F)] . (10.200) 

Poincare invariance of the external space-time requires some components to 
vanish 



H livp = H liup = H imp = 0 and F /w = F /m = 0. (10.201) 

The nonvanishing fields can depend on the coordinates of the internal man- 
ifold only. 

One class of consistent solutions of Eq. (10.199) has a vanishing three- 
form and a constant dilaton. These solutions are the conventional Calabi 
Yau compactifications described in Chapter 9. Now let us consider solutions 
with 

H mnp 0 and <9 m 4> 0. (10.202) 

The supersymmetry transformation of the gravitino can be rewritten con- 
veniently in terms of a covariant derivative with torsion. To understand 
this, recall that 

Va/£ = + ~^>mab^ AB £- (10.203) 

This result is written for tangent-space indices A, B and base-space indices 
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M, N, P of the ten-dimensional space-time. In the ten-dimensional theory, 
the supersymmetry variation of the gravitino can be written as 

V M e = (Vm - -H M abT ab )£, (10.204) 

O 

where Vm is the torsion- free connection, since this combination appears in 
the supersymmetry transformation of the gravitino field. Here the derivative 
Vm is defined with respect to a connection with torsion. The three- form 
flux shifts the spin connection according to 

lv A b = uj A b — 2 A b^x m . (10.205) 

Using Eq. (10.196) one sees that the three-form flux represents an additional 
contribution to the torsion one-form 

f A = T a + \H A MN dx M A dx N . (10.206) 

We will choose T A = 0 so that T A is given by the three-form flux. 

The supersymmetry parameter and gamma matrices decompose into in- 
ternal and external pieces 

e{x,y) = C+(x) <g>? 7 +(y) + C-(x) <8> ??-(y), (10.207) 

where are Weyl spinors on M4 and r)± are Weyl spinors on M that satisfy 

C_ = C+ and r/_ = r/* + . (10.208) 

The gamma matrices split as 

= 7m ® 1 and = (10.209) 

The conditions (10.199) have several components. From the external com- 
ponent of the gravitino transformation one obtains 

= VmC+ = 0, (10.210) 

which implies that R = 0. Here R is the scalar curvature of the external 
space, which by maximal symmetry is a constant. Even though solutions 
with a negative cosmological constant, that is, AdS compactifications, can 
be compatible with supersymmetry, only Minkowski-space compactifications 
are possible in the present set-up. This part of the analysis is unaffected by 
the H flux and is the same as in Chapter 9. 

The internal component of the gravitino supersymmetry condition re- 
quires the existence of H-covariant spinors r]± with 

Vm'fji = (V m — —H mn p'y ^)?7± = 0 

o 



( 10 . 211 ) 
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for a supersymmetric solution. Eq. (10.211) implies that the scalar quantity 
77+774- is a constant, and so once again it can be normalized so that rj\ 774. = 1. 
In terms of this spinor, one can define the tensor 

J m n = irj+'}m n ri+ = -iV-1 m n V- • (10.212) 

Moreover, using Fierz transformations, it is possible to show that 

Jm n Jn V = -5m P . (10.213) 

Thus, the background geometry is almost complex, and J is an almost com- 
plex structure. This implies that the metric has the property 

9mn = Jm Jn 9kU (10.214) 

and that the quantity 

Jmn = Jm. 9kn (10.215) 

is antisymmetric. As a result, it can be used to define a two- form 

J = ^ J mn dx m A dx n , (10.216) 

which is sometimes called the fundamental form. It should not be confused 
with the Kahler form. 

The tensor J n p is covariantly constant with respect to the connection V 
with torsion, 

V.„^ = Vrf - - 1 = 0. (10.217) 

Again, it is understood that V uses the Christoffel connection. Using this 
result, it follows that the Nijenhuis tensor, defined in the appendix of chapter 
9, vanishes (see Exercise 10.10). As a result, J is a complex structure, and 
the manifold is complex. So one can introduce local complex coordinates z a 
and z a in terms of which 

J a b = id a b , J<t = ~ida b and J a b = Ju = 0. (10.218) 

The metric is hermitian with respect to J, since combining Eqs (10.214) 
and (10.218) implies that the metric has only mixed components g a j ) . The 
fundamental form J is then related to the metric by 

J ab = iJab- (10.219) 

Inserting the relation between the fundamental form and the metric into 
Eq. (10.217) gives 



H = i(d — d)J. 



( 10 . 220 ) 
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By definition dJ = 0 for a Kahler manifold. As a result, backgrounds with 
nonvanishing H are non-Kahler. 

Let us consider the implications of the dilatino equation in Eq. (10.199). 
Evaluating it in complex coordinates and using 'y a "q + = 7 a rj- = 0, one finds 
that 

d a $ = - l -H ab - c g b ~ c (10.221) 

and the complex-conjugate relation. This relation implies the existence of 
a unique nowhere- vanishing holomorphic three- form Q. This three- form is 
given by 

Q = e~ 24> rj r _^ a i )C ^-dz a A dz b A dz c . (10.222) 

Using Eq. (10.221), Exercise 10.11 shows that fl is holomorphic, that is, 



d£l = 0. 


(10.223) 


Note that the norm of U, defined by 




ll«H 2 = !i„ 0 „,% 1 5 jSj9 « S ‘ 9 “* 9 « S », 


(10.224) 


is related to the dilaton by 




\\n\\ 2 = e - 4 ( $+$ °), 


(10.225) 



where <3>o is an arbitrary constant. 

The existence of the holomorphic (3, 0)-form implies the vanishing of the 
first Chern class, that is, c\ = 0. Together with Eq. (10.211) this implies that 
the background has SU (3) holonomy. However, since the internal manifolds 
are not Kahler they cannot be Calabi-Yau. Note that even though the 
background is not Kahler, it still satisfies the weaker condition 

d (e _24> J A J) = 0, (10.226) 

which means that the background is conformally balanced. 

The vanishing of the supersymmetry variation of the gluino, Fe = 0, 
implies that 

(Fab7 ab + F- all ~ ab + 2 F all ab )ri = 0 (10.227) 

and hence that the gauge field satisfies 

9 F a i = F a h = Fgjj = 0, 

which is called the hermitian Yang-Mills equation. 



(10.228) 
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Once a solution for the hermitian Yang-Mills field has been found, the 
fundamental form is constrained to satisfy the differential equation 

a' 

iddJ = — [tr(i? A R) — tr(F A F )} , (10.229) 

8 

which is a consequence of the anomaly cancellation condition. 

To summarize, supersymmetry is unbroken if the external space-time is 
Minkowski and the internal space satisfies the following conditions: 

• It is complex and hermitian. 

• There exists a holomorphic (3, 0)-fornr 0 that is related to the fundamental 
form by the condition that the background is conformally balanced, that 
is, 

d(||fi||JAJ) = 0. (10.230) 

• The gauge field satisfies the hermitian Yang-Mills condition. 

• The fundamental form satisfies the differential equation in Eq. (10.229). 

These are the only conditions that have to be imposed. Once a solution 
of the above constraints has been found, H and <f> are determined by the 
data of the geometry according to 

H = i(d — d)J and ^ log ||fi||. (10.231) 

There exist six-dimensional compact internal spaces that solve the above 
constraints and lead to interesting phenomenological models in four dimen- 
sions. However, they lie beyond the scope of this book. In the following we 
describe a simpler example in which the internal space is four-dimensional. 



Conformal K3 

Four- dimensional internal spaces for heterotic-string backgrounds with tor- 
sion can be constructed by considering an ansatz of the form of a direct 
product in the string-frame, as before, with 

9mn(y ) = e 2D{y) g*l(y), (10.232) 

where g^n(y) represents the (unknown) metric of K3, and g mn {y) is the 
internal part of the string-frame metric. In this four-dimensional example, 
the internal manifold is given by a conformal factor times a Calabi-Yau 
manifold. 
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In this background the dilatino and gravitino supersymmetry conditions 
can be written in the form 

(d m <f> + ^d m h)'y m r] = 0 (10.233) 

and 

V m r i + d n h 7 m n ?7 = 0. (10.234) 

Here dh = *H is the one-form dual to H in four dimensions and the Hodge- 
star operator is defined with respect to the metric g mn . The first equation 
implies that 

$(y) = — ^h(y) + const. (10.235) 

In other words, the flux is given in terms of the dilaton by H = — 2*d<f>. In 
terms of the metric rescaled by the factor e 2D , Eq. (10.234) takes the form 

V m r/ + ^ d n D 7 m n V + jd n h 7 m n g = 0. (10.236) 

Therefore, for the choice 

D{y) = T(y) (10.237) 

one finds V m r/ = 0. This is just the Killing spinor equation required to 
define a Calabi Yau manifold. Since K3 is the only Calabi-Yau manifold in 
four dimensions, one is justified in identifying the rescaled metric with the 
K3 metric. 

The conformal factor and the dilaton are constrained by the Bianchi iden- 
tity for the H flux 

a! 

d -k = — — [tr(i? A R) — tr(F A F)] . (10.238) 

8 

Solutions can be found if the right-hand side is exact. The conditions 

F- al = F ab = g al F ai = 0 (10.239) 

are conformally invariant. Therefore, they only need to be solved for K3. 



Exercises 



Exercise 10.10 

Show that the backgrounds described in Section 10.4 are complex. 
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Solution 



In order to prove that the manifold is complex one computes the Nijenhuis 
tensor, which was defined in the appendix of Chapter 9 to be 



N n 



p t q j p _ T 1 T P 

i — o m U[ n o n 0[ m 



Eq. (10.217) implies that the Nijenhuis tensor takes the form 



Nmnp — ^ ( H m np 3</| [ m ^ J-n ^p]qs] 



Identities for Dirac matrices, which are listed in the appendix of this chapter, 
imply 






— -aP r a c l s ( T A T) +1/ TP1 

— 4 ^/ y \ u /N ° jmrns i 2 Urnn ° 

= lvh P<1 inn'll - I'llh^VVhmnV , 



where the last line has used the six-dimensional identity 

-(J A J) = *J. 

As a result, one obtains 

Nmnp = — 12*7+ { H i ^/mnp T 3*7 [m^np]) V+ 

= - J 2 V+ [f >$ , 7 mnp + 3i7 [m J np] } T)+ 

= 0. 



This proves that the manifold is complex. 



□ 



Exercise 10.11 

Prove that 0 in Eq. (10.222) is holomorphic. 

Solution 

A holomorphic three- form is a cl closed form of type (3, 0). In order to prove 
that 0 is holomorphic, we compute <90. We start by computing its covariant 
derivative. 

The covariant derivative (defined with respect to the Christoffel connec- 
tion) acting on the tensor O is 

^k^abc = dk^abc ~ 3 ^'j : [ c fibc]p = ^kS^abc 

Using the definition of the Christoffel connection and expanding Eq. (10.220) 
in components implies 

T lp = 9 Pqd [k9q]p = \ H kpq9 Pq = d- k $. 




518 



Flux compactifications 



As a result, 



V jS^abc — d^ilabc d k *&£l abc . 



On the other hand, using the definition of 0, one obtains 

V fS^abc = — ^k^^abc- 
Indeed, to see this last relation, use 

VfcOafec = Vfc (e~ 2 ^ r] T 'y a b c r]-) = -2d s <hU abc + 2e~ 2q ’rj r _^ abc \7 k ri-. 
Using Eq. (10.211), this is equal to 

-2d k m abc + l -H- knP g n ^ abc = -d- k m abc . 

This implies that U is holomorphic. 



□ 



10.5 The strongly coupled heterotic string 

This feature is generic and is not special to the type IIB theory. It also 
applies to the heterotic theory. The subject of moduli stabilization in the 
strongly coupled heterotic string is still relatively unexplored and an active 
area of current research. 

A natural way to describe the strongly coupled E$ x Eq heterotic string 
theory is in terms of M-theory. This formulation, called heterotic M-theory, 
was introduced in Chapter 8. Recall that it has a space-time geometry 
1R 10 x 5 1 /Ti 2 - The quotient space S 1 /7L 2 can be regarded as a line interval 
that arises when the E$ x Eg heterotic string is strongly coupled, with a 
length equal to g s £ s . The gauge fields of the two Eg gauge groups live on 
the two ten-dimensional boundaries of the resulting 11-dinrensional space- 
time. This section explores some phenomenological implications of fluxes in 
heterotic M-theory and briefly describes moduli stabilization in the context 
of the strongly coupled theory. For heterotic M-theory compactified on a 
Calabi-Yau three-fold, the four-form field strength T4 does not vanish if 
higher-order terms in k 2 / 3 are taken into account. The Yang-Mills fields act 
as magnetic sources in the Bianchi-identity for F 4 and therefore an F 4 of 
order k ; 2 / 3 is required for consistency. As in the previous sections, a warped 
geometry again plays a crucial role in heterotic M-theory compactifications. 

One rather intriguing result is that, in heterotic M-theory, Newton’s con- 
stant is bounded from below by an expression that is close to the correct 
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value. This is in contrast to the weakly coupled heterotic string theory, 
where the value of Newton’s constant comes out too large. Let us describe 
this in more detail. 



Newton’s constant from the D = 10 heterotic string 

As was shown in Chapter 8 , the leading terms of the ten-dimensional effective 
action for the heterotic string in the string frame are 

L eS = J d 10 x \T^Ge~ 2 ^ (^4 ^ - ^3 + • • • • (10.240) 

If this theory is compactified on a Calabi-Yau manifold with volume V, the 
resulting four- dimensional low-energy effective action takes the form 

L eff = J d A x V V^Ge-^^R - ^ tr|F| 2 ) + . . . . (10.241) 



In the supergravity approximation, the volume of the Calabi-Yau manifold 
is assumed to be large V > a' 3 . Thus, the value of Newton’s constant from 
the previous formula is 

e 2 ®a' 4 

G ‘ = w (ia242) 

The value of the unification gauge coupling constant is 

e 2 ®a' 3 

a v = (10.243) 

The previous two formulas lead to an expression for Newton’s constant in 
terms of these variables 

Ga = |au ol. (10.244) 



If one assumes that the string is weakly coupled, then e 2$ <C 1, and the 
volume of the Calabi-Yau is bounded from above 






a 



/3 



167rau 



(10.245) 



In heterotic-string compactifications of the type described in Chapter 9, 
the size of the compactification manifold gives a bound on the unification 
scale. Thus, for a Calabi-Yau manifold that can be characterized by a 
single length scale, the volume satisfies V ~ Mfj 6 . Inserting this value 
into Eq. (10.245) and Eq. (10.244) one obtains a lower bound for Newton’s 
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constant 22 

4/3 

Qj ' 

G ‘ > ( 10 . 246 ) 

which is too large by a significant factor. The lesson is that by insisting on 
perturbative control, one obtains unrealistic values for the four-dimensional 
Newton’s constant. 



Newton’s constant from heterotic M-theory 

This situation can be improved in the context of the strongly coupled het- 
erotic string. At strong coupling, the corrections to the predicted value of 
Newton’s constant are closer to the phenomenologically interesting regime. 
If simultaneously the Calabi-Yau volume is large then the successful weak- 
coupling prediction for the gauge coupling constants is not ruined. Let us 
illustrate how fluxes at strong coupling can lead to the right prediction for 
Ga in the example of the strongly coupled E$ x Eg heterotic string, as de- 
scribed in terms of heterotic M-theory. 23 

The terms of interest in the action for heterotic M-theory are 



2«n Jm u d Xy/ ^ R 87r(47TKf 1 ) 2 /3 j M i 0 



d^Xy/glFi | 2 , ( 10 . 247 ) 



where * = 1,2 labels the gauge fields of the two different Eg gauge groups, 
and «n is the 11-dimensional gravitational constant as usual. If this theory 
is compactified on a Calabi-Yau manifold with volume V times an interval 
iSi/Zj 2 of length n d, one can read off the value of Newton’s constant and the 
gauge couplings to be 



G 4 



8 ? r 2 Vd 



and 



«u 



( 47 TK 2 !) 2 / 3 

2V 



( 10 . 248 ) 



These formulas show that, if a\j and M\j are made small enough, then 
Newton’s constant G 4 can be made small by taking d to be large enough. 

The length of the interval d cannot be arbitrarily large, because there is 
a value of order (V/kh) 2//3 , beyond which one of the two Eg’s is driven to 
infinite coupling. To derive this bound, the concrete form of the supergravity 
background needs to be worked out. This was done by Witten by solving 
the constraint following from the gravitino supersymmetry transformation. 



22 Typical values are «u ~ 1/25 and Mu ~ 2 X 10 16 GeV, whereas G 4 = m.p 2 and m p ~ 10 19 GeV. 

23 A similar conclusion can be drawn for the strongly coupled 50(32) heterotic string theory, 
whose strong-coupling limit is given by the weakly coupled ten-dimensional type I superstring 
theory. 
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In this background the metric is warped and the fluxes are nonvanishing due 
to the Bianchi identity 

(dF) UIJ KL = (^jr) 1 [^F[ijFKL]-^tvR [ ijRKL]\S{x 11 ). (10.249) 

The delta-function singularity on the right-hand side of this equation comes 
from the boundaries or Z 2 -fixed planes, and it requires the fluxes F 4 to be 
nonvanishing. This Bianchi identity reproduces the right Bianchi identity 
for the perturbative heterotic string in the weakly coupled limit (in which 
the length of the interval goes to zero). As a side remark, one can see from 
Eq. (10.249) that, when higher-order corrections are taken into account, 
fluxes no longer obey the ordinary Dirac quantization condition. Namely, in 
the appropriate normalization, the Bianchi identity implies that fluxes are 
half-integer quantized, 

[F 4 / 2tt] = A (F) - A (R) /2, (10.250) 

where A describes the first Pontryagin class, which is an integer. Also, F 
refers to the Es bundle and R refers to the tangent bundle. 

Requiring that the infinite coupling regime be avoided gives a lower bound 
on Newton’s constant, which (up to a numerical factor) is 

J- < 1CI - 251 > 

This bound is about an order of magnitude weaker than what was derived 
from the weakly coupled heterotic string at the beginning of this section. 
Inclusion of numerical factors, such as 167T 2 , gives a bound that is close 
to the correct value. Moreover, the bound can be weakened further if one 
chooses a Calabi-Yau manifold that is much smaller in some directions than 
in others, so that its size is not well characterized by a single scale. 

Moduli stabilization 

Moduli stabilization in the context of the heterotic string has not been ex- 
plored in detail. It is, of course, desirable to see if a potential for the interval 
length d can be generated and to make sure that the resulting value for the 
interval is in agreement with the value of Newton’s constant. Without en- 
tering into details, let us only mention that such a potential can be derived 
from nonperturbative effects in a similar manner as was done for the type 
IIB theory. The nonperturbative effects come from open M2-brane instan- 
tons that wrap the length of the interval (as illustrated in Fig. 10.11) and 
gluino condensation on the hidden boundary. Both effects combine in such 
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a way that the length of the interval is stabilized in a phenomenologically 
interesting regime. 




Fig. 10.11. Open M2-brane instantons stretching between both boundaries together 
with gluino condensation generate a potential for the interval length. 



10.6 The landscape 

One of the goals of string theory is to derive the standard model of elemen- 
tary particles from first principles and to compute as many of its parameters 
as possible. The dream of a unique consistent quantum vacuum capable of 
making these predictions evaporated when it was discovered that there are 
several consistent superstring vacua in ten dimensions. Soon it became 
evident that the situation is even more complicated, because continua of 
supersymmetric vacua exist parametrized by the dilaton and other moduli. 
These vacua are unrealistic because they contain massless scalars, the mod- 
uli fields, and they have unbroken supersymmetry. Until supersymmetry is 
broken, one cannot answer the question of why the value of the cosmological 
constant is incredibly small but nonzero. This problem has been addressed 
in the recent string theory literature in the context of flux compactifications. 

The anthropic principle 

One approach proposed in the literature argues that there is a large number 
of nonsupersymmetric vacua so that the typical spacing between adjacent 
values for the cosmological constant is smaller than the observed value. In 
this case, it is reasonable that some vacua should have approximately the 
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observed value. Moreover, a significantly larger value than is observed would 
not lead to galaxy formation and the development of life in the Universe, so 
our existence ensures that a small value was chosen. In these discussions, 
the possible string theory vacua are viewed as the local minima of a very 
complicated potential function with many peaks and valleys. This function 
is visualized as a landscape. This picture is based on an intuition derived 
from nonrelativistic quantum mechanics. This intuition surely breaks down 
if the scale of the peaks and valleys approaches the string scale or the Planck 
scale, as it is based on the use of the low energy effective actions that can 
be derived from string theory. However, it provides a valid description if it 
is smaller than those scales by a factor that can be made arbitrarily large. 

The statistical approach 

Motivated by the existence of this enormous number of vacua, a statisti- 
cal analysis of their properties has been proposed. Consider the type IIB 
flux vacua discussed in Section 10.2, where the minima of the potential 
are described by isolated points. In the statistical approach, ensembles of 
randomly chosen systems are picked and specific quantities of interest are 
studied. Rather than studying individual vacua, the overall distribution of 
vacua on the moduli space is analyzed. Important examples of quantities 
that can be analyzed statistically are the cosmological constant and the su- 
persymmetry breaking scale. These studies are motivating string theorists 
to rethink the concept of naturalness in quantum field theory. If the multi- 
plicity of vacua can compensate for small numbers such as the ratio of the 
weak scale to the Planck scale, then it could undermine one of the arguments 
for low-energy supersymmetry breaking. 

In order to study the number and distribution of type IIB flux vacua, the 
ensemble is built from the low-energy effective theories with flux described 
by the superpotential of Eq. (10.101) and subject to the tadpole-cancellation 
condition Eq. (10.94). It is rather important in this approach that the num- 
ber of vacua that is found is finite. Fortunately, this seems to be a conse- 
quence of the constraints given by the tadpole-cancellation condition, which 
provides a bound on the possible fluxes. Additional constraints come from 
supersymmetry and duality symmetries as is discussed below. The number 
of vacua, with all moduli stabilized, is finite for this class of examples, but 
this might not be true in general. 

Counting of vacua 

Let us now describe the counting of supersymmetric type IIB flux vacua 
discussed in Section 10.2. Recall that in these vacua the three- form G 3 = 
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F 3 — TH 3 is nonvanishing. Since the three-forms F 3 and H 3 are harmonic, 
they are fully characterized by their periods on a basis of three-cycles 

Arr = V aP [ F 3 and N$ s = r/ Q ' 5 f H :i . (10.252) 

Here p a p is the intersection matrix of three-cycles and rj a P is its inverse. 
Recall that (for suitable normalizations) these IV’s are integers as a conse- 
quence of the generalized Dirac quantization condition. In this notation the 
tadpole-cancellation condition Eq. (10.94) gives the following constraint on 
the fluxes 

0 < Va/sK R N^ s < L, (10.253) 

where 

L = x/2A-N D 3. (10.254) 

Here x is the Euler characteristic of the 3- fold and Njj 3 is a positive integer 
describing the total R-R charge, as in Eq. (10.94). 

Using Eq. (10.101), the superpotential can be written in terms of the 
periods of the holomorphic three-form 

U a = Q, (10.255) 

J 

as 

w = (N^ r -tN^ s )U q =N-U. (10.256) 

A supersymmetric flux vacuum is determined by the flux quanta N a and 
solves the equation 

V t W = 0, (10.257) 

where W = 0 corresponds to Minkowski space and W 7^ 0 corresponds to 

AdS space. 



A simple example 

The simplest examples of flux compactifications are orientifolds, such as 
T 6 /Z 2 . As an example, let us count the flux vacua for the simple toy model 
of a rigid Calabi-Yau with no complex-structure moduli, 63 = 2 and periods 
ni = 1 and n 2 = i. The Kahler moduli are ignored as these moduli fields 
are fixed by nonperturbative effects and therefore can be ignored in a pertur- 
bative description. This simple example illustrates all the features of more 
realistic six-dinrensional examples. It has no geometric moduli at all, only 
the axion-dilaton modulus r, which can be viewed as the complex-structure 
modulus of a torus. 
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The superpotential takes the simple form 

W = N -U = At + B, (10.258) 

with coefficients 

A = — (IVjJjg + iN^s) = ai + ia 2 , (10.259) 

B = -^RR + = h + ib 2 . (10.260) 

Using Eq. (10.103), the condition Eq. (10.257) gives 

V T W = d T W + d r KW = d T W = _ Ar + D = o. (10.261) 

r — T T — T 

This determines the r-parameter of the axion-dilaton to be 

r = -B/A. (10.262) 




-0.5 0.5 

Fig. 10.12. Values of r in the fundamental region of SL{ 2, 7L) for a rigid Calabi-Yau 
manifold with L = 150. 
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One final restriction on the vacua comes from the SL( 2, Z) duality sym- 
metry of the type IIB theory. This symmetry allows one to restrict the value 
of the integers appearing in the previous formula to 02 = 0 and 0 < b\ < ai, 
which then implies that 0162 < L. For each choice of L, the values of 
r that correspond to allowed choices of the fluxes can be computed using 
Eq. (10.262). A scatter plot of these values for the choice L = 150 is shown 
in Fig. 10.12. This figure shows that, at particular points, such as r = ni, 
there are holes. At the center of these holes there is a large degeneracy of 
vacua. For example, there are 240 vacua for r = 2 i. So one concludes from 
this simple toy example that the statistical analysis provides the informa- 
tion where vacua with certain properties can be found in the moduli space. 
With these techniques it is possible to compute the distribution function of 
vacua on the moduli space of string compactifications and such an analysis 
can be generalized to the nonsupersymmetric case. However, this is beyond 
the scope of this book. On the more speculative side, it has been proposed 
that the landscape can be described in terms of a wave function of the Uni- 
verse, providing an alternative way of thinking about the issue of how to 
choose among the many different flux vacua. This subject is an active area 
of current string theory research. 



10.7 Fluxes and cosmology 

Superstring theory and M-theory have implications for cosmology, some of 
which are addressed in this section. The main conceptual issues arise when 
the classical space-time description derived from general relativity breaks 
down, and the curvature of space-time diverges. This happens at the be- 
ginning of the Universe in the SBB, when the classical space-time becomes 
singular and the energy density becomes infinite. Here, one might hope 
that string theory smoothes out the singularity, due to the finite size of the 
string, so that there could be a sensible cosmology before the Big Bang. 
When the curvature of space-time and the string coupling become large, 
the perturbative formulation of string theory becomes unreliable, and one 
needs to turn to other techniques, such as the Matrix-theory proposal for 
M-theory, 24 which is an interesting area of current research. 



Some basic cosmology 

Before discussing string-theory cosmology, some basic features of the stan- 
dard model of cosmology, including its successes and shortcomings, are pre- 



24 Matrix theory is introduced in Chapter 12. 




10.7 Fluxes and cosmology 



527 



sented. The next two subsections are intended to present a basic “tool kit” 
of cosmology for the string-theory student. The interested student should 
consult cosmology textbooks for a more detailed and complete explanation. 

The perfect-fluid description 

Let us consider four-dimensional general relativity in the presence of a per- 
fect fluid , which describes the energy content of the Universe. By defini- 
tion, a perfect fluid is described in terms of a stress-energy tensor that is 
a smoothly varying function of position and is isotropic in the local rest 
frame. The perfect-fluid description is suggested by the fact that the mat- 
ter and radiation distribution of the Universe looks remarkably homoge- 
neous and isotropic on very large cosmological scales. For instance, most 
of the radiation contained in the Universe is accounted for by the cosmic 
microwave background (CMB), which is isotropic up to tiny fluctuations 
of order 10 -5 once the dipole moment due to the motion of the Sun and 
Earth is subtracted. Furthermore, galaxy surveys indicate a homogeneous 
distribution at scales greater than 100 Mpc (1 pc = 3.086 x 10 16 m). The 
energy-momentum tensor of a perfect fluid takes the form 

Too = P, Tij = pgij. (10.263) 

This tensor is characterized by three quantities: the mass-energy density p, 
the pressure p and the spatial components of the metric (jij . In addition, it 
is generally assumed that there is a simple relation between the mass-energy 
density p and pressure p given by the equation of state 

p = wp , (10.264) 

where w is a constant that depends on whether the Universe is dominated 
by relativistic particles (termed radiation), nonrelativistic particles (collec- 
tively called matter) or vacuum energy. Some of the cosmologically relevant 
gravitating sources are listed in Table 10.1. 



type of fluid 


w 


p ~ a -Wi) 


aft) ~ 


radiation 


1/3 


1/a 4 


— £1/2 


matter 


0 


1/a 3 


CO 

CN 

-+o 


vacuum energy 


-1 


const. 


e \fmt 



Table 10.1: Cosmologically most relevant gravitating sources. The time 
dependence of the scale factor a is given for k = 0. 
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Friedmann-Robertson - Walker Universe 
The homogeneity and isotropy of the D = 4 space-time uniquely determines 
the metric to be of the following Friedmann-Robertson-Walker (FRW) type 

ds 2 = —dt 2 + a 2 (f)( ^ ^ 2 + r 2 (d0 2 + sin 2 ddq i 2 )^ . (10.265) 

The only functional freedom remaining in this metric is the time-dependent 
scale-factor a(t ) which determines the radial size of the Universe. It is 
determined by the Einstein equations 

G^v = R pu ~ ^g^uR = 87 xGT^ - A g^, (10.266) 

and therefore by the dynamics of the theory. Here G denotes Newton’s con- 
stant. A cosmological constant has been included in this equation, since re- 
cent astronomical observations indicate that it has a positive (nonvanishing) 
value A = 10 _120 Afp = (10” 3 eV) 4 . In addition, the metric is characterized 
by the discrete parameter k , which characterizes the spatial curvature 25 

R CUIV = a\k\~ 1/2 . (10.267) 

It takes the values —1, 0, 1 depending on whether there is enough gravitating 
energy in the Universe to render it closed, flat or open. The precise definition 
of these terms is given below. For the flat case, k = 0, the time-dependence 
of the scale factor for various cosmic fluids is displayed in Table 10.1. 

Friedmann and acceleration equations 
The Einstein field equations, which determine a(t), reduce for the FRW 
ansatz to the Friedmann and acceleration equations, respectively 

= + (10 ' 268) 

a = ~6M 2 ^ Ptot + 3ptot) + 3 ’ (10-269) 

where 

H(t) = a(t)/a{t) (10.270) 

defines the Hubble parameter, which determines the rate of expansion of the 
Universe. Furthermore, 

Ptot — ^ Pi ; Ptot — \ Pi (10.271) 



25 In these conventions r is dimensionless and a(t) is a length. For k = 0, y/—g = a 3 . 
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are the total energy density and pressure, while Mp = (87 rG) -1 / 2 denotes 
the reduced Planck mass. 26 The index i labels different contributing fluids, 
as listed in Table 10.1. Sometimes the cosmological constant is regarded as 
a time-independent contribution to the energy density and pressure of the 
vacuum p vac = —p vac = M 2 A. It does not appear explicitly in the previous 
equations. 



Open, flat and closed Universes 

It follows from the Friedmann equation Eq. (10.268) that (for A = 0) the 
Universe is flat, k = 0, when the energy density equals the critical density 

p c = 3H 2 Mp. (10.272) 



This is a time-dependent function that at present has the value p c , 0 = 1.7 x 
10 _29 g/cm 3 . 

It is customary to define the energy density of the various fluids that are 
present in units of p c by introducing the density parameter f \ = pi/p c for 
the ith fluid. In terms of the sum over all such contributions, Q = JT flj = 
Ptot/ Pa the Friedmann equation takes the simple form 



n - 1 = 



k 

a 2 H 2 



A 

3 H 2 ' 



(10.273) 



This illustrates that there is a simple relation between the curvature k and 
the deviation from the critical density p c . The classification of cosmological 
models as open (infinite), flat or closed (finite), which is summarized in 
Table 10.2, follows from this equation. 27 



p 


n 


spatial curvature k 


type of Universe 


< Pc 


< i 


-1 


open 


= Pc 


= i 


0 


flat 


> Pc 


> i 


1 


closed 



Table 10.2: The classification of cosmological models. 

The Friedmann and acceleration equations imply the continuity or fluid 
equation , which expresses energy conservation 

Ptot + 3i7(ptot + Ptot ) = 0 . (10.274) 

26 The reduced Planck mass has a numerical value Mp = 2.436 x 10 18 GeV and differs by a factor 
\/8tt from the alternative definition ra p = 1.22 x 10 19 GeV. 

27 The value of A has been absorbed into in this table. 
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If there is a single cosmic fluid, with equation of state given by Eq. (10.264), 
one obtains from here the following dependence of p on the FRW scale-factor 

p~ * n ■ (10.275) 

r a 3 h" +1 ) 

This relation, valid for any value of k, is displayed in Table 10.1 for the 
most important cosmic fluids. The acceleration equation implies that d < 0 
for fluids with p + 3p > 0, and hence the associated FRW cosmologies 
describe decelerating Universes. Under the general assumption that the 
energy density p is positive, one can show that a FRW cosmology implies 
an initial singularity. This forms the basis for the SBB model of cosmology 
in which a FRW Universe starts from an initial it Big-Bang singularity. 

The SBB model of cosmology 

Let us now briefly summarize the successes and remaining puzzles of the 
SBB model of cosmology. In the cosmological time period starting at the 
time of nucleosynthesis , when protons and neutrons bound together to form 
atomic nuclei (mostly of hydrogen and helium), the SBB model is very well 
confirmed by three main observations. These are 

• The Hubble redshift law: by extrapolation of the measured velocities of 
galaxies of the nearby galaxy cluster, Hubble made the bold conjecture 
that the Universe is undergoing a uniform expansion, so that galaxies that 
are separated by a distance L recede from one another with a velocity 
v = HqL, where Hq is the present Hubble parameter. This relation and 
deviations from it are well understood. 

• Nucleosynthesis: the relative abundance of the light elements, such as 75% 
H, 24% 3 He and smaller fractions of Deuterium and 4 He, is explained by 
the theory of nucleosynthesis and constitutes the earliest observational 
confirmation of the SBB model. 

• The cosmic microwave background (CMB): most of the radiation con- 
tained in the Universe at present is nearly isotropic and has the form of 
a blackbody spectrum with temperature about 2.7 °K. It is known as the 
Cosmic Microwave Background (CMB). The discovery of this radiation in 
1964 by Penzias and Wilson constitutes one of the great triumphs of the 
SBB model, which predicts a black-body distribution for the CMB. The 
measurement of the CMB’s temperature fluctuations, ST/T, whose spa- 
tial variation is decomposed into a power spectrum, provides information 
on the energy- density fluctuations dp/p in the early Universe. This is im- 
portant for understanding the potential microscopic origin of the observed 
large-scale structure of the Universe. 




10.7 Fluxes and cosmology 531 

However, puzzles still remain in the SBB model. Some of the most im- 
portant ones are 

• The horizon problem: the observed CMB is isotropic. However, when we 
follow the evolution of the Universe backwards in time according to the 
SBB model the sky decomposes into lots of causally disconnected patches. 
It needs to be explained why opposite points in the sky look so similar 
even though they cannot have been in causal contact since the Big Bang. 

• The flatness problem: observation shows that Q = ptot/Pc — 1 at the 
current epoch. From the SBB evolution one finds that the comoving 
Hubble length l/{aH) increases in time. Hence the Friedmann equation 
Eq. (10.273) shows that H would have to be fine-tuned to a value extremely 
close to one at earlier times in order to comply with present observation. 

• Unwanted relics: the SBB model does not explain why some relics, that 
could in principle be abundant, are so rare. Examples of such relics are 
magnetic monopoles, which would be produced when the gauge group of 
a grand- unified theory is broken to a smaller group. Other examples are 
domain walls, cosmic strings or the gravitino. Perhaps not all of these 
objects exist, but some of them probably do. The presence of unwanted 
relics would be dramatic, since some of them could quickly dominate the 
evolution of the Universe. 

• The origin of the CMB anisotropies: the SBB does not explain the ob- 
served CMB anisotropies occurring at a relative magnitude of about 1CU 5 . 

These four puzzles are successfully addressed by an inflationary phase in 
the early Universe (taking place prior to the Big Bang), as discussed in the 
next section. There are more puzzles, which may or may not be connected 
to inflation, such as 

• Dark matter, rotation curves of galaxies and the application of the virial 
theorem to the dynamics of clusters of galaxies indicate that there must be 
some form of invisible matter, called dark matter , which clusters around 
galaxies and is responsible for explaining the large-scale structure of the 
Universe. This dark matter should be predominantly cold , meaning that it 
is composed of particles that were nonrelativistic at the time of decoupling 
with no significant random motion. 

• Dark energy: measurements of high red-shift Type I supernovas imply 
that our Universe is undergoing an accelerated expansion in the present 
epoch. A positive a requires an unusual equation of state with sources 
of negative pressure appearing in the energy-momentum tensor, as the 
inequality p + 3p < 0 needs to be satisfied. The presence of a positive 
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cosmological constant on the right-hand side of the acceleration equation 
Eq. (10.269) would give such a repulsive force. 

• Why four dimensions ?: Critical M-theory or string theory predicts 1 1 or 
ten dimensions, respectively. The answer to the question of why we only 
observe four large dimensions might be provided within the context of 
cosmology. 

These last three problems seem to require new physics beyond the SBB for 
their solution. For example, supersymmetry can provide viable dark mat- 
ter candidates such as the lightest supersymmetric partner of the standard 
model particles (LSP). A thorough understanding of quantum gravity may 
be required to solve the latter two questions. On the other hand, as is dis- 
cussed in the next subsection, there is a simple mechanism within the FRW 
cosmology framework that solves the first set of four puzzles. 



Basics of inflation 

Inflationary cosmology was introduced in the 1980s to solve some of the 
previously mentioned problems of the SBB model. This theory does not 
replace the SBB model, rather it describes an era in the evolution of our 
Universe prior to the Big Bang, without destroying any of its successes. 



Definition of inflation 

Very generally, a period of inflation is defined as a period in which the 
Universe is accelerating and thus the scale factor satisfies 

d(t) > 0. (10.276) 



Equivalently, this condition can be rephrased as 



d_ 

dt 




< 0 . 



(10.277) 



This equation states that the comoving 28 Hubble length 1/aH , which is the 
most important characteristic scale of an expanding Universe, decreases in 
time. From the acceleration equation Eq. (10.269), one finds that inflation 
implies 



Ptot T 3ptot V 0, 



(10.278) 



so that, assuming p > 0 , the effective pressure of the material driving the 
expansion has to be negative. Scalar (spin-0) particles have this property, 
as is discussed next. 

28 In general, a comoving point is defined as a point moving with the expansion of the Universe, 
that is, a point with vanishing momentum density. 
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The inflaton 

The scalar particles used to construct different inflationary models are called 
inflatons. When there is just one such inflaton, it is described by the La- 
grangian 

C = - V ((/)), (10.279) 



where (f> is the inflaton and V (f) is its potential. Different inflationary 
models are described by different potentials, which ultimately should be 
derived from a fundamental theory, such as string theory. The components 
of the energy-momentum tensor following from Eqs (10.279), (10.83) and 
(10.263) determine the expressions for the density and pressure to be 



p* = \(t> 2 + v ((!>), 


(10.280) 


V4> = \ - y^)- 


(10.281) 



Here spatial gradients are assumed to be negligible, so that f can be regarded 
to be a function of t only. 

We conclude from this that inflation takes place as long as q r < V{4>), 
which is generally the case for potentials that are flat enough. Neglecting k, 
A and other forms of matter, these expressions can be substituted into the 
Friedmann equation Eq. (10.268) and the continuity equation Eq. (10.274) 
to get the equations of motion 



and 



H 2 



1 

3 M 2 



[V(4>) + 



if) + 3 H(f> 



dV 

dcf) 



(10.282) 



(10.283) 



One observes that the field equation for the inflaton looks like a harmonic 
oscillator with a friction term given by the Hubble parameter. Different 
models of inflation can be obtained by solving these two equations for a 
variety of potentials V(< f>). Some examples are discussed below. Before 
doing so, let us first explain why inflation solves some of the problems not 
explained within the context of the SBB model. 



Solution to some problems of the SBB model 
From the form of the Friedmann equation, it becomes evident why inflation 
can solve some of the unanswered questions of the SBB model. According 
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to Eq. (10.277), the comoving Hubble length decreases in time during infla- 
tion, and this is just what is needed to solve the flatness problem. Whereas 
usually 42 is driven away from 1, the opposite happens during inflation, as 
we can see from Eq. (10.273) (the Friedmann equation), with the cosmo- 
logical constant term set to zero or absorbed into 12. The curvature term 
become negligible once the comoving Hubble length increases. Hence, if in- 
flation lasts for a long enough time, it brings 12 very close to 1 without the 
necessity for fine-tuning 12. The horizon problem is solved as the distance 
between comoving points gets drastically stretched during inflation. This 
allows the entire present observable Universe to lie within a region that was 
well inside the Hubble radius before inflation. Since the Hubble radius is a 
good proxy for the particle horizon size, that is, the size over which massless 
particles can causally influence each other, the whole currently observable 
Universe could have been causally connected before inflation. Likewise, this 
stretching dilutes the density of any undesired relic particles, provided they 
are produced before the inflationary era. 

Different inflationary models 

Cosmologists have considered a large number of models and studied their 
inflationary behavior. The models studied in the literature can be classified 
according to three independent criteria. 

• Initial conditions for inflation : many inflationary models are based on the 
assumption that the Universe was in a state of thermal equilibrium with 
a very high temperature at the beginning of inflation. The inflaton was 
at the minimum of its temperature dependent effective potential V(<f>,T). 
The main idea of chaotic inflation is to study all possible initial conditions 
for the Universe including those where the Universe is outside of thermal 
equilibrium and the scalar is no longer at its minimum. 

• Behavior of the model during inflation: there are various possibilities for 
the time dependence of the scale factor a(t). Power law inflation is one 
example that is discussed next. 

• End of inflation : there are basically two possibilities for ending the in- 
flationary era, slow roll or a phase transition. In the first type of model 
the inflaton is a slowly evolving (or ’’rolling”) field, which at the end of 
inflation becomes faster and faster. Phase transition models contain at 
least two scalar fields. One of the fields becomes tachyonic at the end 
of inflation, which generally signals an instability, where a phase transi- 
tion takes place. Hybrid inflation is an example. This type of inflation is 
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of particular interest in recent attempts to make contact between string 
theory and inflation. 

Power-law inflation 

It is hard to find the exact solution of Eqs (10.282) and (10.283) for a 
generic inflaton potential so approximations or numerical studies have 

to be made. However, there is one known analytic solution called power-law 
inflation. For power-law inflation the potential is 

V(<t) = Coexp ( - (10.284) 

where Vo and p are constants. The scale factor and inflaton that solve the 
spatially flat equations of motion are 

a(t) = a 0 t p , (10.285) 

*(t) = v/2pMp log (10.286) 

The scale factor is inflationary as long as p > 1. 

Slow-roll approximation 

As stated above, finding exact solutions to Eqs (10.282) and (10.283) is 
difficult, so approximations need to be made. The so-called slow roll ap- 
proximation neglects one term in each equation 

7,2 “Sf- < 10 - 287 > 

3 (</>), (10.288) 

where primes are derivatives with respect to the inflaton. A necessary con- 
dition for the slow-roll approximation to be valid is that the two slow-roll 
parameters e and r\ are small 



e{4>) = \m%{V'/V? « 1, 


(10.289) 


\vm = Mi \V" /V\ « 1. 


(10.290) 



The parameter £ is positive by definition, but the absolute value is required 
on the left-hand side of the second equation, since r) can be negative. Ob- 
taining a solution to the slow-roll conditions is sufficient to achieve inflation, 
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but not necessary. This can be seen by rewriting the condition for inflation 
Eq. (10.276) as 

- = H + H 2 > 0, (10.291) 

a 

where a > 0 needs to be taken into account. This is obviously satisfied 
for H > 0. From the Friedman and acceleration equations this requires in 
Pcf> < P<t > > which is not satisfied for the scalar field described by Eqs (10.280), 
(10.281). If H < 0, then the following inequality has to be satisfied 



H 

~JP < L 



(10.292) 



This can be rewritten in terms of e using the slow-roll approximation 
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, M Pl 


(V'\* 


w s 
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KV) 



(10.293) 



By the slow-roll approximation, e < 1, we observe that this condition leads 
to a > 0 and inflation. The second restriction r) <C 1 guarantees the friction 
term dominates in Eq. (10.283) so that inflation lasts long enough. The 
above conditions provide a straightforward method to check if a particular 
potential is inflationary. For the simple example of V(cf>) = m 2 <f> 2 / 2, the 
slow-roll approximation holds for (p 2 > 2Mp, and inflation ends once the 
scalar field gets so close to the minimum that the slow-roll conditions break 
down. 



Exit from inflation 

From the previous discussion, one concludes that the slow-roll conditions 
provide a way to characterize the exit from inflation. The inflationary pro- 
cess comes to an end when the approximations break down, which happens 
for a value of cp for which e(< p) = 1. A simple calculation shows that, for 
power-law inflation, the slow-roll parameters are given by constants 

e = n/2 = l jp, (10.294) 

so that inflation never ends. In principle, this is a problem. One way of 
solving it could be provided by embedding this model into string theory, 
where additional dynamics might provide an end to the inflationary era. 

Hybrid inflation 

An inflationary model that has played a role in recent string-cosmology de- 
velopments, called hybrid inflation , was constructed in the early 1990s. This 
model is based on two scalar fields: the inflaton ip, whose potential is flat and 
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satisfies the slow-roll conditions, and another scalar f, whose mass depends 
on the inflaton field. Inflation ends in this model not because the slow-roll 
approximation breaks down, but because the field f becomes tachyonic, that 
is, its mass squared becomes negative. This signals an instability, where a 
phase transition takes place. During this phase transition topological de- 
fects, such as cosmic strings 29 , can be formed. The explicit form of the 
potential for hybrid inflation is 

V (f, ip) = a(if 2 — l)f 2 + bf 4 + c, (10.295) 

where a, b, c are positive constants. From the form of V(f,f), one easily 
observes that, for -i/ ; 2 > 1, the field <p has a positive mass squared, it becomes 
massless at 'f = 1 and f is tachyonic for ip 2 < 1. Since <f> is driven to zero 
for '(/’ > 1) the potential in the if direction is flat and satisfies the slow- 
roll conditions, so that if is identified with the inflaton, while f is called 
the tachyon. As discussed in the next section, precisely such a tachyon 
appears in brane-antibrane inflation, which is how hybrid inflation makes 
its appearance in string theory. After inflation ip 2 < 1, (j) acquires a vev and 
if becomes massive. 



Number of e-foldings 

There are various model-dependent quantities that can be compared with 
cosmological observations, and which can eventually be used to rule out 
some of the inflationary models. The amount of inflation that occurs after 
time t is characterized by the ratio of the scale factors at time t and at the 
end of inflation. This ratio determines number of e- foldings N (t) 



AT ( t)=log(5|=!>), (10.296) 

where t em j is the time when inflation ends. This quantity measures the 
amount of inflation that remains to take place at any given time t. Using 
the slow-roll approximation, N can be conveniently rewritten in terms of 
the inflaton and its potential 



m = 





i r 4, 

M P J<Pe nd 




(10.297) 



Here <t> e nd is the value of the inflaton at the end of inflation, which satis- 
fies ((fend) = 1 when inflation ends through a breakdown of the slow-roll 
approximation. To solve the flatness and horizon problems, the number of 



29 The existence of cosmic strings would be extraordinary, as a direct experimental evidence of 
string theory would be provided. This subject is nevertheless beyond the scope of this book. 
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e-foldings has to be larger than 60, a criterion that can be used to rule out 
some inflationary models. 



Gravitational waves and density perturbations 

Inflation not only explains the homogeneity and isotropy of the Universe, 
but it also predicts the spectrum of gravitational waves (also called tensor 
perturbations ) as well as the density perturbations (also called scalar pertur- 
bations) of the CMB. Density perturbations create anisotropies in the CMB 
and are responsible for the formation and clustering of galaxies. The size 
of these irregularities depends on the energy scale at which inflation takes 
place. The observed scalar perturbations are in excellent agreement with 
the predictions of inflation. Gravitational waves do not affect the forma- 
tion of galaxies but lead to polarization of the CMB, which is beginning to 
show up in the WMAP (Wilkinson Microwave Anisotropy Probe) satellite 
experiment and will be measured better in future missions. 

Without entering into much detail, let us mention that such fluctuations 
in the energy density of the Universe can be explained in the context of 
inflation as originating from the quantum fluctuations of the inflaton. In- 
flation produces density perturbations at every scale. The amplitude of 
these perturbations depends on the form of the inflaton potential V. More 
precisely, the spectrum for density perturbations 6n{k) ~ $p/p and gravita- 
tional waves Ac(k) are given by the expressions 



S H (k) = 
Aa(k) = 



5127T U 2 / 3 



75 M 3 U' 



k=aH 



32 U 1 / 2 



75 Mp 



k=aH 



(10.298) 

(10.299) 



Here k is the comoving wave number, appearing because the fluctuations 
are typically analyzed in a Fourier expansion into comoving modes 5<j) = 
Ti8(fk& lkx ■ The right-hand side of these equations is to be evaluated at a 
particular time during inflation for which k = aH, which for a given k 
corresponds to a particular value of (f>. 



Comparison with cosmological data 

Cosmological data lead to 5h = 1.91 x 10 -5 , provided that Aq << 5h- 
To compare with observational data, it is useful to express the spectrum in 
terms of observable quantities and to make a power-law approximation 

b H {k)^k n ~\ A 2 G (k)^k nG . 



(10.300) 
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Here n and no are called the spectral indices for scalar and tensor pertur- 
bations, respectively 



n — 1 = 



din Si 



H 



din Aq 



U, ill , . 

ilnf = (1 °' 301) 

The spectral indices can be expressed in terms of the slow-roll parameters 

n = 1 — 6e + 2r), (10.302) 



n G = -2s, (10.303) 

which shows that, in the slow-roll approximation, the spectrum is almost 
scale invariant n ~ 1. Because spectral indices are measurable quantities, 
we can use these relations to gain information about the inflaton potential. 
Recent results from WMAP indicate that n ~ .95. 



Fluxes and inflation 

The embedding of inflation into string theory is difficult in conventional 
Calabi-Yau compactification. Even though such compactifications contain 
many scalar fields that could potentially serve as inflatons, namely the mod- 
uli fields, these fields are generically either massless or have a potential with 
a runaway behavior, which makes their interpretation as inflatons rather 
difficult. This situation has changed quite a bit with the development of a 
better nonperturbative understanding of string theory and flux compactifi- 
cations. 



Brane-brane inflation 

One of the first attempts to embed inflation into string theory (developed in 
the late 1990s) makes use of D-branes. In this approach a pair of D-branes 
is considered and the inflaton is identified with the scalar field describing 
the separation of the branes, that is, it is the lowest mode of the open string 
that connects the two D-branes. If supersymmetry is preserved, there is no 
net force between the branes and no potential for the inflaton. This has been 
verified by a one-loop string amplitude calculation, which is not presented 
here. The intuitive argument is that, for a BPS brane configuration, the 
gravitational attraction between the branes is compensated by the repulsive 
Coulomb forces between the two branes coming from various NS-NS and 
R R fields. However, when supersymmetry is broken (in a certain way), 
there is a net attractive force between the branes. This leads to a potential 
for the inflaton field. 

Even though this was the first proposal that demonstrated the possibility 




540 



Flux compactifications 



of making connections between string theory or brane physics and inflation, 
the concrete model had some problems, such as a drastic fine tuning required 
to reproduce the experimental values of the density perturbations or the lack 
of a satisfactory explanation for the end of inflation. 

Brane- antibrane inflation 

Some of these problems were solved in the context of brane-antibrane in- 
flation. Consider instead a D3/anti-D3 system located at specific points of 
a Calabi-Yau three-fold. For a D3/anti-D3 system supersymmetry is bro- 
ken, and there is a net attractive force between the branes and antibranes, 
whose explicit form is given by the potential (for a large distance between 
the brane and the antibrane) 

^> = ^ 1 - 2 ^ 4 ?)' (10 - 304) 

where M \ q is the ten-dimensional Planck mass, X 3 is the D3-brane tension 
and r is the separation between the brane and the antibrane. One can write 
this potential in terms of the canonically normalized scalar <f> = Tfl r, where 
it takes the form 

F W = 2 r 3 (l-Y i ^). (10.305) 

Using this potential, one can compute the slow-roll parameters appearing in 
Eqs (10.289) and (10.290) 

e=h4(V (10.306) 

r6 

1] = Mp(V" /V) ~ -g . (10.307) 

Mp is the four-dimensional Planck mass appearing in Eq. (10.290) which 
is related to the ten-dimensional Planck mass by Mp = L e Mf 0 . Here L 6 
approximately represents the volume of the Calabi-Yau three-fold. The 
D3 and anti-D3-branes are localized at specific points on the Calabi-Yau 
manifold, that is, they cannot be separated by more than L. As a result, it 
is not possible to achieve |?y| << 1, as needed for slow-roll inflation. Different 
proposals for solving this problem have been presented in the literature, such 
as D3- and anti-D3-branes in a warped geometry (this is discussed next), 
branes at angles or collisions of multiple branes 30 . 



30 A more recent proposal is to give up the slow roll condition. 
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Inflation and fluxes 

In the previous treatment of the D3/anti-D3 system the size L was treated 
as a constant. However, it is known that in string theory the size of the 
internal manifold is a modulus. The potential (in the four-dimensional Ein- 
stein frame) for this field (again for a D3/anti-D3-brane distance large as 
compared to the string scale) is 

2 T% 

V&L)*- jf. (10.308) 

This potential is very steep for small L. As a result, treating L as a dy- 
namical field causes the Calabi-Yau size to become large too fast to realize 
slow-roll inflation. This issue could in principle be avoided if the radial mod- 
ulus of the internal manifold is stabilized. In Section 10.3 a mechanism was 
described to stabilize the radial modulus of a D3/anti-D3 system in terms of 
fluxes and nonperturbative effects. The stabilization of the radial modulus 
using nonperturbative corrections to the superpotential does not solve this 
problem (unless some degree of fine tuning is allowed) , but it puts it into a 
new perspective. 

As discussed in Section 10.3, to analyze the stabilization of the moduli of 
a D3/anti-D3 system on an internal warped geometry the scalar potential 
for the radial modulus of the internal manifold and the scalars describing 
the positions of the branes need to be derived. Af = 1 supersymmetry 
dictates that this potential is determined in terms of a Kahler potential and 
a superpotential. 

Consider first a single D3-brane position modulus (j) and the radial mod- 
ulus of the internal space p. The Kahler potential is given by 

K(p, P, 0, 4>) = -3 log [p + p- 4>)\ . (10.309) 

Here the real part of p is related to the size L by 

2 L = p + p — k((j>,4>), (10.310) 

while the imaginary part of p is the axion Furthermore, k((/>, 4>) is the 
canonical Kahler potential for the inter-brane distance, which is given by 

= <t>4>- 

The other quantity that determines the form of the low-energy effective 
action is the superpotential W. As explained in Section 10.3, W takes the 
form 



W(p) = Wo + Ae~ ap . 



(10.311) 




542 



Flux compactifications 



Here Wo is the perturbative superpotential 

Wo = Jg 3 a n, 



(10.312) 



where H is the holomorphic (3, 0) form. The exponential contribution de- 
pending on p comes from nonperturbative effects, as discussed in Chapter 10. 
Further contributions to the scalar potential involving the radial modulus 
come from corrections to the Kahler potential, which will be ignored in the 
following. The complete form of these corrections is not known at present. 

The above results for the Kahler potential and the superpotential can be 
used to compute the scalar potential for the Calabi-Yau volume and the 
brane position, which is determined by supersymmetry 

V = e K ( G al D a WD- b W - 3|W| 2 ) . (10.313) 



Using the previous expressions for the Kahler potential and the superpoten- 
tial the potential takes the form 

V = ^ (|<9pW| 2 - A( Wd p w + Wd,W)) + (^r) #• (10.314) 



As explained in Chapter 10, including the effects of the anti-D3-brane gives 
an additional term in the potential 



V = 



1 

6 L 



\ d P w \ 2 - l L (wd p w + wd- p w) 



+ 



\d P W\‘ 
12 L 2 



' + 



D 

(2 Lp 

(10.315) 

where D is a positive constant. This potential can be expanded about a 
minimum in which p = p c , and <j> = 0. After transforming to a canonically 
normalized field ip = (j>/ \/?>/{p + p), the potential can be written in the form 



v = ( d ^" v * w ( 1 + iW - (10 ' 316) 



This potential leads to a slow- roll parameter p = 2/3, which again indicates 
that no slow-roll inflation can be described in this scenario, at least not in 
an obvious manner. Allowing a certain amount of fine tuning of the inter- 
brane distance would obviously solve this problem. As previously mentioned, 
other alternatives based on inflation are currently explored in the literature. 
Other approaches aim to propose an alternative to inflation such as brane 
gases, time-dependent warped geometries, models based on Matrix theory 
or models that make a connection to the dS/CFT correspondence. It is fair 
to say that, even though it is an exciting prospect, the application of string 
theory to cosmology is still at its early stages. 
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One very attractive aspect of D3/anti-D3-brane inflation is that it provides a 
natural mechanism to end inflation based on the hybrid inflation mechanism 
previously discussed. The potential for the interbrane distance discussed so 
far is valid for distances that are large compared to the string scale. Since the 
force between the D3-brane and the anti-D3-brane is attractive, the branes 
collide and annihilate with one another. This process is described in terms of 
an additional held T, which corresponds to the tachyon of hybrid inflation. 
For large brane separation, this held is massive. It becomes massless once 
the branes come sufficiently close to one another and tachyonic when they 
annihilate. The form of the potential describing this process is the same as 
the potential for hybrid inflation previously discussed: 

V(<i>, T) = a ((0/4) 2 - b) T 2 + cT 4 + V (</>), (10.317) 



where a, b and c are positive constants. The collision of branes results in 
the production of strings of cosmic size, which are called cosmic strings. 
Even though they are not an inevitable prediction, the discovery of such 
objects would be a spectacular way to verify string theory. Further progress 
in string cosmology, together with more observational data, may someday 
provide direct evidence of string theory. 



Appendix: Dirac matrix identities 


This appendix lists various identities satisfied by Dirac matrices. These have 
been used in this chapter to analyze the conditions for unbroken supersym- 


rnetry of flux compactifications. 
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[7mn,7 r 1 = -8<5[J r 7 n ] sl 
[7mnp,7 rs ] = 12<5 [m [r 7„p] a] 

[im.npqif 8 ] = -164[ m [r 7 np g] a] 
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In general, 

bm 1 ...m p ,i ni - n q] PQ odd -i _ 
{'ym 1 ...m p ,7 ni "' nq } PQ even / 



2 P<? ! X, n 3 ...n 9 ] 

2! (/j — 2) ! (<jr — 2) ! u \m\m 2 hn 3 ...m p \ 

_| ^P'l' A, [ni...7i 4 ~ n 5 ...»i 9 ] 

T^4!( ? ,-4)!(q_4)! hn 3 ...m p \ 



and 

[7mi...m p ,7 ni '” n9 ] pg even 1 
{7mi...m p ,7 ni '" n, }P9 odd j 



The Fierz transformation identity for commuting spinors is 

^ mi ...m p x- (10.318) 

p = 0 1 

In the case of anticommuting spinors there is an additional minus sign. 



(-1)? 1 2jj!g! r [ ni n 2 ...n q ] 

l!(p-l)!(q-l)! [mi lm 2 ...m p \ 

(~l)' p ~ 1 2p\q\ r [m n 2 n 3 i n 4 ...n q 

3!(p—3)!(q—3)! Fi“2 m 3 /m 4 ...m p ] 



+ ... 



Homework Problems 



Problem 10.1 

Show that covariant derivatives with respect to conformally transformed 
metrics c/mn = 0 2 9mn are related by 

V mV = V mV + ^ 

Use this result to derive Eq. (10.18). 

Problem 10.2 

Re-express the supersymmetry transformation Eq. (10.26) in terms of the 
rescaled spinor £ = A 1 / 4 ?/. Use this equation to show that the almost 
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complex structure defined by Eq. (10.29) is covariantly constant 

X7 T n — 0 

v p u m — 

where V p is defined with respect to the metric g mn appearing in Eq. (10.5). 

Problem 10.3 

Use the Fierz identity Eq. (10.318) to show that the almost complex struc- 
ture given in Eq. (10.29) satisfies J 2 = —1. 

Problem 10.4 

Consider a flux compactification of M-theory on an eight manifold to three- 
dimensional Minkowski space-time. Suppose that two Majorana-Weyl spin- 
ors of opposite chirality £+, £_ on the eight-dimensional internal manifold 
can be found 

P ± £=^(l±7 9 )£ = £±, 

so that the 8D spinor £ = + £_ is nonchiral. Assuming that the internal 

flux component is self-dual, show that, after an appropriate rescaling of the 
spinor, the internal component of the gravitino supersymmetry transforma- 
tion takes the form 

V m £+ - -A -3 / 4 F m £_ = 0, V m £_ = 0. 



Problem 10.5 

Consider M-theory compactified on an eight manifold with a nonchiral com- 
plex spinor on the internal space. Recall that Eq. (10.17) showed that a 
nonvanishing vector field can be constructed. 

(i) Use the Fierz identity (10.318) to show that Eq. (10.17) implies that 
the vector field relates the two (real) spinors of opposite chirality 

Vi = v a ^ a r]2- 

(ii) Use part (i) and the result of Problem 10.4 to show that the primi- 
tivity condition Eq. (10.36) is modified to 

F A J + -kdv = 0, 

where v has been rescaled by a constant. 

Problem 10.6 

Show that the operations J3, J+, «/_ in Eq. (10.38) define an 577(2) algebra. 
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Problem 10.7 

Verify Eq. (10.226), which shows that the flux backgrounds for the weakly 
coupled heterotic string in Section 10.4 are conformally balanced. 

Problem 10.8 

Show that, in the absence of sources or singularities in the background ge- 
ometry, type IIB theories compactified to four dimensions do not admit dS 
space-times as solutions to the equations of motion. In other words, repeat 
the computation that led to Eq. (10.86) by allowing a cosmological constant 
A in external space-time. 



Problem 10.9 

Assuming a constant dilaton, show that the scalar potential of type IIB 
theory compactified on a Calabi-Yau three-fold in the presence of fluxes is 
given by 

V = e K [G al V a WViW - 3|IE| 2 ) , 

where 

W = f SIAG3. 

Jm 

Here a, b label all the holomorphic moduli. You can assume that the Kahler 
potential is given by Eq. (10.104). 



Problem 10.10 



Show that, in a Calabi-Yau four-fold compactification of M-theory, the sta- 
tionary points of 






\ I ^\ 2 

f n ah 



are given by the points in moduli space where \Z('-f)\ 2 = 0, or if |Z(y )| 2 7 ^ 
0, then F has to satisfy E 1,3 = E 3,1 = 0. In the above expression 7 is 
the Poincare dual cycle to the four-form F. A related result is derived in 
Chapter 11 in the context of the attractor mechanism for black holes. 



Problem 10.11 

Show that the Christoffel connection does not transform as a tensor under 
coordinate transformations, but that torsion transforms as a tensor. 



Problem 10.12 

Show that D7-branes give a negative contribution to the right-hand side of 
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Eq. (10.86). In order to do this, you have to take into account the first a' 
correction to the D7-brane action, whose form is given in Eq. (10.91) after 
determining the coefficient. 

Problem 10.13 

Show that the Kahler form J of the singular conifold described in Sec- 
tion 10.2 can be written in terms of a basis of one-forms according to 

J = 7 dr A g 5 + ^ (e 2 A e 1 + e 3 A e 4 ) 

Deduce that G3, given by Eqs (10.133) and (10.135), is primitive. 

Problem 10.14 

For the heterotic string with torsion there is an identity of the form 

= — e _a$ d(e a4> J). 

Derive the value of the parameter a for which this is true. 

Problem 10.15 

Verify Eqs (10.170), (10.173), (10.176) and (10.177) for flux compactifica- 
tions of M-theory on a Calabi-Yau four-fold. 

Problem 10.16 

Fill in the details of the Kaluza-Klein compactification to derive the scalar 
potential Eq. (10.168). 

Problem 10.17 

Derive the formula for Newton’s constant in the context of the strongly 
coupled heterotic string Eq. (10.248). 

Problem 10.18 

Derive the result Eq. (10.221) from the dilatino equation Eq. (10.199). 

Problem 10.19 

Show that the Einstein field equations that determine a(t ) reduce for the 
FRW ansatz to the Friedmann and acceleration equations. 

Problem 10.20 

When the slow-roll parameters satisfy Eqs (10.289) and (10.290), show that 
it is consistent to neglect the corresponding two terms in the FRW equations. 
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Black holes 



in string theory 



Black holes are a fascinating research area for many reasons. On the one 
hand, they appear to be a very important constituent of our Universe. There 
are super-massive black holes with masses ranging from a million to a billion 
solar masses at the centers of most galaxies. The example of M31 is pictured 
in Fig. 11.1. Much smaller black holes are formed as remnants of certain 
supernovas. 





i' Pegasus 
-- 4 ^ 

'** 



M15 



Fig. 11.1. The nuclei of many galaxies, including M31, are quite violent places, and 
the existence of supermassive black holes is frequently postulated to explain them. 
M15, on the other hand, is one of the most densely packed globular clusters known 
in the Milky Way galaxy. The core of this cluster has undergone a core collapse, 
and it has a central density cusp with an enormous number of stars surrounding 
what may be a central black hole. 

From the theoretical point of view, black holes provide an intriguing arena 
in which to explore the challenges posed by the reconciliation of general 
relativity and quantum mechanics. Since string theory purports to provide 
a consistent quantum theory of gravity, it should be able to address these 
challenges. In fact, some of the most fascinating developments in string 
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theory concern quantum-mechanical aspects of black-hole physics. These 
are the subject of this chapter. 

The action for general relativity (GR) in D dimensions without any sources 
is given by the Einstein- Hilbert action 1 

5 = 16t tG d J d x ^~~ gR ' ( 1L1 ) 

where Gd is the D-dimensional Newton gravitational constant. The classical 
equation of motion is the vanishing of the Einstein tensor 

Gn V = R v , v - \g^R = 0 , ( 11 . 2 ) 

or, equivalently (for D > 2), R iiv = 0. Thus, the solutions are Ricci- 
flat space-times. Straightforward generalizations are provided by adding 
electromagnetic fields, spinor fields or tensor fields of various sorts, such as 
those that appear in supergravity theories. Some of the most interesting 
solutions describe black holes. They have singularities at which certain 
curvature invariants diverge. In most cases these singularities are shielded by 
an event horizon , which is a hypersurface separating those space-time points 
that are connected to infinity by a time-like path from those that are not. 
The conjecture that space-time singularities should always be surrounded by 
a horizon in physically allowed solutions is known as the cosmic censorship 
conjecture. 2 Classically, black holes are stable objects, whose mass can only 
increase as matter (or radiation) crosses the horizon and becomes trapped 
forever. Quantum mechanically, black holes have thermodynamic properties, 
and they can decay by the emission of thermal radiation. 



Challenges posed by black holes 

A long list of challenges is presented by black holes. Some of them have 
been addressed by string theory already, while others remain active areas of 
research. Here are some of the most important ones: 

• Does the existence of black holes and branes imply that quantum me- 
chanics must break down and that pure quantum states can evolve into 
mixed states? The fact that this superficially appears to be the case is 
known as the information loss puzzle. String theory is constructed as a 
quantum theory, and therefore the answer is expected to be “no.” In fact, 
various arguments have been constructed that point quite strongly in that 

1 See the Appendix of Chapter 9 for a brief review of Riemannian geometry. 

2 This is a modern version of the conjecture. Originally, the conjecture was that, starting from 
“good” initial conditions, general relativity never generates naked singularities. 
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direction. However, a complete resolution of the information loss puzzle 
undoubtedly requires understanding how string theory makes sense of the 
singularity, where quantum gravity effects become very important. So it 
is fair to say that this is still an open question. 

Can string theory elucidate the thermodynamic description of black holes? 
Does black-hole entropy have a microscopic explanation in terms of a large 
degeneracy of quantum states? One of the most important achievements 
of string theory in recent times (starting with work of Strominger and 
Vafa) is the construction of examples that provide an affirmative answer 
to this question. This chapter describes explicit string solutions for which 
a microscopic derivation of the Bekenstein-Hawking entropy is known. 
Are there black-hole solutions that correspond to single microstates rather 
than thermodynamic ensembles? If so, do they have a singularity and a 
horizon? Or do these properties arise from thermodynamic averaging? 
These questions are currently under discussion. However, since the an- 
swers are not yet clear, they will not be addressed further in this chapter. 
What, if anything, renders black- hole singularities harmless in string the- 
ory? In some cases, as illustrated by the analysis of the conifold in Chap- 
ter 9, the singularity can be “lifted” once nonperturbative states are taken 
into account. One natural question is whether string theory can elucidate 
the status of the cosmic censorship conjecture? 

Does string theory forbid the appearance of closed time-like curves? Such 
causality-violating solutions can be constructed. There needs to be a 
good explanation why such solutions should or should not be rejected as 
unphysical. It may be that they only occur when sources have unphysical 
properties. 

What generalizations of black-hole solutions exist in dimensions D > 4? 
The case of five dimensions is discussed extensively in this chapter, and ex- 
plicit supersymmetric black-hole solutions are presented. Black holes fall 
into two categories: (1) large black holes that have finite- area horizons in 
the supergravity approximation; (2) small black holes that have horizons 
of zero area, and hence a naked singularity , in the supergravity approxi- 
mation. The small black holes acquire horizons of finite area when stringy 
corrections to the supergravity approximation are taken into account. It 
seems that large supersymmetric black holes only arise for D < 5. This is 
one reason why there has been a lot of interest in the D = 5 case. Another 
reason is that nonspherical horizon topologies become possible for D > 4. 
The example of D = 5 black rings will be described. 

Chapter 12 describes black p-brane solutions. Black branes are higher- 
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dimension generalizations of black- hole solutions. These solutions play an 
important role in the context of the AdS/CFT correspondence. 

• A recent speculative suggestion is that black holes might be copiously 
produced at particle accelerators, such the LHC. 3 This prediction hinges 
on the possibility of lowering the scale at which gravity becomes strong in 
suitably warped backgrounds , such as those discussed in Chapter 10. The 
scale might even be as low as the TeV scale. If correct, this would provide 
one way of testing string theory at particle accelerators, which would be 
quite fantastic. 



11.1 Black holes in general relativity 

In order to introduce the reader to some basic notions of black-hole physics, 
let us begin with the simplest black-hole solutions of general relativity in 
four dimensions, which are the Schwarzschild and Reissner-N ordstrom black 
holes. The latter black hole is a generalization of the Schwarzschild solution 
that is electrically charged. Another generalization, known as the Kerr 
black hole, is a black hole with angular momentum. Certain black holes 
with angular momentum are considered in Section 11.3. 



Schwarzschild black hole 

The Schwarzschild solution in spherical coordinates 

For a spherically symmetric mass distribution of mass M in four space-time 
dimensions, there is a unique solution to the vacuum Einstein’s equations 

iV = (H-3) 

that describes the geometry outside of the mass distribution. 4 In four 
dimensions it is given by the Schwarzschild black-hole metric, which in 
Schwarzschild coordinates (t, r, 9 , 4>) is 

ds 2 = g fJ/U dx fJ 'dx u = — ^1 — — j dt 2 + ^1 — — ^ dr 2 + r 2 dVi\, (11.4) 

where 

?’ H = 2 G±M. (11.5) 



3 The LHC is the Large Hadron Collider at CERN, which is scheduled to start operating in 2007. 

4 The statement that the Schwarzschild black hole is the unique vacuum solution of Einstein’s 
equations in four dimensions with spherical symmetry. Its time independence is known as 
Birkhoff’s theorem. 
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Here rn is known as the Schwarzschild radius , and G4 is Newton’s constant. 
The metric describing the unit two-sphere is 

dQ. 2 = dO 2 + sin 2 ddcj) 2 . (11.6) 

The Schwarzschild metric only depends on the total mass M (which is 
both inertial and gravitational), and it reduces to the Minkowski metric 
as M — > 0. Note that t is a time-like coordinate for r > t'h and a space-like 
coordinate for r < rn, while the reverse is true for r. The surface r = rjj, 
called the event horizon , separates the previous two regions. This metric is 
stationary in the sense that the metric components are independent of the 
Schwarzschild time coordinate t, so that d/dt is a Killing vector. This Killing 
vector is time-like outside the horizon, null on the horizon, and space-like 
inside the horizon. 

It becomes clear that M has the interpretation of a mass by considering 
the weak field limit, that is, the asymptotic r — > 00 behavior of Eq. (11.4). In 
this limit we should recover Newtonian gravity. 5 The Newtonian potential 
in these stationary coordinates can be read off from the tt component of 
the metric 

0 «~-(l + 2$). (11.7) 



As a result, in the case of the Schwarzschild black hole, 



$ = - 



MG 4 



( 11 . 8 ) 



so that it becomes clear that the parameter M is the black-hole mass. 



Schwarzschild black hole in D dimensions 



The four-dimensional Schwarzschild metric (11.4) can 
dimensions, where it takes the form 


be generalized to D 


ds 2 = — hdt 2 + h~ 1 dr 2 + r 2 dkl 2 D _ 2 , 


(11.9) 


with 




*-.-(?)” 


( 11 . 10 ) 


and 




D _3 I67 tMGd 

rH ~(D- 2)H d _ 2 ‘ 


(11.11) 



5 This is nicely illustrated by considering a massive test particle moving in the curved background. 
This is a homework problem. 
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Here Q n is the volume of a unit n-sphere, namely 6 



2 vr ( n + 1 )/2 



r(s±i) ' 



( 11 . 12 ) 



For large r, this again determines the Newton potential and therefore the 
black-hole mass M . 



The singularities 

As can be seen from Eq. (11.4), the coefficients of the metric become sin- 
gular at r = 0 and also at the Schwarzschild radius r = ?’h- In general, 
a singularity in a metric component could be a coordinate-dependent phe- 
nomenon. In order to determine whether a physical singularity is present, 
coordinate-independent quantities, that is, scalars, should be analyzed. Such 
a scalar quantity should involve the Riemann tensor. For example, the D = 4 
Schwarzschild solution yields, after a straightforward calculation, 

1 2 r 2 

(ii.i3) 

This is evidence that the singularity at the horizon r = ?’h is only a coor- 
dinate singularity, as we will prove shortly, while it proves that a physical 
singularity is located at r = 0 . 

For objects that are not black holes, the behavior of the solution at the 
point r = 0 is of no physical relevance, since these objects have a mass 
distribution of finite size, and there is no horizon or singularity. The metric 
describing the sun, for example, is perfectly well defined at r = 0. If, 
however, the mass is concentrated inside the Schwarzschild radius, then the 
singularity at r = 0 becomes relevant, and the resulting solution is called a 
Schwarzschild black hole. 

In general relativity, it is common practice to set Newton’s constant equal 
to unity, G 4 = 1, as a choice of length scale. We prefer not to do so, 
both because we are interested in Newton’s constant in various space-time 
dimensions, and because the string scale, rather than Newton’s constant, is 
the natural length scale in string theory. G 4 , and more generally Gp, are 
related to the string scale, the string coupling, and a (10 — D)-dimensional 
compactification volume E by Go = G\ q/V and G 10 = 87 

Schwarzschild solution in Kruskal-Szekeres coordinates 
There are other coordinate systems in which the Schwarzschild solution does 
not even have a coordinate singularity at the horizon. One such coordinate 

6 This can be derived by computing f exp(— r 2 ) d n + 1 x in spherical coordinates and comparing 
to the answer computed in Cartesian coordinates. 
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system, called the Kruskal-Szekeres coordinate system, is related to the 
Schwarzschild coordinates previously introduced by 



u = 




\ 1/2 

1 j e r / 2r H CO sh 




(11.14) 



\ 1/2 / , 
v = ( — 1 ) e r / 2r H s i 11 } 1 | ] . 

r H J V 2rn . 



In these coordinates the metric takes the form 

ds 2 = - i e - r / rH (-dr; 2 + dn 2 ) + r 2 dVt 



(11.15) 



(11.16) 



Note that, from Eqs (11.14) and (11.15), it follows that 



■ 2 -v 2 = (— - 1 ) e r / rH . 
r H 



(11.17) 



Different regions of space-time determined by this metric are represented in 
the Kruskal diagram shown in Fig. 11.2. Equation (11.17) shows that the 
event horizon r = rn corresponds to u = ±i>, which is represented by a pair 
of solid lines in Fig. 11.2. Equation (11.17) also shows that v 2 < u 2 when 
r > rn- The metric in the u,v coordinates can be analytically extended to 
the region in between the horizon and the singularity. In these coordinates 
the curvature singularity at r = 0 corresponds to the hyperbola v 2 — v? = 1. 
This is a pair of space-like curves represented by dashed lines in Fig. 11.2. 
Thus the space-time is well defined for 



— oo < u < +oo and v 2 < v 2 + 1. (11.18) 



As can be seen from Eq. (11.16), the singularity at the horizon is no longer 
present in these coordinates. 

The Schwarzschild geometry in Kruskal-Szekeres coordinates displays more 
space-time regions than those represented by the original Schwarzschild co- 
ordinates, which are only good for r > rn- The additional regions are 
unphysical in the sense that a physical black hole that forms by collapse 
would only have the future singularity (with u > 0) and not the past one 
(with u < 0). The latter behaves like a time-reversed black hole and is 
sometimes called a white hole. 

The Kruskal-Szekeres coordinates have the additional advantage that 
geodesics take a very simple form. The equation ds = 0 is satisfied by 
lines with the property du = (and fixed position on the two-sphere). 
This means that null geodesics are 45° lines in Fig. 11.2. 
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Fig. 11.2. The Schwarzschild black hole in Kruskal -Szekeres coordinates. The solid 
lines correspond to the horizon, while the dashed lines correspond to the singularity. 
The shaded region describes the part of the diagram in which the Kruskal-Szekeres 
coordinates are well defined. 



For |u| > |u|, 

t = r H log , (11.19) 

\u — v J 

and so the horizon maps to t = ±oo. It takes an infinite amount of 
Schwarzschild time to reach the horizon, which reflects the fact that the 
horizon is infinitely redshifted for an asymptotic observer. From Fig. 11.2 
one can infer that light rays emitted by a source situated inside the black 
hole, which means inside the horizon but outside the singularity, never es- 
cape to the region outside the black hole. This is the reason why the surface 
r = rn is called the event horizon. In general, such event horizons are null 
hyper surf aces, which means that vectors normal to these surfaces satisfy 
n 2 = 0. In the case at hand, the horizon is a two-sphere of radius rp times 
a null line. In Fig. 11.2, only the null line is shown. It is customary to 
say that the horizon is S 2 and leave the null line implicit. 7 In particular, it 
follows from Eq. (11.5) that the area of the event horizon is 

A = 47rr| = 16 t t(MG 4 ) 2 . (11.20) 

7 There is a theorem to the effect that S 2 is the only possible horizon topology for a black hole in 
four dimensions. We will see later that there are other possibilities, besides a sphere, in higher 
dimensions. 
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Reissner-Nordstrom black hole 

Reissner-N ordstrom metric in spherical coordinates 
The generalization of the Schwarzschild black hole to one with electric charge 
Q, but no angular momentum, is called the Reissner-N ordstrom black hole. 
Charged black holes play a very special role in string theory, because in some 
cases they are supersymmetric. Thus, by the usual BPS-type reasoning, they 
can provide information about string theory at strong coupling. In four 
dimensions the metric of a Reissner-Nordstrom black hole can be written in 
the form 

ds 2 = —A dt 2 + 1ST 1 dr 2 + ?’ 2 dfl|, (11.21) 



where 



A _ 1 2 MG a | Q 2 G A 



( 11 . 22 ) 



This metric is a solution to Einstein’s equations in the presence of an electric 
field 

1 



Guv = Rav ~ ~ Rg,w = 87 rG 4 T, 






(11.23) 



where 7) t/y is in general the energy-momentum tensor for this field 

T — F F p — -n F F pa 

± pu — L fip 1 v pa 1 



(11.24) 



Since the problem has spherical symmetry, the only nonvanishing component 
of the U( 1) electric field strength is given by the radial component of the 
electric field E r 

F t r = E r =®, (11.25) 

as is verified in Exercise 11.1. The Reissner-Nordstrom metric can be gener- 
alized to include magnetic charges as well as electric charges, which results 
in a nonvanishing component Fq^. This generalization is described in Exer- 
cise 11.2. 



Singularities 

The metric components in Eq. (11.21) are singular for three values of r. 
The dependence of the function A(?’) which illustrates these singularities is 
shown in Fig. 11.3. There is a physical curvature singularity at r = 0, which 
can be verified by computing again the scalar R pvp(y R^ upa . In addition, the 
factor gtt in the metric vanishes for 



r = r± = MG A ± V(MG 4 ) 2 - Q 2 G A 



(11.26) 
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Fig. 11.3. Plots of the function A (r) 



Q >GM 2 
Q =G 4 M 2 
Q <GM 2 
Q 2 =0 



the Reissner-Nordstrom black hole 



which are referred to as the inner horizon and the older horizon. The outer 
horizon, r = r+, is the event horizon in this case. Note that it is only present 
if 



M^G~ 4 >\Q\. 



(11.27) 



If this bound is not satisfied, then the metric has a naked singularity at r = 0 
that is unshielded by a horizon. According to the cosmic censorship conjec- 
ture, naked singularities should never be produced in physical processes, so 
that these solutions would be unphysical. 



Extremal Reissner-Nordstrom black hole for D = 4 
In the limiting case 

r± = MG 4 or = \Q\ (11.28) 

the black hole is called extremal, and it has the maximal charge that is al- 
lowed given its mass, as follows from the bound (11.27). When the Reissner- 
Nordstrom solution arises as a solution of a supersymmetric theory, the sat- 
uration of this bound is often equivalent to the saturation of a BPS bound, 
which then implies that the extremal Reissner-Nordstrom black-hole solu- 
tion has some unbroken supersymmetry. 

The metric of an extremal Reissner-Nordstrom black hole takes the form 

ds 2 = — ^1 — — j dt 2 + ^1 — — ^ dr 2 + r 2 dti\, (11.29) 

where ro = MG 4 . Let us shift the definition of r by letting f = r — ro and 
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then dropping the tilde. After some simple algebra this leaves 

ds 2 = — ^1 + — j dt 2 + ^1 + — j {dr 2 + r 2 dVt |) . (11.30) 

This is a convenient form of the extremal Reissner-Nordstrom metric in 
which the horizon is located at r = 0. As in the Schwarzschild case, the 
space-time is regular at the horizon, which is again only a coordinate sin- 
gularity. In the near- horizon limit, where r ~ 0, the geometry approaches 
AdS 2 x S 2 , as is shown in Exercise 11.3. 



Extremal Reissner-Nordstrom black hole for D = 5 
Reissner-Nordstrom black holes have straightforward generalizations to other 
space-time dimensions. As pointed out in the introduction, an extremal 
Reissner-Nordstrom black hole in D = 5 is of interest in connection with 
the microscopic derivation of the black-hole entropy. Its metric can be writ- 
ten in a form similar to Eq. (11.29) 

ds 2 = — 1 — ) dt 2 + 1 — ) dr 2 + r 2 d£l 2 . (11.31) 

Alternatively, one can define f = \Jr 2 — r^ and then drop the tilde to obtain 
a form analogous to Eq. (11.30) 

ds\ = — 1 + ^— j dt 2 + 1+^—^ (dr 2 + r 2 dfl§) . (11.32) 

Using this expression, it is easy to see that the horizon at r = 0 has radius 
ro, and therefore and its area is 

A = = 27r 2 rl (11.33) 



Comparing with Eq. (11.11), the mass and charge (suitably normalized) of 
this black hole are 



M = 



Q 

VG~5 



3vrr| 
4 G 5 ' 



(11.34) 



Exercises 

Exercise 11.1 

The Reissner-Nordstrom black hole discussed in Section 11.1 is a solution 
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of Einstein-Maxwell theory 

s = \ F ^)- 

The equation of motion and Bianchi identity for the gauge field are 

= o, 

e lwpa d v F pa = 0 . 

Find the most general solution for the gauge field that solves these equations 
for the spherically symmetric background 

ds 2 = -e 2A(r) df 2 + e 2B(r W 2 + r 2 dn 2 2 . 



Solution 

Since F /IU is static and spherically symmetric, there are only two independent 
nonvanishing components for the field strength, F tr (r. 6 , (f>) and Fg^r, 6 , (f>). 
For the particular metric of this exercise 

\f--g = e A+B r 2 sin 6. 

The nontrivial equation of motion for the electric field is 

d r {V~9F rt ) = d r (e A+B r 2 sin 9 ■ (— e~ 2A ~ 2B F rt )) 

= d r (e~ A ~ B r 2 sindFtr) = 0. 

The most general static solution of this equation is 

p e A+B q(P i 4*) 

” tr — ~ ^2 

The Bianchi identity E p,vpa d v F p(T = 0, leads to additional constraints, dgFt r = 
0 = djFtr, so that 

F tr = 

where q is constant. For the values of A and B given in Eq. (11.21), this 
reduces to Eq. (11.25). These values also solve the Einstein equation (11.23). 
The equations of motion for the magnetic field takes the form 

d e ( e A+B r 2 sm6F e =0, 



d , ^ (e A+B r 2 sin 9F^ = 0. 
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The solution to these equations is 

Fotj, =p(r,t ) sin0. 

Taking into account the Bianchi identity, d r Fg ^ = dtFg^ = 0, one obtains 

F g< p = psinO, 

where p is a constant. This field can then be inserted in the Einstein equation 
to determine the functions A and B. □ 

Exercise 11.2 

Show that the parameters q and p in the previous exercise are electric and 
magnetic charges. 

Solution 

As discussed in Chapter 8, magnetic and electric charge are given by 

^ r ^ r2n 

Qmag = 4^ J F = 4^ l d9 J 0 d4>Fo<t> 

and 

1 r 1 /*7T /*27T 

Qel = 4^ J * F = 4^ /o dd l 

Inserting Fq^ = p sin 6 in the first integral gives Qmag = P- To evaluate the 
electric charge it is necessary to compute the dual of the electric field: 

(*F)^ = V=gF rt = e A+B r 2 sin 0e~ 2 ^ A+B ' > F tr = qsind. 

Thus Q e i = q. 

Exercise 11.3 

Show that the near-horizon geometry of a D = 4 extremal Reissner-Norrl- 
strorn black hole is AdS 2 x S 2 . 

Solution 

Near the horizon r ~ 0. In this limit Eq. (11.30) becomes 
ds 2 = ~(^y 2 dt 2 + (^) 2 dr 2 + r 2 dn l 
Setting f = Tq/v, and dropping the tilde, 

ds 2 = ) (—dt 2 + dr 2 ) + 
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This gives a constant negative curvature in the r and t directions, which is 
AdS’z ■ Similarly, in the angular directions one has a sphere, with constant 
positive curvature. In each case the radius of curvature is tq . As a result, 
the geometry in the near-horizon limit is AdS ‘2 x S 2 . This is also known as 
the Bertotti-Robinson metric. □ 



11.2 Black- hole thermodynamics 

Entropy and temperature 

Classical black holes behave like thermodynamical objects characterized by 
a temperature and an entropy. The microscopic quantum origin of these 
features is addressed in Section 11.4. For now, let us consider the thermo- 
dynamic description, that is, the macroscopic description of black holes. 

Given a static metric, such as the D = 4 Schwarzschild metric Eq. (11.4), 
there is an elementary method of computing the temperature. The key 
point to recall is that a system that has a temperature T = /3 _1 is periodic 
in Euclideanized time r = it with period (3. A simple way to understand 
this fact is to recall that a thermodynamic partition function is given by 

Z = TV (e _/3H ) , 

where H is the Hamiltonian of the system. Since quantum mechanical evolu- 
tion by a time interval t is given by e~ lHt : the trace corresponds to imposing 
a periodicity (3 in Euclidean time. 

The way to determine the temperature of a black hole is to consider its 
analytic continuation to Euclidean time and then to examine the period- 
icity of this coordinate. This period is determined by requiring that the 
Euclideanized metric is regular at the horizon. This may sound like a cook- 
book recipe, but it is by far the easiest way to carry out the computation. It 
can be confirmed in a variety of ways, for example by showing that a black 
hole emits blackbody radiation at the computed temperature. 

In order to examine the vicinity of the horizon, let us define p by 

r = r H (l + p 2 ), (11.35) 

and expand the Euclideanized version of the Schwarzschild metric Eq. (11.4) 
about p = 0. This gives 

ds 2 ~ 4 rjj (dp 2 + p 2 . (11.36) 

The first two terms describe a flat plane in polar coordinates provided that 
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the period of r is 

/ 3 = 47rrn = 8 nMG 4 . (11.37) 

Thus the temperature of the Schwarzschild black hole is T = 1/ ( 8 ttMG 4 ). 
Since the temperature decreases as M increases, the specific heat is negative. 

Very massive black holes are accurately described by classical solutions of 
Einstein’s theory of general relativity. Classically, black holes are stable and 
black, which means that nothing can ever escape from inside the horizon. 
Thus the mass can only increase as matter falls through the horizon. If 
one takes the thermodynamic interpretation of black holes into account, the 
analogy suggests that 

dM = TdS, (11.38) 

where M is the mass of the black hole, T is its temperature and S is the 
black hole’s entropy. The black-hole entropy should be taken into account 
in the second law of thermodynamics , 

dS/dt > 0. (11.39) 

The entropy of black holes added to the entropy of their surroundings always 
has to increase with time. 

For a Schwarzschild black hole, /3 = 1/T = tin MG 4 . Requiring that 
S — > 0 as M — > 0, to fix an integration constant, one obtains 

5 = 4t tM 2 G 4 . (11.40) 



Bekenstein-Hawking entropy formula 

From Eq. (11.4) it follows that the area A of the event horizon of a Schwarz- 
schild black hole is given by 

A = 4?r r| = 16 t t(MG 4 ) 2 , (11.41) 



so the entropy can be written in the form 

s = A. 

4g 4 ' 



(11.42) 



This is one-quarter of the area of the horizon measured in units of the 
Planck length. This relation, known as the Bekenstein-Hawking (BH) en- 
tropy formula , appears to be universally valid (for any black hole in any 
dimension), at least when A is sufficiently large. For an arbitrary (not nec- 
essarily Schwarzschild) black hole in D dimensions, the formula becomes 
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where A is the volume (usually called the area) of the (D — 2)-dimensional 
horizon. According to this formula, the entropy of a D = 4 Reissner- 
Nordstrom black hole is 

S = nr 2 + /G 4 . (11.44) 

For an extremal Reissner-Nordstrom black hole this is S = 'kM 2 G^. 

Hawking radiation 

When an object has a finite temperature, it emits thermal radiation, which 
for a black hole would suggest that its mass should decrease in time. This 
contradicts the known classical behavior, namely that the mass can only 
increase, discussed earlier. This paradox led Hawking to consider quantum 
corrections to the classical description. He argued that the gravitational 
fields at the horizon are strong enough for quantum mechanical pair pro- 
duction in the vicinity of the horizon to lead to the emission of thermal 
radiation. Roughly speaking, one particle in the virtual pair falls into the 
hole, and the other one is emitted as a physical on-shell particle. For large 
black holes, this can be demonstrated reliably using quantum field theory in 
a classical curved space-time background geometry. Since gravity is treated 
classically, the black hole has to be big for this analysis to be reliable. In this 
way, Hawking argued that a black hole emits radiation, and as a consequence 
it loses mass. The outgoing radiation is thermal, when back-reaction can 
be neglected. Thus, the black hole behaves as if it were a black body with 
the temperature computed earlier. The classical statement that nothing can 
escape from a black hole is undermined by quantum effects. The fact that 
the entropy of the black hole decreases when Hawking radiation is emitted 
is consistent with the second law of thermodynamics when the entropy of 
the emitted radiation is taken into account. 

Pure states and mixed states 

Hawking has argued that quantum mechanics breaks down when gravity is 
taken into account. First, by a semi-classical analysis, he argued that black 
holes emit thermal radiation at a temperature determined by the parameters 
of the black hole (mass, charge, and angular momentum). Such radiation 
has no correlations, and therefore is in a mixed state, characterized by a 
density matrix. On the other hand, a collapsing shell of matter that forms a 
black hole can be in a pure quantum state. Thus, he argued, pure states can 
evolve into mixed states in a quantum theory of gravity. This contradicts 
the basic tenet of unitary evolution in quantum mechanics, and it is referred 
to as information loss or loss of quantum coherence. 
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The AdS/CFT conjecture, described in Chapter 12, certainly would ap- 
pear to contradict this reasoning, since the AdS space in which black holes 
can form is dual to a unitary conformal field theory. Thus string solutions, 
at least ones that are asymptotically AdS, probably provide counterexam- 
ples to Hawking’s claim. That said, it should be admitted that it is an 
extremely subtle matter to explain in detail where Hawking’s argument for 
information loss breaks down. This question has been discussed extensively 
in the literature, but it is not yet completely settled. 

Exercise 11.4 

Show that the temperature of a D = 4 Reissner-Nordstrom black hole is 

\J (MG 4) 2 - WGa 
27T 7-2 

What happens to this temperature in the extremal limit? 



Solution 



Using the same reasoning as in Section 11.2, we set r = r + (l-\-p 2 ) and expand 
the Euclideanized metric of the Reissner-Nordstrom black hole about p = 0 
to get 



ds~ = 



4r3_ 

r+ — r_ 



dp 2 + p 2 



(r+ — r-)dr 



2 rj 



+ 



r + — r_ 
4r+ 



dft 2 



The value of (3 that follows from 

P 



this expression is 

Airr 2 ^ 
r + — r_ ’ 



which leads to a temperature 



T = 



— r_ 
47 rr+ 



In the extremal limit, M\fG^ 
T = 0. 



V(MG 4 ) 2 - Q 2 G a 

27rr^_ 

|Q I, this gives a vanishing temperature 

□ 



Exercise 11.5 

Estimate the Schwarzschild radius, temperature, and entropy of a one solar 
mass Schwarzschild black hole. Estimate its lifetime due to the emission of 
Hawking radiation. The sun has a mass of M = 2.0 x 10 33 g. 
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Solution 



Reinstating h, c and ks by dimensional analysis, in order to express these 
quantities in ordinary units, gives 



r H = 



2G 4 M 



3.0 x 10 3 m, T = 



he 3 



8ttM G 4 k& 



6.0 x 1(T 8 K, 



5 = 



irR 2 c 3 



1.0 x 10 77 , At 



4G 4 G 4 h 

The value of the coefficient a is about 10 -3 . 



G 4 M 3 

ahe 4 



10 66 years. 



□ 



11.3 Black holes in string theory 

This section considers supersymmetric (and hence extremal) black holes 
that have finite entropy in the supergravity approximation. These include 
three-charge black holes in five dimensions and four-charge black holes in 
four dimensions, which can be interpreted as approximations to solutions 
of toroidally compactified string theory. For this class of compactifications, 
finite-horizon-area black- hole solutions that are asymptotically flat only exist 
in the supergravity approximation in four and five dimensions. The reason 
for this can be explained by referring to the extremal Reissner-Nordstrom 
solutions given in Eqs (11.30) and (11.32). In each case the coefficient of 
dr 2 takes the form 

9rr = (1 + ( r 0 /r) D ~ 3 ) D ~ 3 . (11.45) 

This behaves near the horizon (r = 0) like g rr ~ (ro/r) 2 , which is necessary 
to obtain a finite horizon radius and area. It appears that constructions 
obtained by string-theory or M-theory compactification always give an outer 
exponent that is a positive integer. This can only correspond to 2/(D — 3) 
if D = 4 or D = 5. In the multi-charge examples that are discussed in this 
section, the expression 1 + (ro/r) D ~ 3 is replaced by a product of factors that 
can have different radii, but the same conclusion still applies. 

For all other supersymmetric black holes, including any supersymmetric 
solution for D > 5, the horizon has zero radius in the supergravity approxi- 
mation. To obtain a nonzero radius in these cases, it is necessary to include 
stringy corrections, that is, corrections to the Einstein-Hilbert action that 
are higher order in the curvature tensor. This is discussed in Section 11.6. 
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Extremal three-charge black holes for D = 5 

The simplest nontrivial example for which the entropy can be calculated 
involves supersymmetric black holes in five dimensions that carry three dif- 
ferent kinds of charges. These can be studied in the context of compactifi- 
cations of the type IIB superstring theory on a five-torus T 5 . The analysis 
is carried out in the approximation that five of the ten dimensions of the 
IIB theory are sufficiently small and the black holes are sufficiently large so 
that a five-dimensional supergravity analysis can be used. 

M = 8 supergravity for D = 5 

The supergravity theory in question is N = 8 supergravity in five dimen- 
sions. This contains a number of one- form and two- form gauge fields. How- 
ever, by duality transformations, the two-fornrs can be replaced by one- 
forms. Once this is done, the resulting theory contains 27 17 ( 1 ) gauge fields. 
Furthermore, the theory has a noncompact E$ } q global U-duality symme- 
try. 8 The 27 17 ( 1 ) s belong to the fundamental 27 representation of this 
group. Therefore, a charged black hole in this theory can carry 27 different 
types of electric charges. Some of these electric charges can be realized by 
wrapping branes and exciting Kaluza-Klein excitations. A specific example 
is discussed below. 



The black-hole solution 

Three-charge black holes in five dimensions can be obtained by taking Q\ Dl- 
branes wrapped on an S' 1 of radius R inside the T 5 , Q 5 D5-branes wrapped 
on the T 5 = T 4 x S 1 , and n units of Kaluza-Klein momentum along the same 
circle. Each of these objects breaks half of the supersymmetry, so altogether 
7 /8 of the supersymmetry is broken, and one is left with solutions that have 
four conserved supercharges. Other equivalent string-theoretic constructions 
of these black-hole solutions are related to the one considered here by U- 
duality transformations. Some examples are given later. 

There are a variety of ways to analyze this system. One of them is in terms 
of a five-dimensional gauge theory. Since the Q\ Dl-branes are embedded 
inside the Q 5 D5-branes, this configuration can be described entirely in 
terms of the U(Qi 5) world- volume gauge theory of the D5-branes. In this 
description a D-string wound on a circle is described by a U(Q§) instanton 
that is localized in the other four directions. So, altogether, there are Q 1 
such instantons. The Kaluza-Klein momentum can also be described as 
excitations in this gauge theory. 



8 In the supergravity approximation it is a continuous symmetry. 
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The five- dimensional metric describing this black-hole can be obtained 
from the ten-dimensional type IIB theory by wrapping the corresponding 
branes as described above, or it can be constructed directly. In either case, 
the resulting metric can be written in Einstein frame in the form 

ds 2 = -A ~ 2 / 3 dt 2 + A 1/3 {dr 2 + r 2 dnf) , (11.46) 



where 



A=n 



i= 1 L 



1 + 




(11.47) 



The relation between the parameters r t and the charges Qi is derived below. 
This solution describes an extremal three-charge black hole with a vanish- 
ing temperature T = 0. Note that this formula reduces to the extremal 
Reissner-Nordstrom black-hole metric given in Eq. (11.32) in the special 
case ?’i = r 2 = r 3 , that is, when the three charges are equal. The dilaton 
is a constant, so there is a globally well defined string coupling constant g s . 
Thus, the string-frame metric differs from the one given above only by a 
constant factor. 

The horizon of the black hole in Eq. (11.46) is located at r = 0, and its 
area is 

A = 2ir 2 rir-2r3. (11.48) 



This vanishes when any of the three charges vanishes, which is the reason 
that three charges have been considered in the first place. Put differently, 
one needs to break 7/8 of the supersymmetry in order to form a horizon 
that has finite area in the supergravity approximation, and this requires 
introducing three different kinds of excitations. When there is only one or 
two nonzero charges, there still is a horizon of finite area, but its depen- 
dence on the string scale is such that its area vanishes in the supergravity 
approximation. For the supergravity approximation to string theory to be 
valid, it is necessary that the geometry is slowly varying at the string scale. 
This requires 77 3> £ s . 



The black hole mass 

Using Eq. (11.11) one can read off the mass of the black hole M to be 

irr 2 

M = Mi + M 2 + M 3 where, Mj = 77 /-. (11.49) 

4G5 

The fact that the masses are additive in this way is a consequence of the 
form of the metric. However, this had to be the case, because the BPS 
condition is satisfied, and the charges are additive. 




11.3 Black holes in string theory 



569 



To express the result for r t in terms of ten-dimensional quantities, the 
value of G< 5 needs to be determined. Letting (27r) 4 V denote the volume of 
the T 4 and R be the radius of the S l one obtains 



G 10 

(2v t) 5 RV 



(11.50) 



As explained in Chapter 8, G 10 = 87r 6 <?gf'f is the 10- dimensional Newton 
constant in string units. Putting these facts together gives the relation 

r? = | |m„ (11.51) 

The masses Mj can be computed at weak string coupling using string- 
theoretic considerations, namely the formulas for the mass of winding and 
momentum modes derived in Chapter 7. In the string frame, the masses are 

M 1 =2v TKT m Qi = %§, 



M 2 = (2ir) 5 RVT D5 Q 5 = (11.52) 



M 3 = $. 

Here Q\ and Q 5 are the numbers of wrapped Dl-branes and D5-branes, 
respectively, and hence the values of the corresponding charges. Similarly, 
n is the integer that specifies momentum on the circle. 

The quantities Td\ and To 5 are the tensions of a single Dl-brane and 
D5-brane given in Chapter 6. Using these relations, the conditions r'f 3> £% 
become 

V R?V 

g s Qi > vj, g s Qb > 1, gin > — g-. (11.53) 

If R and V are of order string scale, and one wants g s 1, so as to be in 
the perturbative string theory regime, then all three charges must be large. 
Since the effective expansion parameters in string perturbation theory are 
actually g s Q\ and g s Q 5, 9 this takes one out of the perturbative regime. On 
the other hand, when the couplings are small, the mass and the spectrum 
of excitations can be computed by string-theoretic considerations. 

The crucial fact is that supersymmetry allows us to extrapolate certain 
properties from weak coupling to strong coupling reliably, so that results 
that are obtained in the two limits can be compared meaningfully. The 
property of this type that is of most interest is the number of quantum 

9 These correspond to the ’t Hooft couplings in the corresponding large- iV world-volume gauge 
theories. 
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states. It is computed in weakly coupled string theory and compared to 
the classical entropy, which is meaningful for strong coupling. This type of 
reasoning could break down if short supermultiplets join up to give a long 
supermultiplet. Strictly speaking, the quantity that can be continued safely 
from weak coupling to strong coupling is an index, which typically counts 
the number of bosonic states minus the number of fermionic states, whereas 
the entropy is the logarithm of the sum of these numbers. Usually, this 
distinction can be ignored. 



The entropy 

Using Eqs (11.48), (11.50) and (11.51), one finds that the entropy is 

S = ^rr'^w' /M ' M2M3 - (1L54) 

Using the relations in (11.52) to re-express this in terms of the charges, one 
obtains the elegant result 

S = 2ir yj QiQ^n. (11.55) 

As was mentioned earlier, there are 27 possible electric charges, and this 
is the result when only a specific three of them are nonzero. The charges 
transform as a 27 representation of the noncompact Eq^ symmetry group 
of M = 8 supergravity in ZD = 5. The entropy should be invariant under 
this symmetry group. 10 In other words, there should be an Eq,q invariant A 
that is cubic in the 27 electric charges such that the entropy takes the form 

S = 27tn/A. (11.56) 

The invariant A generalizes the factor QiQ$n appearing in Eq. (11.55). 

The construction of the cubic invariant is relatively simple in this case. 
The 27 representation is also an irreducible representation of the maximal 
compact subgroup USp(8). That group has a unique cubic invariant, which 
therefore must also be the Eq^ invariant. In the case of five dimensions the 
central charge matrix Zab is a real antisymmetric 8x8 matrix that is also 
symplectic traceless. This means that, given a symplectic matrix £Iab, one 
has tr(f IZ) = 0. 11 This is one real condition, so Z contains 27 independent 
real charges, as expected. The unique cubic invariant with manifest U Sp( 8) 

10 Stringy corrections to the formula need only be invariant under the discrete Eq{%) U-duality 
subgroup. 

11 We can choose &ab t° be the antisymmetric matrix whose nonzero matrix elements with 
A < B are Q12 = ^34 = Q56 = Q78 = 1 . A symplectic matrix A satisfies A T flA = Q,. 
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symmetry is 

A = -^tr (nznznz), ( 11 . 57 ) 

where the normalization is chosen for later convenience. 

By a transformation of the form, Z — * A T ZA, where A is a symplectic 
matrix, 12 the matrix Zab can be brought to a canonical form in which its 
only nonzero entries for A < B are Z\2 = x±, Z34 = X2, Z^e = X3, Zy§ = X4, 
where x i = 0 and the X{ s are real. A symmetric way of writing this is 

xi = Qi — Q2 — Q3, X2 = —Q 1 + Q 2 - Q3, 

X3 = —Qi — Q2 + Qzi x 4 = Qi + Q2 + ^3- ( 11 . 58 ) 

If one evaluates A for these choices, one finds the desired result: 

A = = 3- (11-59) 

Thus, up to a change of basis, the three-charge solution is completely general. 

Duality and other black-hole configurations 

Three-charge supersymmetric black holes in five dimensions have been de- 
scribed above as D1-D5-P bound states in the toroidally compactified type 
IIB theory. Here D1 refers to the Q 1 Dl-branes wrapped on a y 1 circle, 
D5 refers to the Q 5 D5-branes wrapped on the y 1 ■ ■ ■ y~ J torus, and P refers 
to the n units of Kaluza-Klein momentum on the y l circle. Using the var- 
ious possible S and T dualities that exist for type II theories, this brane 
configuration can be related to various dual configurations describing black 
holes that have an entropy given by Eq. (11.55), with the corresponding 
charges of the dual brane configuration. For example, an S-duality transfor- 
mation replaces the Dl-branes by Fl-branes (fundamental strings) and the 
D5-branes by NS5-branes. The Kaluza-Klein momenta P are unaffected. 
Alternatively, a T-duality transformation along the y 1 direction maps the 
type IIB configuration to a type IIA configuration with the Dl-branes map- 
ping to DO-branes and the D5-branes mapping to D4-branes. Moreover, the 
Kaluza-Klein momentum maps to an Fl-brane wrapped n times on the dual 
y 1 circle. Further T dualities give a host of other equivalent type IIA and 
type IIB configurations. Exercise 11.6 works out an example of such a dual 
description. 

12 This is appropriate, because USp( 8 ) is the automorphism group of the J\f = 8 , D = 5 super- 
symmetry algebra. 
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M-theory interpretation 

Starting from the Type IIA configuration described above, one can carry out 
two more T-duality transformations along the y 2 and y 3 directions to obtain 
a type IIA configuration consisting of Q\ D2-branes wrapped on y 2 and y 3 , 
Q 5 D2-branes wrapped on y 4 and y 5 and n fundamental strings wrapped on 
y 1 . This configuration can be interpreted at strong coupling as M-theory 
compactified on a 6-torus. Calling the M-theory circle coordinate y 6 , the n 
fundamental type IIA strings are then identified as n M2-branes wrapped 
on the y 1 and y 6 circles. The two sets of D2-branes are then identified as 
sets of M2-branes. Altogether, there are three sets of M2-branes wrapped 
on three orthogonal tori. This is a satisfying picture in that it puts the 
three sources of charges on a symmetrical footing, which nicely accounts for 
their symmetrical appearance in the entropy formula. The verification that 
this brane configuration gives the same entropy as before is a homework 
problem. 



Nonextremal three-charge black holes for D = 5 

The extremal three-charge black-hole solutions in five dimensions given 
above have nonextremal generalizations, which describe nonsupersymmetric 
black holes with finite temperature. These black holes are described by the 
metric 

ds 2 = -h \~ 2/3 dt 2 + A 1/3 - + r 2 dti^j , (11.60) 

where 

2 

h = l-~ | (11.61) 

and 



3 

A = n 



i=\ 




with r 2 = r ( j sinh 2 a,; , 



i = 1,2,3. 



(11.62) 



This reduces to the extremal metric in Eq. (11.46) in the limit ?’o — > 0 
with ?’j held fixed. Moreover, the limit on — ► 0 with ro held fixed gives the 
Schwarzschild metric in five dimensions given in Eq. (11.9). 

The mass of this black hole can be read off using the same rules as before 
resulting in 



M = 



8 G 5 



(cosh 2 a\ + cosh 2«2 + cosh 203) . 



(11.63) 
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The inclusion of the factor h in the metric shifts the position of the event 
horizon from r = 0 to r = r$. At the horizon the factor A takes the value 

3 

A(r 0 ) = [] cosh 2 a*. (11.64) 

2—1 

The radial size of the horizon is 

r H = r 0 [A(r 0 )] 1/6 , (11.65) 

and thus the area of the horizon is 



A = 27r 2 ?’y = 27r 2 rg coshoq cosh 0:2 cosh 0:3. 



( 11 . 66 ) 



The entropy is then given by 



S = 



A 

4Gs 



^TTr^Ve 

£ 9 

c p 



cosh a 1 cosh a 2 cosh 0:3. 



(11.67) 



To convert to string units, one would replace £ 9 by g 2 ^. 

These formulas have a suggestive interpretation. Let us imagine that, 
in addition to there being Q\ Dl-branes wrapping the y 1 circle, there are 
also Q 1 anti-Dl-branes wrapping the same circle. Similarly, anti-D5-branes 
and right-moving Kaluza-Klein excitations can be introduced. Then the net 
charge in each case is 



Qi = Qi~Qi * = 1,2,3. (11.68) 

The three types of electric charge have Qi ~ sinh 2a*. By identifying Qi ~ 
exp(2aj) and ~ exp(— 2«j) one interprets the net charge as a difference of 
brane and antibrane contributions and the expression for Mj ~ cosh2aj as 
the sum of brane and antibrane contributions. This also allows the entropy 
in Eq. (11.67) to be rewritten in form 



S = 



A 

4 G~ 5 



+ \J~Qi ), 



(11.69) 



which is a nice generalization of Eq. (11.55). 



Rotating supersymmetric black holes for D = 5 

In five dimensions it is possible for a three-charge black hole to rotate and 
still be supersymmetric. 13 This is not possible in four dimensions, where all 

13 A rotating time-independent black-hole solution in four dimensions is known as a Kerr black 
hole. The solution under consideration here is quite different from that one. 
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rotating black holes, even extremal ones, are not supersymmetric. The key is 
to note that the rotation group in five dimensions is 50(4) ~ SU (2) x SU (2). 
Supersymmetry requires restricting the rotation to one of the two SU (2) fac- 
tors, which corresponds to simultaneous rotation, with equal angular mo- 
mentum, in two orthogonal planes. There are more general ways in which a 
five-dimensional black hole can rotate, of course, but this is the only one that 
is supersymmetric. It preserves 1/8 of the original 32 supersymmetries, just 
like the previous examples. To describe this case, let us introduce angular 
coordinates as follows: 



Then 



x 1 = r cos 9 cost/), x 2 = r cos 9 sin i/g 

x 3 = r sin 9 cos (j>, x 4 = r sin 9 sin q. i. 



(11.70) 

(11.71) 



dx l dx l = dr 2 + r 2 c?fl| (11.72) 

describes Euclidean space for 

d^l = d6 2 + sin 2 9 dcj) 2 + cos 2 9 dip 2 , 0<9<n/2, 0 < <f>, ^<2ir. (11.73) 



The metric of the desired supersymmetric rotating black hole is a relatively 
simple generalization of Eq. (11.46) 



ds 2 = —A 2 / 3 (dt — sin 2 9d(f) + cos 2 + A 1 /' 3 ( dr 2 + r 2 dfl|) , 

(11.74) 

where A is again given by Eq. (11.47). This metric describes simultaneous 
rotation in the 12 and 34 planes. The parameter a is related to J 12 = J 34 = J 
by 



7T a 

' = 4G*5 ' 



(11.75) 



The area of the horizon at r = 0, and hence the entropy, is computed in 
Exercise 11.7 and shown to be 



5 = 



A 

4 G~ 5 



2'K\jQ\Q$n - J 2 . 



(11.76) 



Extremal four- charge black holes for D = 4 

The metric and entropy 

The construction of supersymmetric black holes in four dimensions is quite 
similar to the five- dimensional case. Before proposing a specific brane real- 
ization, let us write down the metric and explore its properties. The analog 
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of Eq. (11.46) is 

ds 2 = —A - l/2 dt 2 + A 1/2 (dr 2 + r 2 dnj) , (11.77) 

where 

A =ri( i+ 7)- (iL7s) 

i=l 

This reduces to Eq. (11.30) when all four n are equal. We can read off the 
mass of the black hole from the large distance behavior of gtt using Eqs (11.7) 
and (11.8). The result is 

4 

M = VMi with M i = -^ r . (11.79) 

i= 1 t4 

The area of the horizon, which is located at r = 0, is 

A = 47T\/rir2r3?’4. (11.80) 

Putting these facts together, the resulting entropy is 

S = -4- = 1 6 ttG 4 y/ M i M 2 M3 M4 . (11.81) 

4G4 

Type IIA brane construction 

It still remains to relate the four masses to four electric (or magnetic) 
charges. This requires some sort of brane construction involving four types 
of branes or excitations. To be specific, let us consider the type IIA theory 
compactified on a six torus that is a product of six circles with coordinates 
y 1 , ... ,y G and radii R \, . . . , Rq. A brane configuration that preserves 1/8 of 
the M = 8 supersymmetry, and therefore is suitable, is the following: Q\ 
D2-branes wrapped on the y 1 and y 6 circles, Q 2 D6-branes wrapped on all 
six circles, Q 3 NS5-branes wrapped on the first five circles, and Q 4 units of 
Kaluza-Klein momentum on the first circle. The masses that correspond to 
these types of excitations are 

Mi = (2ttRi)(2ttRq)Td2Qi = -^s(RiRc,)Qi, 

M 2 = (2irRi) ■ ■ ■ (2irR 6 )T m Q 2 = ^jt(Ri • ■ ■ Re)Q2, 

(11.82) 

M 3 = (2ttRi) ■ ■ ■ (2TrR 5 )T m5 Q 3 = gZ£s(Ri ■ ■ ■ R5)Q 3 , 

M4 = 
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Inserting these masses into the entropy formula given above and using 



G 4 



G w 

( 2ttRi ) • • • (2ttRq) 



9s ^ 

8 R\ ■ ■ ■ Rq 



yields the hnal formula for the entropy 



S — 2 ir \J Q1Q2Q3Q4 ■ 



(11.83) 



(11.84) 



This result bears a striking resemblance to Eq. (11.55). 



Dual brane configurations 

As in the five-dimensional three-charge case, there are many other equivalent 
brane configurations that are related by various S- and T-duality transforma- 
tions, and Eq. (11.84) applies to all of them. For example, a T-duality along 
directions 1,2,3 gives a type IIB configuration. Following this by an S-duality 
gives a type IIB configuration that has Q 1 D3-branes wrapping directions 
2,3,6, Q 2 D3-branes wrapping directions 4,5,6, Q 3 D5-branes wrapping di- 
rections 1-5, and Q 4 Dl-branes wrapping direction 1. A further T-duality 
along direction 6 gives a type IIA configuration consisting of three sets of 
D2-branes wrapping orthogonal two-tori and a set of D 6 -branes wrapping 
the entire 6 -torus. 



M = 8 supergravity in D = 4 

The effective four-dimensional theory in this case is J\f = 8 supergravity, 
which has a noncompact Ejj duality group. This is a continuous symmetry 
in the supergravity approximation, though it is broken to the infinite discrete 
U-duality group EV(Zj) by string theory corrections. Since we are working in 
the supergravity approximation, the entropy of extremal black holes should 
be invariant under the continuous symmetry group. Writing the entropy 
in the form S = 2n\/A, we found A = (5 iQ 2<33Q4 f° r a certain specific 
four-charge black hole in Eq. (11.84). We can use group theory to figure out 
how this should generalize. 

M = 8 supergravity has 28 17(1) gauge fields. There are therefore 28 
distinct electric and magnetic charges that a black hole can carry. These 
charges form a 56 representation of the Ej- duality group. There is a 
unique -EVj-symmetric quartic invariant that can be constructed out of these 
charges, and the product Q\Q 2 Q?,Qa corresponds to a special case of that 
invariant. The way this works is as follows: The matrix of central charges 
is an 8 X 8 complex antisymmetric matrix 



Zab = Qab + i'P A B 



(11.85) 
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where the qAB denote the 28 electric charges and the pab denote the 28 
magnetic charges. The invariant A is a quartic expression in these central 
charges. The Ejj duality group has an 577(8) subgroup, which can be made 
manifest. Subscripts A,B label an 8 and superscripts label an 8 of 577(8). 
Thus the complex conjugate of the central charge is denoted Z . Now 
consider the formula 

A = tr (Z~ZZ~Z) - ^ (tr Z~Z) 2 + 4(Pf Z + Pf Z), (11.86) 

where the Pfaffian is 

PfZ = -±^ £ abcdefgh ZabZcdZefZgh- (11-87) 

Each of the terms in Eq. (11.86) has manifest 517(8) symmetry. The claim 
is that this particular combination is the unique one (up to normalization) 
for which this extends to E^j symmetry. 

By a transformation of the form Z — > U T ZU , where U is a unitary ma- 
trix , 14 Z can be brought to a canonical form in which the only nonzero 
entries (with A < B) are z\ = Z\ 2 , z 2 = Z 34 , z 3 = Z 56 , Z 4 = Zyg. The Zi s 
are complex, in general. In this basis one has 

A = 2 ^ |zj | 4 - + 8 Re(zi 222324)- (11.88) 

As a matter of fact, by an 517(8) transformation, it is possible to remove 
three phases. So, for example, all four z^ could be chosen to have the same 
phase or else three of the z^ could be chosen to be real. Thus, the five-charge 
case discussed below, is the generating solution for the arbitrary case in the 
same sense that the three-charge solution was in five dimensions. 

To make contact with the four-charge black hole considered previously, 
all four Zi can be chosen to be real in order to give four electric charges. For 
the specific choices 

Z 1 = ~^(Q 1 + Q'2 + Q3 + Qa)i z 2 = ^(Ql + 0,2 — Q3 — Q4), 

z 3 = ^(Q 1 — Q2 + Q3 — Q4), z 4 = ^(Ql — Q2 — Q3 + Qa), (11.89) 

one finds after some algebra that A = Q 1 Q 2 Q 3 Q 4 hi agreement with what 
we found earlier by other methods. 

14 This is appropriate because U (8) is the automorphism group of the J\f = 8, D = 4 supersym- 
metry algebra. 
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Five-charge configuration 

It is possible to add Pi DO-branes to the D2-D2-D2-D6 configuration de- 
scribed above without breaking any additional supersymmetry. The result- 
ing 5-charge configuration differs from the configurations considered so far 
in an important respect. Namely, a DO-brane and a wrapped D6-brane are 
mutually nonlocal. In other words, they are electric and magnetic with re- 
spect to the same gauge field. Let us not attempt to write down the solution 
that describes such a black hole. It is given by an Ejj transformation of the 
solution that we presented. Rather, let us simply note that the Ej quartic 
invariant can be evaluated for all possible choices of electric and magnetic 
charges, so it is simply a matter of reading off what it gives. To do this we 
should simply replace Q\ — > Qi + iP\ in each of the four Zi s and re-evaluate 
A. After some algebra one finds that Eq. (11.88) gives 

A = Q1Q2Q3Q4 ~ \pIQI (11-90) 

Thus 

S = 2ir^Q 1 Q 2 Q 3 Q 4 -^P?Ql (11.91) 

If one chooses to make the more common convention of calling DO-branes 
electrically charged and D6-branes magnetically charged, then we should 
make an electric-magnetic duality transformation, which amounts to re- 
naming the charges as follows: Qi = Po and Pi = —Qo- Written this way, 
the entropy takes the form 

S = 2TT^jp 0 Q 2 Q 3 Q i - \p$QI (11.92) 



The 4d/5d connection 

The astute reader may have noticed a resemblance between the entropy 
of a rotating black hole in five dimensions, given in Eq. (11.76), and the 
four- dimensional entropy describing a four-charge black hole Eq. (11.92). 
Specifically, the two formulas agree if one sets Po = 1 and makes the identi- 
fication J = Qq/2. This turns out to be more than a coincidence. Without 
going into the mathematical details, let us explain qualitatively how this 
comes about. 

Since the four-dimensional black hole has Po = 1, there is one D6-brane. 
In Chapter 8 it was explained that a D6-brane of the type IIA theory is a 
higher-dimensional analog of a Kaluza-Klein monopole. This means that, 
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from the 11-dimensional M-theory perspective, the four dimensions trans- 
verse to the brane form the Taub-NUT geometry 

d«TN = ^ j ( dr 2 + r 2 d£lf) 

+ ^1 + (dy + R sin 2 (9/2) dcj)) 2 . (11.93) 

This geometry can be visualized as analogous to a cigar with the D 6 -brane 
localized to the region near the tip. Far from the tip of the cigar, the 
geometry looks like R 3 x S 1 , where the circle is the M-theory circle, which in 
type II A units has radius R = g s £ s . The fact that the number of DO-branes 
is Q o means that there are Q o units of momentum around the M-theory 
circle. On the other hand, near the tip of the cigar the geometry would be 
nonsingular and look like R 4 if there were no other branes in the problem. 
However, their presence makes the story more complicated. 

Now consider the strong-coupling limit of the previous four-dimensional 
picture. In this limit the radius of the M-theory circle approaches infinity, 
and the Taub-NUT geometry approaches flat R 1 far from the origin. How- 
ever, near the origin there is a five-dimensional black hole. The Q o units of 
momentum around the M-theory circle are still present, but now as angular 
momentum J 12 = J 34 = Qo/2 about the origin, which was the tip of the 
cigar. In the limit one is left with a five-dimensional black hole with M2- 
brane charges Q \ , Q 2 , Q 3 and J = J 12 = J 34 . Since the entropy does not 
depend on the string coupling constant, which controls the size of the M- 
theory circle, its value must be the same for the four- and five-dimensional 
black holes, which is what we found. 



Exercises 



Exercise 11.6 

Verify that the D0-D4-F1 realization of the black hole discussed in Sec- 
tion 11.3 has entropy given by Eq. (11.55), with the charges replaced by the 
charges of the dual configuration. 

Solution 

Consider Qo DO-branes, Q 4 D4-branes wrapping the T 4 , which has a volume 
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(27t) 4 U, and Q\ Fl-branes wrapping the y 1 circle, which has radius R. This 
leads to the masses 



Mi 




Q 4 

(2ir) 4 g s l 5 s 






m 3 



Q i 

2nl 2 s 



2nR. 



Inserting this into the expression for the entropy Eq. (11.54) gives 



S = 



A 

4 G~ 5 



2 t Tg s £j 

Vrv 



Ml M 2 M 3 — 27T yj QoQiQl- 



Comparison of this formula with Eq. (11.55) shows that the D0-D4-F1 sys- 
tem gives the same entropy for Qo = Qi, Q4 = Q 5 and Q 1 = n, which is 
what we wanted to show. 

Note that the various dualities that relate the different brane descriptions 
of the black hole do not change the five-dimensional metric except by an 
overall constant factor. Such a factor has no bearing on the computation of 
the entropy, which is dimensionless. 

□ 



Exercise 11.7 

Compute the area of the horizon of the rotating black hole described in 
Section 11.3 and deduce its entropy. 

Solution 

In the near-horizon limit r ~ 0 and constant t the metric Eq. (11.74) reduces 
to 

ds 2 = R 2 dQ 3 — (a/R 2 ) 2 ( cos 2 Od'ip — sin 2 9dc/)) 2 

= R 2 d6 2 + R 2 (cos 9 sin 0) 2 (# + d^) 2 + (R 2 — (a/R 2 ) 2 )( cos 2 dd'ip — sin 2 ddtfi) 2 , 
where 

R 2 = (nr 2 r 3 ) 2/3 . 

The easiest way to compute the area of the horizon described by this metric 
is to define the orthonormal one-forms 

ei = RdO, 

e 2 = R cos 6 sin 9{d(f) + dip), 
e 3 = \J R? — (a/R?) 2 ( cos 2 9 dip — sin 2 9d<p>). 
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Then the area of the horizon obtained from this metric is given by 
A = j e\ A e 2 A e 3 = R 2 \/ R 2 — ( a/R 2 ) 2 J cos 9 sin 6d0 A d(j> A dip 



Using this result, 



= 27 t 2 \J ( ?’rr 2 r 3 ) 2 - a 2 . 



S = —— = 2n\/Q 1 Q 5 n - J 2 , 

4Ct5 



where the angular momentum J is related to the parameter a by 



If a > r±r 2 r 3 , the black hole is over-rotating , and the geometry has a naked 
singularity, at least in the supergravity approximation. □ 

Exercise 11.8 

Consider the dual configuration of the D = 4 extremal four-charge black 
described in Section 11.3. Show that this gives the entropy in Eq. (11.84), 
with the charges replaced by the charges of the dual configuration. 

Solution 



The dual configuration has three sets of D2-branes and one set of D6-branes. 
The associated masses are 

M\ = (2ttR 2 )(2ttR 3 )T D2 = jpQi, M 2 = 5 -Q 2 , 

M 3 = M 4 = (2tt) 6 ( j R 1 • • • Rq)TdqPq = ^R 0 . 

Therefore, the entropy is 

a a 2 (A 

5 = — = IQk ^' S r ^ MiM 2 M 3 M 4 = 2tt^Q 1 Q 2 Q 3 P 0 , 
which reproduces Eq. (11.84). □ 



Exercise 11.9 

Construct the nonextremal generalization of the four-charge black hole by 
analogy with the construction given for nonextremal black holes in five di- 
mensions. Interpret the masses, charges, and entropy in terms of branes and 
antibranes, as was done in the five- dimensional case. 
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Solution 



The formulas analogous to Eqs (11.60) - (11.62) for D = 4 black holes take 
the form 

,L,‘ = -A” 1 / 2 (l - <it 2 + A 1 ' 2 ((l - y) ‘dr 2 + r 2 <iS! 2 l , 



A = n(i + r ° sillh2a - 



i= 1 



We can then extract the values of the masses in the usual way, 



M = 



rp 
4 G 4 * 



sinh 2 ctj + 



rp 



rp 



i= 1 



2 G 4 8 G 4 



cosh 2 a* 






which gives 



Mi = 



?’o cosh 2 a i 

8G4 



The outer horizon, located at r = ro, has an area 

4 

A = 47t?’q cosh a*. 
i=l 

This result can be interpreted as signaling the presence of Q i antibranes in 
addition to the Qi branes. Identifying Qi ~ exp(— 2aj) and Q* ~ exp(2aj), 
we see that the result for the mass comes from the sum of the masses of the 
branes and the antibranes, while the net charge comes from the difference 

Qi — Qi Qi- 

The result for the entropy can then be written in terms of these charges 



S = 



A 

4Ga 



271- JJ(\/i2i + \J~Qi)- 



i= 1 



□ 



11.4 Statistical derivation of the entropy 
Extremal black holes 

Now let us turn to the microscopical derivation of the entropy of the three- 
charge supersymmetric black hole in five dimensions. The four-charge su- 
persymmetric black hole in four dimensions can be analyzed in a similar 
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manner, but that is left as a homework problem. The derivation was first 
given by Strominger and Vafa in the context of type IIB compactifications 
on K 3 x S' 1 . The discussion that follows analyzes the somewhat simpler case 
of the toroidal compactification described in Section 11.3. The analysis can 
be carried out either for the D1-D5-P system or for the S-dual F1-NS5-P 
system. For definiteness, the discussion that follows refers to the former 
set-up. 

The fact that there are Q \ units of charge associated with Dl-branes 
means that there are Q\ windings of Dl-branes around the circle. However, 
the way this is achieved has not been specified. The two extreme possibil- 
ities are (1) there are Q\ Dl-branes each of which wraps around the circle 
once and (2) there is a single Dl-brane that wraps around the circle Q\ 
times. Altogether, the distinct possibilities correspond to the partitions of 
Q\ . When there is more than one Dl-brane, it is important that they form 
a bound state in order to give a single black hole. The Q 5 units of D5-brane 
charge also can be realized in various ways. In all cases, one wants the Dl- 
D5-P system to form a bound state, so that one ends up with a localized 
object in the noncompact dimensions. 

The low-energy physics of these bound states is described by an orbifold 
conformal field theory that is defined on the circle of radius R. The fields 
in the conformal field theory correspond to the zero modes of open strings 
that connect the Dl-branes to the D5-branes. There are Q 1 Q 5 distinct such 
strings, since each strand of Dl-branes can connect to each strand of D5- 
branes. That is the picture locally. However, imagine displacing this (small) 
connecting string repeatedly around the circle. If there is a single multiply 
wound Dl-brane and a single multiply wound D5-brane (along the circle), 
and if Q± and Q \ 5 have no common factors, then one must go around the 
circle Q 1 Q 5 times to get back to where one started. Thus, the excitations 
of this system are the same as what one gets from having a single string 
wound around the circle Q 1 Q 5 times. Since this string is localized in the 
noncompact dimensions, the only bosonic zero modes in its world- volume 
theory correspond to its position in the four transverse compact dimensions. 
Since the system is supersymmetric, there must therefore be four boson and 
four fermion zero modes on the string world volume. 

The system described above can be represented as an orbifold conformal 
field theory that is obtained by taking the tensor product of Q 1 Q 5 theo- 
ries describing singly wound strings and then modding out by all of their 
(Q1Q5)! permutations. This orbifold theory has many twisted sectors, 15 and 



15 They are given by the conjugacy classes of the permutation group Sq 1 q 5 . 
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just one of them corresponds to a single string wound Q 1 Q 5 times. How- 
ever, this sector gives more low-energy degrees of freedom than any of the 
other sectors, all of which involve multiple strings. Excitations of shorter 
strings have higher energy, which suppresses them entropically. Therefore, 
one obtains an excellent approximation to the entropy by only counting the 
excitations of this long string, which is what we will do. 

In view of the preceding, let us consider a single string wound Q 1 Q 5 
times around a circle of radius R that is only allowed to oscillate in four 
transverse directions. The question to be answered is how many different 
ways are there of constructing a supersymmetric excitations of energy n/R. 
The string can have left-moving and right-moving excitations, and the level- 
matching condition is N l — -/Vr = nW, where the winding number is 

W = Q 1 Q 5 . (11.94) 

Supersymmetry requires that either IVl or Nr vanishes, since then that 
sector contributes a short (supersymmetric) representation in the tensor 
product of left-movers and right-movers that gives the physical states of the 
closed string. Whether IVl or Nr should vanish is determined by the sign 
of nW . 

If N, ^ and n l m denote excitation numbers of the four transverse bosonic 
and fermionic oscillators, respectively, then evaluation of IVl or Nr gives 

4 OO 

\ nW \ = EE m «+ n -)- ( n - 95 ) 

i= 1 m= 1 

The degeneracy d(Qi, Q5, n) is then given by N$ times the number of choices 
for IV* n and n l m that gives|nQiQ. 5 |. The factor Nq denotes the degeneracy of 
the left-moving or right-moving ground state, which is always 16 for a type II 
string. However, multiplicative numerical factors turn out to be completely 
negligible. 

The degeneracy is given by the coefficient of w nV ^ in the generating func- 
tion 

c M=».n ^ ■ (H96) 

The numerator takes account of the four fermions and the denominator 
takes account of the four bosons. To be precise, in this formula the fermions 
are taken here to be in the R sector. The NS sector would give an equal 
contribution (after GSO projection). 

The degeneracy is evaluated for large nW by representing it as a contour 
integral and using a saddle-point evaluation, as was described in Chapter 2. 
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It is already clear that the answer is a function of N = nW = nQiQs only. 
However, while this is true for the single-string sector under consideration, 
it is not true for the subdominant multiple-string configurations that are 
not being considered. Evaluation of the degeneracy for large N requires 
knowing the behavior of G near w = 1. This is obtained using the Jacobi 
theta function identity 

0 4 (O|r) = -L=0 2 (t)\ - 1/t), (11.97) 

V — IT 

where w = e mT , for the representations 

*«>« - n (££) <“■*» 

m= 1 ' ' 

oo 

d 2 (0\r)= J2 w (n ~ 1/2)2 - (11-99) 

n=— oo 

This implies that as w — > 1 

0 M .(_^) 2 exp (__T_). ( n,o„) 

Then writing the degeneracy in the form 

d(Q„<?5,n) = Ty^h, (11.101) 

and using a saddle-point approximation, one finds for large N that 

d{Qi,Q 5 ,ri) ~ (Qi<3 5 n) _7/4 exp (2TTy/QiQ 5 nj , (11.102) 

and as a result the microcanonical black-hole entropy is given by 

S = logd ~ 27 ry/OiQ^n - ^ \og(QiQ^n) + . . . (11.103) 

Remarkably, the leading term in Eq. (11.103) reproduces the result obtained 
earlier in Eq. (11.55) by computing the area of the horizon in the super- 
gravity approximation. The exponential factor in the degeneracy factor is 
multiplied by a power of QiQ^n, and the first correction to the entropy for- 
mula is proportional to the logarithm of this factor. This term is a stringy 
correction to the entropy computed in the supergravity approximation. For 
the particular black hole considered here, the leading correction to the BH 
entropy formula is proportional to log (A/Gp). That seems to be the rule 
quite generally. However, in contrast to the famous factor of 1/4 in the 
leading term, A/4Gd, the coefficient of the logarithm is not universal. 
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Nonextremal black holes 

It is natural to try to extend this analysis to nonextremal black holes. The 
goal would be to reproduce the BH entropy formula by counting microstates. 
However, in this case the black holes are no longer supersymmetric, and the 
entropy formula is not guaranteed to extrapolate from weak coupling to 
strong coupling without corrections. Because of this lack of control, the 
result has not been derived in the general case using controlled approxi- 
mations. What has been done successfully, in a mathematically controlled 
way, is to compare the results for nearly extremal black holes for which the 
nonextremality can be treated as a perturbation. 

Let us consider the nonextremal D = 5 black holes described in Sec- 
tion 11.3 in the special case that the only antibranes are h Kaluza-Klein 
excitations. In this case, the macroscopic entropy formula Eq. (11.69) be- 
comes 

S= 2ir(^QiQ 5 n + yjQiQ^h). (11.104) 

The interpretation in terms of the world- volume theory of a string of winding 
number W = Q 1 Q 5 is that the equations Nr = nQ\Q§ and Nr = 0, which 
were appropriate in the extremal case are now replaced by 

N l = nQiQ 5 and N R = hQ\Q 5 . (11.105) 

In this case the degeneracy of states contains both a left-moving and a right- 
moving factor 

d ~ exp(27ry / Nr + 2tx\J Nr). (11.106) 

Taking the logarithm of both sides gives the microscopic entropy 

5= 2 k{^N~ l + ^Nr), (11.107) 

in exact agreement with the macroscopic formula! Surely this is better 
agreement than one had any right to expect. At the very least, the approx- 
imations that have been made require h <C n. We will not describe the 
precise requirements for the approximations to be justified. Suffice it to say, 
there is some region for which they are justified, but the result that one 
obtains turns out to give agreement in an even larger region. It would be 
nice if one could understand why this happened. 



Hawking radiation 

The nonextremal black holes have a finite temperature and decay by the 
emission of Hawking radiation. The brane picture makes the instability 
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clear: it can be interpreted as brane-antibrane annihilation. Specifically, for 
the set-up in the preceding subsection, where there are both left-moving and 
right-moving Kaluza-Klein excitations, they can collide to give a massless 
closed-string state, which is then emitted from the black hole. The calcula- 
tion has been carried out for n <C n with the conclusion that the decay rate 
as a function of frequency is 

A el 4 k 

dI » = (*)«■ < n - 108 > 



where the temperature is 



2 v/ra 

nR 



(11.109) 



If one considers Dl-brane anti-Dl-brane or D5-brane/anti-D5-brane an- 
nihilations instead, then a different viewpoint is convenient. When a brane 
and an antibrane coincide, their common world volume contains a tachyonic 
mode that arises as the lowest mode of the open string that connects the 
brane to the antibrane. This tachyon signals an instability of the world- 
volume theory, which results in the emission of closed-string radiation as 
in the previous discussion. In fact, one can test this reasoning by using 
Witten’s string field theory to describe the open string. Sen has argued per- 
suasively that this theory gives a potential for the tachyon field, and that the 
decay corresponds to sliding down this potential from a local maximum to a 
local minimum, that is, tachyon condensation. Furthermore, the value of the 
potential at the minimum should be lower than its value at the maximum 
by exactly twice the brane tension. Thus the world-volume tachyon rolling 
to the minimum of its potential precisely corresponds to brane-antibrane 
annihilation. This results in the emission of closed-string quanta. In the 
black-hole setting considered here, these quanta comprise the Hawking ra- 
diation. This prediction for the gap between the maximum and minimum 
of the potential has been tested numerically in Witten’s bosonic string field 
theory, and it has been verified to high precision. Moreover, it has recently 
been derived analytically. 



11.5 The attractor mechanism 

Moduli fields 

As has been discussed in previous sections, black holes can appear when 
a superstring theory or M-theory is compactified to lower dimensions and 
when branes are wrapped on nontrivial cycles of the compact manifold. The 
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compactified theories typically have many moduli of the type considered in 
Chapters 9 and 10. These moduli appear as part of the black-hole solutions, 
which turn out to exist for generic values of these moduli at infinity, that is, 
far from the black hole where the geometry is essentially flat. As a result, 
there is the dangerous possibility that the entropy of the black hole may 
depend on parameters that are continuous, namely the moduli fields at in- 
finity, and not only on discrete black-hole charges. This would be a problem, 
since the number of microstates with given charges is an integer, that should 
not depend on parameters that can be varied continuously. It should only 
depend on quantities that take discrete values, such as electric/magnetic 
charges and angular momenta. 16 

The attractor mechanism 

In order to resolve this puzzle, one has to realize that the entropy of a black 
hole is determined by the behavior of the solution at the horizon of the 
black hole and not at infinity. The obvious way to reconcile this with the 
observations in the preceding paragraph is for the moduli fields to vary with 
the radius in such a way that their values at the horizon of the black hole 
are completely determined by the discrete quantities, such as the charges, 
regardless of their values at infinity. In other words, the radial dependence 
of these moduli is determined by differential equations whose solutions flow 
to definite values at the horizon, regardless of their boundary values at 
infinity. This solution is called an attractor and its existence is the essence 
of the attractor mechanism. The existence of an attractor is necessary for a 
microscopic description of the black-hole entropy to be possible. 

The attractor equations arise from combining laws of black-hole physics 
with properties of the internal compactification manifolds. To be specific, 
this section gives the derivation of the attractor equations for type IIB super- 
string theory compactified on Calabi-Yau three-folds. A crucial ingredient 
in these cases is special geometry , a tool used to describe the relevant moduli 
spaces that was introduced in Chapter 9. 



Black holes in type IIB Calabi-Yau compactifications 

As discussed in Chapter 9, when type IIB superstring theory is compactified 
on a Calabi-Yau three-fold M, the resulting theory in four dimensions has 
J\[ = 2 supersymmetry. The four-dimensional theory is M = 2 supergrav- 
ity coupled to h 2,1 abelian vector multiplets and h 1,1 + 1 hypermultiplets. 

16 The entropy formulas given earlier depend on integers only, though they are not logarithms of 
integers. The reason, of course, is that the formulas are not exact. 
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The vector multiplets contain the complex-structure moduli, while the hy- 
permultiplets contain the Kahler moduli and the dilaton. The following 
discussion focuses on the fields contained in vector multiplets, since the en- 
tropy does not depend on the hypermultiplets, at least in the supergravity 
approximation, as will become clear. 

Brief review of special geometry 

An M = 2 vector multiplet contains a complex scalar, a gauge held and 
a pair of Majorana (or Weyl) fermions. The moduli space describing the 
scalars is h 22 -dimensional and is a special- Kahler manifold. The Kahler 
potential for the complex-structure moduli space is 

K = - log fz J 12 A nj , (11.110) 

where 12 is the holomorphic three-form of the Calabi-Yau manifold, as usual. 
In this set up a black hole can be realized by wrapping a set of D3-branes on 
a special Lagrangian three-cycle C. In order to describe this, let us introduce 
the Poincare dual three- form to C, which we denote by T. 

This black hole carries electric and magnetic charges with respect to the 
h 2,1 U{ 1) gauge fields originating from the ten-dimensional type IIB self-dual 
five- form F$ as well as the graviphoton belonging to the J\f = 2 supergravity 
multiplet. In order to describe the charges, let us introduce a basis of three- 
cycles A 1 , Bj (with I, J = 1, . . . , h 2,1 + 1), which can be chosen such that 
the intersection numbers are 

A 1 nBj = -BjflA 1 = 5j and A 1 n A J = Bj n Bj = 0. (11.111) 

The Poincare dual three- forms are denoted a 1 and (ij . The group of trans- 
formations that preserves these properties is the symplectic modular group 
Sp(2h 2,1 + 2 \7L). The symplectic coordinates introduced in Chapter 9 are 

X 1 = e K/2 [ 12 and F r = e Kl2 [ 12. (11.112) 

J A 1 JBj 

Recall that the definition of 11 can be rescaled by a factor that is independent 
of the manifold coordinates and that this corresponds to a rescaling of the 
homogeneous coordinates X 1 . This freedom has been used to include the 
factors of e^/ 2 , which will be convenient later. 

The electric and magnetic charges, qi and p 1 , that result in four dimen- 
sions are encoded in the homology class C = p 1 Bj — qjA 1 or the equivalent 
cohomology class T = p 1 aj — qi/3 1 . Thus, in terms of a canonical homology 
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basis A 1 , Bp one can write 



[ r= f r a ( 3 1 = p J 


and 


/ T = / TAa/ = ?j. (11.113) 


lA 1 JM 




Jr, Jm 



The central charge, which is determined by the charges, is given by 

Z(T) = e ia \Z\ = e K/2 [ T A fi = e K/2 [ fi. (11.114) 

J M Jc 

This expression for the central charge can be derived from the J\f = 2 su- 
persymmetry algebra, as was shown in Chapter 9. it can be re-expressed as 
follows: 

Z(T) = e K/2 Yl(f T J n ~ J T J = P 1 Fi ~ QiX 1 . (11.115) 

The attractor equations and dyonic black holes 

Let us now show that the complex-structure moduli fields at the horizon 
are determined by the charges of the black hole, independent of the values 
of these fields at infinity. In order to illustrate this, we will derive the 
differential equations satisfied by the complex-structure moduli fields for 
the case of four-dimensional spherically symmetric supersymmetric black 
holes. These conditions restrict the space-time metric to be of the form 

da 2 = -e 2U ^dt 2 + e~ 2U(r) dx • dx, (11.116) 

where x = (. xi,X 2 ,x % ) and r = |T| is the radial distance and r = 0 is the 
event horizon. Note that this requires using a coordinate system that is 
singular at the horizon like the one in Eq. (11.77), for example. Let us 
also assume that the holomorphic complex-structure moduli fields t a only 
depend on the radial coordinate, so that t a = t a (r), with a = 1, . . . ,h 2,1 . 
Recall that these coordinates are related to the homogeneous coordinates 
X 1 introduced above by t a = X a /X°. It is convenient to introduce the 
variable r = 1/r. Then r = 0 corresponds to spatial infinity, while r = oo 
corresponds to the horizon of the black hole. 

The first-order differential equations satisfied by U(r) and t a (r) can be 
derived by solving the conditions for unbroken supersymmetry 

<h/v = 5X a = 0, (11.117) 

where is the gravitino, and X a represents the gauginos. These equations 





Fig. 11.4. The pendulum with a dissipative force acting on it evolves towards 9 = 0 
independently of the initial conditions. 



imply a set of first-order differential equations 1 ' 

= -e u( - r) \Z\, (11.118) 

dr 

( ^1 = -2e u(T) G a ^d 3 \Z\. (11.119) 

dr p 

Recall that G af 3 is the inverse of G a p = d a dpK,. In this form the conditions 
for unbroken supersymmetry can be interpreted as differential equations 
describing a dynamical system with r playing the role of time. 

The physical scenario described by these equations has a nice analogy with 
dynamical systems. Consider, for example, a pendulum with a dissipative 
force acting on it. In general, the final position of the pendulum is inde- 
pendent of its initial position and velocity. The point at 0 = 0 in Fig. 11.4 
represents the attractor in this simple example. Solving the equations in the 
near-horizon limit is then equivalent to solving the late-time behavior of the 
dynamical system. It will turn out that the horizon represents an attractor, 
that is, a point (or surface) in the phase space to which the system evolves 
after a long period of time. This means that the moduli approach fixed 
values at the horizon that are independent of the initial conditions. 



Solution of the attractor equations 

In order to solve Eqs (11.118) and (11.119) explicitly near the horizon, let us 
first note that these differential equations can be written in the alternative 
equivalent form 



2 



d_ 

dr 



e -[/(r)+/C/2 Im (g -iaty 



~ -T. 



( 11 . 120 ) 



17 The derivations are given in hep-th/9807087. Since Eq. (11.114) is homogeneous of degree one 
in the X s, means (X 0 ) -1 Z(X I ). 
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The ~ symbol means that two sides are cohomologous. In other words, they 
are allowed to differ by an exact three-form, though this freedom can be 
eliminated by choosing harmonic representatives. Equation (11.118) is one 
real equation and (11.119) is /i 2,1 complex equations, making 2/i 2,1 + 1 real 
equations altogether. Equation (11.120) can be projected along each of the 
classes of H 3 , and there are 2 h 2,1 + 2 of these. So, if it really is equivalent to 
Eqs (11.118) and (11.119), it is necessary that there is a redundancy among 
these equations. 

Consider integrating Eq. (11.120) over the A cycles and the B cycles. 
Using Eqs (11.112) and (11.113) this gives 

2 A- [e-tfMim (e-^X 1 )} = -p 1 (11.121) 

dr l v 7 J 

and 

2_1 le-^hmU-^FA] = - qi . ( 11 . 122 ) 

or 1 J 

Contracting the first equation with qj and subtracting the second equation 
contracted with p 1 gives 

2-^j- e _t/(T) Im(e _ia (g / X / -/F / )) =0. (11.123) 

However, Eqs (11.114) and (11.115) imply that 

e~ ia (qrX r - p 1 E» = -\Z\, (11.124) 

so that Eq. (11.123) is automatically satisfied. This is the required redun- 
dancy that leaves 2 h 2,1 + 1 nontrivial equations. 

Equation (11.118) can be obtained from Eq. (11.120) by projecting both 
sides on e~ ia e lc ^ 2 Q. This means taking the wedge product with this three- 
form and then integrating over the manifold. The derivation of Eq. (11.118) 
by this method is given in Exercise 11.10. To deduce the complex equations 
in Eq. (11.119), one should project along e~ lo e K '^ 2 D a £l. Together with the 
previous result, this extracts the full information content of Eq. (11.120). 
The derivation of Eq. (11.119) is left as a homework problem. 

The differential equation (11.120) can be integrated, since T does not 
depend on r. Its expansion in a real cohomology basis only depends on the 
electric and magnetic charges carried by the black hole. 18 The result is 

2e — C/(r)+/C/2 Im ^ _]> + 2 (e^H)] . (11.125) 

This equation yields implicitly the solution for the moduli fields t a = t a (r). 

18 Of course, its Hodge decomposition depends on the complex structure and thus on r, but this 
is not relevant to the argument. 
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Equation (11.119) implies that 



® = C ^^d a \Z\ + d ±^ld St \Z\ = -4e u G a Pd a \Z\d-p\Z\ < 0. (11.126) 

As a result, \Z\ is a monotonically decreasing function of r converging to a 
minimum. The fixed point is then determined by 



dr 



0 as r 



oo. 



(11.127) 



In order to solve for the moduli fields near the horizon, we assume that the 
central charge has a nonvanishing value Z = Z+ ^ 0 at the fixed point. 
Therefore, Eq. (11.118) can be integrated to give, for large r, 



T-V^l 



(11.128) 



Substituting into the metric, this implies that the near-horizon geometry is 
AdS -2 x S' 2 , just as in Exercise 11.3, 

(jy, 2 

d-s 2 — y — . 0 dt 2 + I Z+ 1 2 — T7- + \ZJ 2 (dd' 2 + sin 2 ddcf 2 ), (11.129) 

\Z*\ Z r z 

and it determines the area of the horizon to be 



A = 4tt|Z*| 2 . (11.130) 

In the near- horizon limit Eq. (11.125) can be solved giving rise to the at- 
tractor equation , which is a determining equation for the complex-structure 
moduli in the near-horizon limit. In this limit Eq. (11.125) implies that 

2e lc/2 lm ( Z*fi) T (11.131) 

at the horizon. This implies that 

r = r (3>0 ) + r (0)3 ) (11.132) 

at the horizon, that is, the only nonvanishing terms in the Hodge decom- 
position of T are (3,0) and (0,3), while the (1,2) and (2,1) parts vanish. 
This is a property of the fixed-point, and it need not be true away from the 
horizon. Therefore, the attractor mechanism can be viewed as a method to 
determine H at the horizon in terms of the charges of the black hole. 

The attractor condition (11.131) and the charges defined in Eq. (11.113) 
give the alternative formulas 19 

p 1 = — 21m (ZA 1 ) and qi = — 21m ( ZFj ) . (11.133) 

This form of the attractor equations is used in the following sections. 

19 These equations often appear with plus signs. Clearly, the signs depend on conventions that 
have been made along the way. 




594 



Black holes in string theory 




Fig. 11.5. Lines with constant r of the 3-center solution with identical charges. 



Multi-center solutions 

There are stationary multi-black holes solutions that are known as multi- 
center solutions. The reason these exist is that, when each of the black 
holes preserves the same supersymmetry charge, this supersymmetry is an 
unbroken symmetry of the multi-black hole system. In this case, the BPS 
condition result in a no-force condition , which means that the total force 
acting on each of the black holes due to the presence of the others exactly 
cancels, so that each of them can remain at rest. The various attractive and 
repulsive forces due to gravity, scalar fields, and gauge fields are guaranteed 
to cancel out due to supersymmetry. This is true even though the held 
configurations are much more complicated than they are for a single black 
hole. 

The attractor equations can be generalized to the case where are black- 
hole horizons, with charges encoded in harmonic three-forms T p , at different 
points x p . In the special case where all of the component black- holes have 
the same charges, the flow parameter r is naturally defined to be 



r = 




(11.134) 



Surfaces with constant r in the 3-center case are displayed in Fig. 11.5. In 
general, the charges are not identical. In order to describe such a solution, 
known as a multi- center solution , one has to consider a slightly generalized 
metric of the form 



ds 2 = —e 2U (dt + uJidx 1 ) 2 + e 2U dx ■ dx. 



(11.135) 
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The attractor equations can then be shown to take the form 

H = 2e~ u lm (e^e^H) , 

•kduj = f M dH A H, 



(11.136) 



where H (x) is a harmonic function of the space-like coordinates (as well as 
a differential form in the compact dimensions), * is the Hodge star operator 
on IR 3 and a is the phase of ZQU T p ). The first of these equations is the 
generalization of Eq. (11.125), while the second one has no counterpart in 
the one-center case. Since each of the horizons is an attractor, the flow 
equation in this case is called a split attractor flow. 

If we have N centers in asymptotically flat space-time, integration gives 



N 

H = - V T„ — — — + 21m (e- ia e K/2 n) 

\ X — X v \ V / r=o o 

P= 1 ' ^ ' 



(11.137) 



Acting with the operator d * on the second equation in (11.136) gives the 
condition 



AH AH = 0. 



<M 



(11.138) 



Using 



one then obtains 



A 




If 

X] \ f - f / r?) A 

q=1 I - L p - L q I JM 



—4:Tt5^\x — x p ), 
2Im[e— Z(T p )] r=oo . 



(11.139) 



(11.140) 



It can be shown that a multi-center solution exists as long as the this equa- 
tion is satisfied. It determines the position of the charges. So, for example, 
in the two-center case the separation of the horizons is determined by 



x\ - x 2 



Im r i A r 2 

21m [e~ ia Z (T \)\ r=00 ' 



(11.141) 



Black rings 

In four dimensions there is a theorem to the effect that the topology of a 
black-hole event horizon is necessarily that of a two-sphere. It therefore 
came as a surprise when people realized that there are more possibilities in 
higher dimensions. In all of the five-dimensional examples discussed so far, 
the horizon has S 3 topology. However, there are also asymptotically flat 
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supersymmetric solutions in five dimensions for which the topology of the 
horizon is S' 1 x S' 2 . In fact, there are so many solutions of this type that they 
are not uniquely determined by their mass, charges and angular momenta, in 
contrast to black holes. These solutions are called black rings. As you might 
guess, rotation is required to support this topology. These solutions can be 
found by considering M = 2 supergravity coupled to a set of vector multi- 
plets in five dimensions. This can be realized by compactifying M-theory on 
a Calabi-Yau three-fold, as was discussed in Chapter 9. This is a concep- 
tually beautiful subject, but the formulas tend to get a bit complicated. So 
we will just list the essential results without the derivations. 20 

In order to present the supersymmetric black- ring solutions, let us first 
describe the most general solutions with unbroken supersymmetry. The 
scalars in the vector multiplets are real and denoted by Y A . The BPS 
equations are then solved by 

ds\ = — f~ 2 {dt + cj) 2 + fds 2 x , (11.142) 

where 

4 

ds 2 x = h mn dx m dx n . (11.143) 

m,n=l 

Here A is a four- dimensional hyperkahler space with metric h m n, w is a 
one-form on A and / is a scalar function depending on the coordinates 
of X. The 17(1) field strength two-forms F A in the vector multiplets are 
determined by 

F a = d [r l Y A {dt + u)\ +& A , (11.144) 

where & A are closed self-dual two-forms on A, that is, 

0 a = * 4 0 a . (11.145) 

Moreover, supersymmetry implies that lo and / are determined by 

duj + * A du = -fY A Q A , (11.146) 

and 

V 2 (/Ta) = 3 D ABC ® B ® C , (11.147) 

where D A bc are the intersection numbers of two-forms (or dual four-cycles) 
describing the geometry of the Y A moduli space. This is the most general 
solution preserving supersymmetry in five dimensions. So, for example, the 
five-dimensional three-charge black holes and rotating black holes described 

20 For further details see hep-th/0504126. 
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in Section 11.3 are special cases of this solution, as you are asked to check 
in a homework problem. 

In order to obtain an example of a black-ring solution, it is sufficient to 
consider the case of one modulus, that is, A = 1 and D m = 1. The space 
X is taken to be Taub-NUT with metric 

d-Sx = H°dx ■ dx + — jwdx 5 + w 0 ) 2 and du)° = * 3 did°, (11.148) 

H u 



where x 5 has period 47T. The solution is then formulated in terms of a set 
of two-center harmonic functions H defined by 



and 



H° 



4 1 

-^TN I X 



H 1 



P 



i 



x — XQ 



Ho = -f+ | t , (11.149) 

L | x — xo | 

Hi = 1+ { g 91 ^ , , (11.150) 

I X — Xo I 



where xo = (0,0, L) and (p 1 ,qi,qo) are constants. When compactified to 
four dimensions, this background is a bound state of one D6-brane located 
at | x |= 0 and a black hole with D4-D2-D0 brane charges (p 1 , qi, qo). 

Using these harmonic functions, Eq. (11.145) is solved by 



0 1 



d 



r h 1 

H° 



(dx 5 + ca°) 



+ -k-^dH 1 , 



(11.151) 



while the solution to Eq. (11.147) is provided by 

XH 1 ? 



f = H i + 3- 



H° 



Moreover, 



uj = — 



Hq + 2 



(id 1 ) 3 HiH 1 



(id 0 ) 2 

where is the solution of 



+ 



id 0 



(dx 5 +uj°) +cu (4) , 



(11.152) 



(11.153) 



dJ A) = id/ * 3 dH 1 - H 1 * 3 did 1 . 



(11.154) 



The black- ring solution is then obtained by taking the limit idrN ~ ^ oo. This 
is the same sort of limit considered earlier when we discussed the 4d/5d 
connection relating a rotating black hole in five dimensions to one with 
suitable charges in four dimensions. 

The five-dimensional metric can then be written in the form 

d.s 2 = Gj^dx^dx" + A (dx 5 — A^dx 11 ) 2 , 



(11.155) 
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where is the four-dimensional metric, A is a scalar and A ^ is a 17(1) 
gauge field. The four- dimensional metric satisfies the two-center attractor 
equations. 



Exercises 



Exercise 11.10 

Deduce Eq. (11.118) by projecting both sides of Eq. (11.120) on e~ ia+!C ^ 2 Q. 



Solution 

Equation (11.120) is equivalent to 



e~ u (e~ ia+K/2 n - e iQ+/c/2 0) ~ -?T. 



Taking the wedge product with e * Q +^/ 2 0, only the second term on the left 
contributes since 0 Afi = nA^n = 0. Thus 

(e~ u ) e K n A 0 - e~ u e~ ia+ic / 2 fl A (, e ia+K 

~ -ie~ ia+lc/2 n a r. 

The imaginary part of this equation is now integrated over the manifold. A 
useful identity that implies that the integral of the second term is real is 

J e ia+lc / 2 n A Jj- (e~ ia+lc / 2 ^ = J e- ia+K -/ 2 n A ( 'e ia+K / 2 l fj , 

which is derived by differentiating Eq. (11.110) written in the form 



In this way, one obtains 

i (e~ u ) e K J n A H = -\e Kl2 J (e~ iQ R + e ia H) A T. 

Using Eq. (11.110) to simplify the left-hand side and Eq. (11.114) to simplify 
the right-hand side, one obtains 

i («-■') - 1 * 1 . 
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which is equivalent to Eq. (11.118). 



□ 



11.6 Small BPS black holes in four dimensions 

Section 11.4 showed how the counting of microscopic degrees of freedom 
reproduces the BH entropy of certain supersymmetric black holes. A crucial 
requirement for this agreement is that Dp-branes wrapped on cycles of the 
internal manifold excite enough different charges to give a solution with a 
nonvanishing classical black-hole horizon. 

Black holes can also be created using fundamental strings and their ex- 
citations without invoking solitonic branes. The string spectrum consists 
of an infinite tower of states with arbitrarily large masses. For sufficiently 
high excitations, or sufficiently large coupling constant, gravitational col- 
lapse becomes unavoidable. This implies that the Hilbert space of string 
excitations should contain black holes. This opens up the interesting possi- 
bility that certain string excitations admit an alternative interpretation as 
black holes. In this section we discuss evidence that black holes are an al- 
ternative description of certain elementary string excitations. The evidence 
again follows from comparing the black-hole entropy obtained by counting 
microscopic quantum states to the macroscopic black-hole entropy described 
by geometry. 

The difficulty in making a black hole out of perturbative string excitations 
is that an elementary string states do not excite all four types of charges in 
the A factor of the metric in Eq. (11.77). Therefore, the area of the horizon 
would vanish in the supergravity approximation, leaving a null singularity 
at the origin. For large string excitation number N, the entropy is pro- 
portional to \/N . and the area of the horizon is A ~ \/fWp where £ p is 
the four-dimensional Planck length. Even though the area of the horizon 
is large in Planck units, it is of order one in string units, which explains 
why the supergravity approximation gives zero. Therefore, a ' corrections to 
the supergravity approximation are important for obtaining a horizon of fi- 
nite radius that shields the singularity, as required by the cosmic censorship 
conjecture. 



Microstate counting 

As a specific example, let us consider the heterotic string compactified on a 
six-torus to four dimensions, which was discussed in Chapter 7. 21 This gives 

21 The techniques discussed in this section are of more general applicability than this specific 
example. 
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28 U{ 1) gauge fields. 22 These transform as a vector of the 0(22, 6; 7L) duality 
group. 22 of the gauge fields belong to 22 vector multiplets, while the other 
6 belong to the supergravity multiplet. The allowed charges of these gauge 
fields are given by sites of the Narain lattice, as described in Chapter 7. 
Since this is an even lattice, a charge vector in this lattice squares to an 
even integer. In other words, since the charges are encoded in the internal 
momenta (pr,Pl), where />l has 22 components and pR has six components, 

p 2 R -pl = 2N. (11.156) 

The mass formula for these states is 

-a'M 2 = -pYi + Nr = -p 2 + ./Vl — 1, (11.157) 

where Nr and Nr are the usual oscillator excitation numbers. 

Dabholkar-Harvey states 

Most states with masses given by Eq. (11.157) are unstable, but the BPS 
states are stable. The BPS states, that is, the state belonging to short 
supermultiplets for which the mass saturates the BPS bound, have Nr = 0. 
In this case 

a'M 2 = 2/4, (11.158) 

while ./Vl is arbitrary. This results in a whole tower of stable states, which 
are sometimes called Dabholkar-Harvey states. For these states the level- 
matching condition reduces to 



N L -1 = N. (11.159) 

For example, if there is winding number w and Kaluza-Klein excitation num- 
ber n on one cycle of the torus, then N = |nu>|. In general, the degeneracy 
of states for large N is given by 

ri/v ~ exp ^47 t\/]V^ , (11.160) 

resulting in a leading contribution to the black-hole entropy given by 

S = log (In ps 47t Vn. (11.161) 



22 We assume generic positions in the moduli space so that there is no enhanced gauge symmetry. 
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Counting states 

Let us now compute the corrections to Eq. (11.161). The degeneracy djy 
denotes the number of ways that the 24 left-moving bosonic oscillators can 
give IVl = IV + 1 units of excitation. This can be encoded in a partition 
function 

Z(P) = J2 d Ne- f}N = ^ q y (11.162) 

where 

q = e~ f) = e 2niT , (11.163) 



and the factor of 16 is the degeneracy of right-moving ground states. The 
factor A (q) is related to the Dedekind rj function by 

OO 

A(g) = >?(r) 24 = ?n( 1 -9 n ) 24 . (H-164) 

n — 1 



The large - N degeneracy depends on the value of this function as q —> 1 or 
/? — ► 0. Under a modular transformation the Dedekind rj function transforms 
as 

= V— iTrj(r). (11.165) 

As a result, 

A( e- /?) =(^) 12 A(e- 4 ^), (11.166) 

which, by using A (q) ~ q for small q, gives the estimate 

A(e~ p ) « (j^J e" 4 ^. (11.167) 



This result is extremely accurate, since all corrections are exponentially 
suppressed. 

Now one can compute d tv, as in earlier chapters. 



d N = z (P)- { 



dq 



1/16 dq 



JV+1 






271 -if A{q)q 1 

Using Eq. (11.166), this can be approximated for large N by 



djy « 16/i 3 (4vtv^V), 



(11.168) 



(11.169) 






t+z2 / U dt 



where 



1 



’£+200 
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is a modified Bessel function. This formula includes all inverse powers of N, 
but it does not include terms that are exponentially suppressed for large N. 
A saddle-point estimate for large N gives 

27 15 

S = log djsr « AirVlSf — — log Vn + — log 2 + . . . (11.171) 

This shows that the leading-order entropy of the black hole obtained by 
counting microstates is proportional to the mass, S ~ M. We could try to 
compare this to the corresponding macroscopic black-hole solution, but the 
black hole constructed of perturbative Dabholkar-Harvey states only excites 
two of the four charges that are needed to get a nonvanishing area of the 
event horizon. So the result is zero in the supergravity approximation. This 
is the best that one could hope for in this approximation, because if the area 
were nonzero, the entropy would be proportional to M 2 . 

So how can we construct a macroscopic black hole that reproduces the 
entropy (11.169)? The resolution lies in realizing that elementary string 
states become heavy enough to form black holes at large coupling. As a 
result, one should expect that string-theoretic corrections to supergravity, 
such as terms in the action that are higher order in the curvature, modify the 
macroscopic geometry and the associated entropy, yielding a nonvanishing 
result. 



Macroscopic entropy 

The preceding analysis gave a very accurate result for the degeneracy of 
states d]\r of a certain class of supersymmetric black holes. Remarkably, this 
formula has been reproduced precisely from a dual macroscopic analysis. 
The crucial point is that the supergravity approximation is inadequate for 
this problem, and one must include higher-order terms in the string effective 
action. In general, this is a hopelessly difficult problem. However, in the case 
at hand, it turns out that the relevant higher-order terms can be computed. 

In order to compute these corrections, it is more convenient to work with 
the type II A string theory compactified on K3 xT 2 instead of the heterotic 
string on T 6 . According to a duality discussed in Chapter 9, this is an 
equivalent theory. In this description the machinery of special geometry is 
applicable. The quantum gravity corrections are then encoded in corrections 
to the prepotential. No closed expression for these corrections is known in 
general, but luckily in this case there is A? = 4 supersymmetry. When 
there is this much supersymmetry, a nonrenormalization theorem implies 
that only the first correction to the prepotential is nonvanishing, and this 




11.6 Small BPS black holes in four dimensions 



603 



is enough to reproduce the microscopic entropy discussed in the previous 
section. A key ingredient in the analysis is the attractor mechanism. 

Type IIA superstring theory on K 3 x T 2 has M = 4 supersymmetry in 
four dimensions, but the attractor mechanism analysis is carried out most 
conveniently using the N = 2 complex special geometry formalism. It is 
still applicable when there are additional supersymmetries. When one goes 
beyond the supergravity approximation and includes higher-genus contribu- 
tions to the effective action, the holomorphic prepotential F(X I ) generalizes 
to a function 

OO 

FiX 1 , IT 2 ) = J2 F h (X I )W 2h , (11.172) 

h = 0 

where h denotes the genus and IT is a chiral superfield that appears in the 
description of the M = 2 supergravity multiplet. 23 The first component of IT 
is the anti-self-dual part of the graviphoton field strength. The graviphoton 
is the U( 1) gauge field contained in the M = 2 supergravity multiplet. The 
prepotential satisfies the homogeneity equation 

X^^iX 1 , IT 2 ) + Wd w F(X T , IT 2 ) = 2 F{X : , IT 2 ), (11.173) 

which generalizes the formula presented in Chapter 9. Topological string 
theory techniques, which are not described in this book, enable one to com- 
pute the coefficients of terms in the effective action of the form 

J (fxd^OW^FhiX 1 ), (11.174) 



which is exactly what is required. 

When terms of higher-order than the Einstein-Hilbert term contribute to 
the action in a significant way, the BH entropy formula is no longer correct. 
The appropriate generalization has been worked out by Wald. Wald’s for- 
mula (see Problem 11.15) is applied to the R 2 corrected action in the present 
case. 

The attractor equations that determine the moduli in terms of the charges, 
and make the central charge extremal, are 24 



p 1 = Re (CX 1 ) 
qi = Re (CFj), 



(11.175) 



23 Since we do not wish to describe this formalism, as well as other issues, the argument presented 
here is sketchy. The reader is referred to hep-th/0507014 for further details. 

24 The coordinates X 1 , Fj in this section and those in section 11.5 differ by a rescaling of the 
holomorphic three-form $2 by a factor 2iZ /C, where C is an arbitrary field introduced here for 
bookkeeping purposes. 
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where p 1 denote magnetic charges and qi denote electric charges as before. 
Moreover, in the conventions that are usually used, the graviphoton held 
strength at the horizon takes the value 

C 2 W 2 = 256. (11.176) 



After taking the corrections into account, it can be shown that the black- hole 
entropy is 

5 = y ( QI CX 1 - p T CF T ) + |lm ( C 3 d c F ) . (11.177) 

The hrst term in this equation agrees with the attractor value S = 7r|Z*| 2 
(for G 4 = 1) derived in the previous section when one takes account the 
rescaling mentioned in the footnote. The second term is a string theory 
correction. 

The hrst equation in (11.175) is solved by writing 



CX 1 = p T + -cf) 1 . 



7 r 



In order to solve the second equation, we dehne 



F(4>,p) = — 7rlm F(p J + —(j) 1 , 256). 

7 r 



Using this definition, 



V = \(CF, + CF,) = 



where we have used 



d 



d 



d 



dcj) 1 7 tC dx 1 nC QX 1 ' 

The homogeneity relation for the prepotential then implies 



Cd c F[X l2 ^]=X I ° 



C 2 



dx 1 



F-2F. 



(11.178) 

(11.179) 



(11.180) 



(11.181) 



(11.182) 



As a result, the corrected entropy can be written in the form 

S(p,q) = F{(j),p) - (11.183) 

In other words, the entropy of the black hole is the Legendre transform of 
T with respect to (j) 1 . So it is more convenient to specify the cf ) 1 , which play 
the role of chemical potentials, rather than the electric charges qi. 
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For the reasons just described, it is natural to consider a mixed ensemble 
with the partition function 

■Z^V) = (11.184) 

q 1 

which is microcanonical with respect to the magnetic charges p 1 and canoni- 
cal with respect to the electric charges qj. Moreover, Q.(qj,p r ) are the black- 
hole degeneracies, and logfl is the microcanonical entropy. The black-hole 
entropy is then obtained according to 

S(q,p) = log Q(q,p). (11.185) 

The inverse transform is (formally) 

n(q I ,p I ) = J ^ (11.186) 

which, in principle, allows one to obtain the microscopic black-hole degen- 
eracies by using amplitudes computed by topological string theory. 

Heterotic compactification on T 6 

In the special case of the heterotic string on T 6 , one can use these results by 
going to the S-dual description in terms of the type IIA theory on K 3 x T 2 . 
In this description the Kaluza-Klein modes and winding modes map to D4- 
branes wrapped on the K3 and DO-branes. The DO-branes are electrically 
charged with respect to one gauge field and the D4-branes are magnetically 
charged with respect to another one. Thus, only two charges, qo and p 1 say, 
are nonzero. 

The prepotential is particularly simple in this case. Since this theory 
has an J\f = 4 supersymmetry, the only nonvanishing contributions to the 
prepotential are Fq and F\. For Fq one takes the tree- level amplitude given 
by 

To = -\c„ b X a X b , a,b = 2,..., 23 (11.187) 

where C a b is the intersection matrix of two-cycles on K3, and 

r = n + it- 2 = X l /X Q (11.188) 

is the Kahler modulus of the torus. 

The only additional contribution is F\ . Schematically, this term can be 
obtained by taking the ten-dimensional interaction f B A Y$ and compacti- 
fying on I\ 3 x T 2 . In the type IIA description there is an SL( 2, Z) T-duality 
symmetry associated with the T 2 factor, which corresponds to an SL( 2, 7L) 
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S-duality symmetry of the dual heterotic string theory in four dimensions. 
The modular parameter of this symmetry is r, and it transforms nonlinear ly 
under SL( 2, 7L) transformations in the usual way. Its real part, t\, which is 
an axion-like field, arises from a duality transformation of the two-form B 
in four dimensions. Accordingly, the ten-dimensional interaction gives rise 
to a four-dimensional term of the form 



1 

87T 



t\ (trR A R — trF A F) . 



(11.189) 



The normalization is fixed by the requirement that this should be well de- 
fined up to a multiple of 2ir when t\ is shifted by an integer, since such 
shifts are part of the SL( 2, 7L) group. To get the rest of the group working, 
specifically the transformation r — ► — 1/r, it is necessary to add higher-order 
terms by the replacement 

1 24 1 

T = >0gq 2S log,,,T) = 2ii l0sA(?) ' (11 - 190) 

In the heterotic viewpoint, the corrections given by this substitution have the 
interpretation as instanton contributions due to Euclideanized NS5-branes 
wrapping the six-torus. 

It follows that the S-duality invariant and supersymmetric completion of 
the trl? A R term is 25 

log A(g)tr [(R - iR :*) A (R- iR *)] . (11.191) 




The factor involving the curvatures is part of f d 4 0W 2 , and its coefficient 
determines F\ to be 

Fl = lir bgA ^' (11-192) 

This shows that F\ is independent of the K3 moduli. Moreover, F b = 0 
for h > 1. As a result, one finds that the prepotential for this case takes a 
particularly simple form, namely 

1 / X 1 \ IV 2 

F(X,W 2 ) = -~C ab X a X b _ __lo g A(g). (11.193) 



Using these formulas one can solve the attractor equations and the Legendre 
transformation obtaining 



<j> 0 = -27T 




(11.194) 



25 In terms of two- forms, R* 
(R*) mn = 



is defined by a duality transformation of the Lorentz indices 
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One then reproduces the desired entropy formula 

S ~ log (l6/i 3 (47rvVg 0 )) • (11.195) 

The analysis described above was restricted to supersymmetric black holes. 
However, the analysis can be extended to the entropy of black holes that 
are extremal, but not necessarily supersymmetric. Specifically, the entropy 
given by Wald’s formula is given by extremizing an entropy function with 
respect to moduli fields as well as electric fields at the horizon. This im- 
plies that the attractor mechanism is very general: if the entropy function 
depends on a specific modulus, that modulus is fixed at the horizon. If it 
does not depend on a modulus, the entropy does not depend on it either. 



Homework Problems 



Problem 11.1 

Consider motion of a massive particle in an arbitrary D = 4 space-time. 
The Newtonian limit can be obtained when the curvature of the space-time 
is small and the velocity is small v <C 1. Expand the space-time metric 
about flat Minkowski space, = q liv + g flv with \g^ u \ -C 1, to show that 
the Newtonian potential <J> is related to the metric by <J> = —gtt/ 2. 

Problem 11.2 

Verify that the metric in Eq. (11.9) has a vanishing Ricci tensor, so that D- 
dimensional Schwarzschild black hole is a solution to Einstein’s equations. 

Problem 11.3 

Derive Eq. (11.11). 

Problem 11.4 

Re-express the metric in Eq. (11.9) in a higher-dimensional generalization of 
Kruskal-Szekeres coordinates and verify that there is no singularity at the 
horizon. 

Problem 11.5 

Calculate the temperature of the nonextremal black hole (11.60). What 
happens in the limit ro — > 0? 
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Problem 11.6 

By similar reasoning to Exercise 11.6, show that the entropy of the three- 
charge extremal D = 5 black hole is given correctly by M-theory on T 6 = 
T 2 x T 2 x T 2 with Q\ M2-branes wrapping the first T 2 , Q 2 M2-branes 
wrapping the second T 2 and Q 3 M2-branes wrapping the third T 2 . 

Problem 11.7 

Verify that Eq. (11.90) follows from Eq. (11.88). 

Problem 11.8 

Deduce Eq. (11.119) by projecting both sides of Eq. (11.120) on e~ ia+K ^ 2 D a Vt 
and using reasoning similar to that in Exercise 11.12. Warning: this is a 
difficult problem. 

Problem 11.9 

Show that the Kahler potential in Eq. (11.110) can be recast in the form 

V = -log[2Im(V 7 F/)]. 

What form does this equation take when re-expressed in terms of t a = 
X a /X° and F(t a ) = (X°)- 2 F(V J )? 

Problem 11.10 

Show that the five-dimensional three-charge black hole with rotation dis- 
cussed in Section 11.3 solves Eqs (11.144) to (11.154). 

Problem 11.11 

Show that the horizon of the black- ring solution described by Eqs (11.148) 
to (11.154) has the topology S 1 x S 2 . What is the area of the horizon and 
what is the entropy of the corresponding black hole? 

Problem 11.12 

The Dedekind r] function can be represented in the form 

OO OO 

r/(r) = ? 1 / 24 n( 1 -?’*) = (“I ) n gi (n - 1/6)2 . 

7i—l n=—oo 



Use the Poisson resummation formula and this representation of the r] func- 
tion to verify the modular transformation (11.165). 
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Problem 11.13 

Verify the result for the partition function (11.162). 

Problem 11.14 

Derive Eq. (11.194). 

Problem 11.15 

Wald’s formula determines the entropy of a D = 4 black hole when the effec- 
tive action contains terms of higher order in the curvature tensor. Denoting 
the effective Lagrangian density by C, Wald’s formula expresses the entropy 
as an integral over the horizon of the black hole 

r n 

S = 2tt d 2 n. 

J s 2 C'^IAVpX 

Verify that Wald’s formula gives the usual BH entropy formula when only 
the Einstein-Hilbert term is present. 

Problem 11.I6 

Perform microstate counting to obtain the entropy of the nonextremal three- 
charge black hole given in Eq. (11.69). 

Problem 11.17 

Perform microstate counting to obtain the entropy of the D = 5 rotating 
black hole given in Eq. (11.76). Also, derive the entropy formula given in 
Eq. (11.84). 
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Many remarkable dualities relating string theories and M-theory have been 
described in previous chapters. However, this is far from the whole story. 
There is an entirely new class of dualities that relates conventional (non- 
gravitational) quantum field theories to string theories and M-theory. 

There are three main areas in which such a gauge theory/string theory 
duality emerged around the mid to late 1990 s that are described in this 
chapter: 

• Matrix theory 

• Anti-de Sitter/conformal field theory (AdS/CFT) correspondence 

• Geometric transitions 

Historically, string theory was introduced in the 1960 s to describe hadrons 
(particles made of quarks and gluons that experience strong interactions). 
Strings would bind quarks and anti-quarks together to build a meson, as 
depicted in Fig. 12.1 or three quarks to make a baryon. As this approach was 
developed, it gradually became clear that critical string theory requires the 
presence of a spin 2 particle in the string’s spectrum. This ruled out critical 
string theory as a theory of hadrons, but it led to string theory becoming 
a candidate for a quantum theory of gravity. Also, QCD emerged as the 
theory of the strong interaction. The idea that there should be some other 
string theory that gives a dual description of QCD was still widely held, 
but it was unclear how to construct it. Given this history, the discovery 
of the dualities described in this chapter is quite surprising. String theory 
and M-theory were believed to be fundamentally different from theories 
based on local fields, but here are precise equivalences between them, at 
least for certain background geometries. In fact, it seems possible that 
every nonabelian gauge theory has a dual description as a quantum gravity 
theory. To the extent that this is true, it answers the question whether 
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quantum mechanics breaks down when gravity is taken into account with 
a resounding no, because the dual field theories are quantum theories with 
unitary evolution. 



tAAA/if 

q q 

Fig. 12.1. A meson can be viewed as a quark and an antiquark held together by a 
string. 

The methods introduced in this chapter can be used to study the infrared 
limits of various quantum field theories. Realistic models of QCD, for exam- 
ple, should be able to explain confinement and chiral-symmetry breaking. 
These properties are not present in models such as J\f = 4 super Yang-Mills 
theory due to the large amount of unbroken supersymmetry. There is a vari- 
ety of ways to break these symmetries so as to get richer models, in both the 
AdS/CFT and geometric transition approaches. In this setting, phenomena 
such as confinement and chiral-symmetry breaking can be understood. 



Matrix theory 

With the discovery of the string dualities described in Chapter 8, it became 
a challenge to understand M-theory beyond the leading D = 11 supergrav- 
ity approximation. Unlike ten-dimensional superstring theories, there is no 
massless dilaton, and therefore there is no dimensionless coupling constant 
on which to base a perturbation expansion. In short, 11-dimensional su- 
pergravity is not renormalizable. Of course, ten-dimensional supergravity 
theories are also not renormalizable, but superstring theory allows us to 
do better. So one of the most fundamental goals of modern string the- 
ory research is to understand better what M-theory is. An early success 
was a quantum description of M-theory in a flat 1 1-dimensional space-time 
background, called Matrix theory. This theory is discussed in Section 12.2. 
Its fundamental degrees of freedom are DO-branes instead of strings. The 
generalization to toroidal space-time backgrounds is also described. Matrix 
theory is formulated in a noncovariant way, and it is difficult to use for ex- 
plicit computations, so the quest for a simpler formulation of Matrix theory 
or a variant of it is an important goal of current string theory research. 
Nevertheless, the theory is correct, and it has passed some rather nontrivial 
tests that are described in Section 12.2. 
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AdS/CFT duality 

By considering collections of coincident M-branes or D-branes, one finds a 
space-time geometry that has the features discussed in Chapter 10. The 
branes are sources of flux and curvature, and a warped geometry results. In 
certain limits the gauge theory on the world-volume of the branes describes 
precisely the same physics as string theory or M-theory in the warped ge- 
ometry created by the branes. In this way one is led to a host of remarkable 
gauge theory/string theory dualities. 

In their most straightforward realization, AdS/CFT dualities relate type 
IIB superstring theory or M-theory in space-time geometries that are asymp- 
totically anti-de Sitter (AdS) times a compact space to conformally invariant 
field theories. 1 Anti-de Sitter space is a maximally symmetric space-time 
with a negative cosmological constant. Even though it is spatially infinite in 
extent, one can define a boundary at infinity. For reasons to be explained, 
the space-time manifold of the conformal field theory (CFT) is associated 
with this boundary of the AdS space. Therefore, these are holographic du- 
alities. The name is meant to reflect the similarity to ordinary holography, 
which records three-dimensional images on two-dimensional emulsions. 

The conjectured AdS/CFT correspondences are dualities in the usual 
sense: when one description is weakly coupled, the dual description is 
strongly coupled. Thus, assuming that the conjecture is correct, it allows the 
use of weak-coupling perturbative methods in one theory to learn nontrivial 
facts about the strongly coupled dual theory. Just as Matrix theory can be 
regarded as defining quantum M-theory in certain space-time backgrounds, 
a possible point of view is that the AdS/CFT dualities serve to complete 
the quantum definitions of string theories and M-theory for another class 
of space-time backgrounds. Ideally, one would like to have a background- 
independent definition of these quantum theories, but that does not exist 
yet. Even so, what has been achieved is really quite remarkable. 

The AdS/CFT conjecture emerged from considering the space-time ge- 
ometry in the vicinity of a large number (N) of coincident p-branes. The 
three basic examples of AdS/CFT duality, which have maximal supersym- 
metry (32 supercharges), correspond to taking the p - branes to be either 
M2-branes, D3-branes, or M5-branes. The corresponding world-volume the- 
ories (in three, four, or six dimensions) have superconformal symmetry, and 
therefore they are superconformal field theories (SCFT). In each case the 
dual M-theory or string-theory geometry is the product of an anti-de Sitter 
space-time and a sphere: 



1 The conformal group in D dimensions was defined in Chapter 3. 
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• SOFT on N M2-branes M-theory on AdS 4 x S 7 , 

• SOFT on N M5-branes M-theory on AdSj x S 4 , 

• SOFT on N D3-branes <-» type IIB on AdS§ x S 5 . 

The background in each case has nonvanishing antisymmetric tensor gauge 
fields with N units of flux threading the sphere. This is clearly required by 
Gauss’s law, since the sphere surrounds the p-branes, each of which carries 
one unit of the appropriate type of charge. Because it is the case that 
is best understood, the duality based on coincident D3-branes in type IIB 
superstring theory is described in greatest detail. 

The AdS/CFT correspondence has various extensions and generalizations. 
One natural direction to explore is the possibility of a dS/CFT correspon- 
dence. Such a correspondence is much less well understood, however, since 
theories in a de Sitter space-time cannot be supersymmetric. dS/CFT dual- 
ity relates string theory on a D - dimensional de Sitter space to a Euclidean 
conformal field theory on a (D — l)-dimensional sphere. One of the motiva- 
tions for such a conjecture is the observational evidence for a small positive 
cosmological constant, which suggests that the Universe is approaching a de 
Sitter cosmology in the far future. Such a correspondence might also have 
relevance for the very early Universe. Instead of the usual M-branes and D- 
branes, the extended objects that are required in this context are Euclidean 
objects, called S-branes , which are discussed in Section 12.1. 

Geometric transitions and topological strings 

Geometric transitions were originally discovered in the context of the type 
IIA string theory, but there is a mirror type IIB version of this duality and an 
M-theory interpretation of this transition. The basic idea of this approach is 
to construct an J\f = 1 supersymmetric, confining gauge theory by wrapping 
D5-branes on topologically nontrivial two-cycles of a Calabi-Yau manifold. 
The open string excitations on the D5-branes define a supersymmetric gauge 
theory. If moduli are varied so that the two-cycles shrink to zero size, the 
theory undergoes a geometric transition to a closed-string sector in which 
the D-branes disappear and fluxes emerge. Many quantities of the gauge 
theory, in particular the superpotential, can be computed in terms of fluxes 
integrated over suitable cycles. This is the subject of Section 12.6. 



12.1 Black-brane solutions in string theory and M-theory 

In order to discuss the above-mentioned dualities, let us start by introducing 
black p-brane solutions, which are higher-dimensional counterparts of four- 
dimensional classical black-hole solutions. The relevant equations of motion 
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are those that are obtained from the actions describing the low-energy limits 
of superstring theory and M-theory, which were discussed in Chapter 8. 
Higher-order corrections to these equations are not important in this context. 

Black-hole solutions in four dimensions are point-like and (in the absence 
of angular momentum) have SO( 3) rotational symmetry. There is also an IR, 
symmetry associated with time-translation invariance. In higher dimensions, 
D > 4, it is also possible to obtain solutions that describe the geometry 
and other fields associated with black p-branes, which are p-dinrensional 
extended objects surrounded by an event horizon. If the theory is initially 
formulated in D = d + 1 dimensions, the presence of an extremal p-brane 
breaks the Lorentz symmetry 

SO(d, 1) — > SO(d — p) x SO(p, 1). (12.1) 

The first factor describes the rotational symmetry transverse to the brane 
and the second factor describes the Lorentz symmetry along the brane. 
There are also translational symmetries along the brane that enlarge the 
Lorentz symmetry to a Poincare symmetry. Moreover, we are mainly inter- 
ested in cases that have Killing spinors and preserve supersymmetries. In 
fact, the main focus here is on higher-dimensional analogs of extremal and 
near-extrenral Reissner-Nordstrom black holes. In the nonextremal case the 
Lorentz symmetry along the brane is broken to a subgroup. 

The black M2-brane and M5-brane solutions of 11-dimensional supergrav- 
ity are considered first. Then we present the black Dp- brane solutions of the 
type II supergravity theories. 



Extremal black M-branes 

Chapter 8 presented the bosonic part of the 11-dimensional supergravity 
action, which is 

2 k 2 u S = J d u xV^G (r - \\F^ ~ J j 4s ALA F a . (12.2) 

Varying the metric and the three-fornr gives the field equations that we wish 
to solve. Alternatively, as discussed in previous chapters, one can obtain 
supersymmetric solutions by solving the Killing spinor equation 

M m = ^ (r M FW - 3F$) £ = 0. (12.3) 

There are two types of solutions corresponding to the two types of BPS 
branes in M-theory, M2-branes and M5-branes, since these are the objects 
that are electric and magnetic sources of the four-form flux. 
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Extremal black M2-brane 

The supersymmetric (or BPS) M2-brane solution of the Killing spinor equa- 
tion should have SO( 2, 1) x SO (8) symmetry. The metric takes the form 2 

ds 2 = H- 2/3 dx • dx + H l/3 dy ■ dy, (12.4) 

while the four-form flux has the form 

T4 = dx° A dx 1 A dx 2 A dH^ 1 . (12.5) 

Since this has nonzero time components F^jk, it is an called electric field 
strength. 3 

The symbol dx ■ dx represents the three-dimensional Minkowski metric 
along the brane, while dy ■ dy represents the Euclidean metric for the eight 
dimensions perpendicular to the brane. Denoting by r the radial coordinate 
in the transverse space, that is, r = \y\, it turns out that the Killing spinor 
equation is solved if H solves the 8-dimensional Laplace equation. 4 Thus, 
one of the solutions is 

» = ' + % ( 12 - 6 > 

where 

r & 2 = 32 tt 2 N 2 £ 6 p (12.7) 

and N 2 is the number of M2-branes. This describes a source at r = 0, which 
is the black M2-brane horizon. The strength of the source is proportional 
to the M2-brane charge and hence the number of M2-branes, as is checked 
in Exercise 12.1. 

This solution describes the fields created by a set of flat coincident M2- 
branes in the supergravity approximation. The sources are the charge and 
energy density of the M2-branes. It is a straightforward analog of the ex- 
tremal Reissner-Nordstrom black hole described in Chapter 11. 

Extremal black M5-brane 

The magnetic dual of the preceding solution is the black M5-brane describing 
the field configuration sourced by IV5 coincident flat M5-branes in 1 1 dimen- 
sions. The BPS M5-brane solution must have SO(5, 1) x SO( 5) symmetry. 
Therefore, the metric takes the form 

ds 2 = H~ 1/3 dx ■ dx + H 2/3 dy ■ dy , (12.8) 



2 The precise form of this solution is verified in Problem 12.1. 

3 Foijk and Fij^i are called the electric and magnetic components of T 4 , respectively. 

4 This structure is quite common. It also appeared at several points in Chapters 10 and 11. 
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where now dx ■ dx is the six-dimensional Lorentz metric, and dy ■ dy = 
dr 2 + r 2 dft 2 is the five-dimensional Euclidean metric. As before, the powers 
of H are chosen such that a supersymmetric solution is obtained if H solves 
Laplace’s equation (this time in five dimensions), so that 

= ! + (!> ( 12 . 9 ) 

where 

rf = nN^ip. (12.10) 

The four-form flux in this case is magnetic 

Fi = * (dx Q A dx 1 A ... A dx 5 A (Iff -1 ) , (12.11) 

as expected for the black M5-brane solution. 

Near-horizon limits 

The extremal M2-brane solution has a horizon at r = 0. Let us write the 
perpendicular part of the metric in spherical coordinates 

dy ■ dy = dr 2 -\- r 2 d£l 2 . (12.12) 

Then as r — * 0, the coefficient of dVL 2 has a finite limit 

r 2 H 1/3 — r\. (12.13) 

Therefore, r2 is the radius of horizon, which in this case has topology S 7 x R 2 
times a null line. The 11-dimensional near-horizon geometry is 

ds 2 ~ ( r/r 2 ) A dx ■ dx + ( r^/r^dr 2 + r^dti 2 . (12.14) 

The first two terms describe four-dimensional anti-de Sitter space, so alto- 
gether the near-horizon geometry of this extremal black M2-brane is AdS 4 x 
S 7 . 5 



Anti-de Sitter space in (d + 1) dimensions 

To understand the near-horizon geometry, let us describe (d+l)-dimensional 
anti-de Sitter space (AdSd+ 1) of radius R by the metric 



n dx ■ dx + dz 2 
ds 2 = R 2 7T . 



(12.15) 



5 You are asked to construct this solution in Problem 8.2. 
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where dx ■ dx represents the metric of d-dimensional Minkowski space-time. 
The first two terms in the near-horizon M2-brane geometry (12.14) are 
brought to this form by the change of variables 




(12.16) 



which gives R = r 2 / 2 . The AdS 4 radius is half the S 7 radius. 

The horizon of the extremal M5-brane solution is again at r = 0, and it 
has the topology S 4 x R 5 times a null line, where the spherical factor has 
radius r§. The near- horizon geometry in this case is 



ds 2 ~ {r/r§)dx ■ dx + {r^/r) 2 dr 2 + r 2 dVt\. (12.17) 



The change of variables r = 4 r^/z 2 shows that the first two terms again 
describe an anti-de Sitter space with R = 2 r§, so the near-horizon geometry 
is that of AdSj x S 4 . The AdS 7 radius is twice the S ' 4 radius. 

The AdS 4 x S' and AdSj x S 4 geometries discussed above have been ob- 
tained as the near-horizon geometries of a collection of coincident M2-branes 
and M5-branes, respectively, embedded in an asymptotically Minkowski 
space-time. However, they have a more far-reaching significance than that. 
They are exact BPS solutions of M-theory. Not only do they solve the equa- 
tions of motion of 1 1 -dimensional supergravity, but they solve the equations 
of M-theory including all the (mostly unknown) higher-order corrections to 
the low-energy effective action. This result is established by arguing that all 
higher-order corrections necessarily give vanishing corrections to the equa- 
tions of motion when evaluated in these backgrounds as a consequence of 
their high symmetry. The same is true for the AdS§ x S ' 5 solution of the 
type IIB theory discussed below. 



Extremal black D-branes 

The construction of extremal black D-brane solutions can be carried out in 
the same way as that of black M-brane solutions. In this case the action 
that is required is a type II supergravity action. However, if the goal is to 
construct a black Dp-brane, then the only one R— R field, C p + 1 with held 
strength F p+ 2 = dC p + 1 , needs to be included in the action. Also, the NS- 
NS two-form vanishes, and therefore it can be dropped. Thus, the required 
string- frame action, which can be read off from Section 8.1, is 



q(p) — JL 

2 K 2 



I ■/=a\e- 2i (K + 4(M») 2 )-i|F i>+2 | 



d w x. 



(12.18) 




618 



Gauge theory/string theory dualities 



When p is even this is a type IIA action and when p is odd it is a type IIB 
action. In the special case p = 3, the constraint F$ = -kF$ has to be imposed 
and an extra factor of 1/2 should be inserted in the F§ kinetic term. While 
the problem is conceptually the same as the black M-brane problems, and 
the solutions are very similar, there is one significant difference. This is the 
presence of the dilaton field <1?. The solution has a spatially varying dilaton 
field for all values of p except for p = 3. 

The extremal black Dp-brane solution has the metric 

ds 2 = H~ l ^ 2 dx ■ dx + H^ 2 dy ■ dy, (12.19) 

where the harmonic function H p is given by 

H. p (r) = l+ (^y~ P . (12.20) 

As before, dx ■ dx is the (p+ l)-dimensional Lorentz metric along the brane 
and dy-dy = dr 2 +r 2 d£l\_ p is the Euclidean metric in the 9 —p perpendicular 
directions. The dilaton is given by 

e* = 5 s^ 3 “ p)/4 - (12.21) 

Problem 12.15 asks you to verify these formulas. 

Since H p -> 1 as r -> 00 , the dilaton approaches a constant. Thus, 
the parameter g s is the string coupling constant at infinity. This formula 
displays the important fact that the dilaton is a constant for p = 3 only. If 
p < 3, the coupling becomes large for r — > 0, which puts the system in a 
nonperturbative regime, where the solution is unreliable. 

The R-R field strength is 

F p+ 2 = dH~ l A dx° A dx 1 A ... A dx p , (12.22) 

which is realized for the R-R potential 

Coi... P = H p {r)~ l - 1. (12.23) 

This can be rewritten in the form 

Fp + 2 = Q*u%- P , (12.24) 

where Q is the D-brane charge and uo n is the volume form for a unit n-sphere. 
This form ensures that *F integrates over the sphere to give the charge, as 
required by Gauss’s law. In the special case of p = 3 this should be replaced 
by 



F5 — Q(iU 5 + * 1 ^ 5 ) 



(12.25) 
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in order to incorporate self-duality. Using the formula Gio = 87r 6 g 2 £f from 
Chapter 8 and 

T Dv = (2t r)-^- (p+ V\ (12-26) 

from Chapter 6, one obtains 

0 r P /Q 7 ~ p = (2 r {^) 9sN. (12.27) 



The extremal black D3-brane 

In the special case of p = 3 the formulas above give a constant dilaton. In 
this case, letting r 3 = R, Eq. (12.27) takes the form 

R 4 = 4vr g s Na' 2 . (12.28) 



Furthermore, the near- horizon limit of the metric takes the form 



ds 2 ~ ( r/R) 2 dx ■ dx + ( R/r) 2 dr 2 + Ti 2 dVt\. (12.29) 



The change of variables 2 = R 2 /r brings this to the form 



df~ti‘ dx ' dx , + i * +R*d(ll 
z z 



(12.30) 



This shows that the near- horizon geometry is AdS§ x S 5 , where both factors 
have radius R. 



Nonextremal black D-branes 

The extremal black D-brane solutions, which describe the geometry and 
other fields generated by a set of coincident D-branes, are supersymmetric. 
However, the equations of motion following from the action Eq. (12.18) also 
have nonsupersymmetric charged solutions, which are called nonextremal 
black p-branes (see Problem 12.6). We only consider p <7 here, since the 
other cases are somewhat special and not relevant to the discussion in the 
remainder of this chapter. 6 For p <7 the line element is given by 

ds 2 = -A+(r)A„(r)” 1 / 2 (it 2 + A _{rf! 2 dx i dx i 

+A + (r)~ 1 A_(r) 7 dr 2 + r 2 A_(r) 7+1 dD|_ p , (12.31) 



6 7-branes have a conical deficit angle at their core, like point particles in D = 3. Their geom- 
etry is discussed in Chapter 9 in connection with F-theory. 8-branes are domain walls in ten 
dimensions that divide the space-time into disjoint regions and 9-branes are space-time-filling. 
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where x l , i = 1 , . . . ,p, describes the spatial coordinates along the brane, 



1 5 — p 

7 = “ 7 

2 7 — p 

and 

a ±w =i 

The dilaton and electric field are given by 



e * = 2 s A _( r )^- 3 )/ 4 



and 



*Tp+ 2 — Q^S—pi 



(12.32) 



(12.33) 



(12.34) 

(12.35) 



respectively. Here, lo u is the volume form for the unit n-sphere, so that 
/ uj n = Q n and N = QHg-p, the R-R charge of the brane, is an integer. 



Nonextremal black D3-branes 

The case p = 3 is again special because the brane is self-dual. In this case 
one has 

F 5 = Q (^5 + *<^ 5 ). (12.36) 

Also, when p = 3 it follows from Eqs (12.32) and (12.34) that the dilaton is 
constant and 7 = — 1 . 

To recover the extremal solutions with r+ = r_, discussed in the previous 
section, one should make a change of radial coordinate like in the previous 
chapter for extremal Reissner-Nordstrom black holes. Namely, define f by 

f 7 ~P = r 7 ~P - r 7 + ~ p , (12.37) 

so that in this new coordinate the horizon is at r = 0 . 



Mass and charge of the solutions 

The solutions given above are two-parameter families of solutions labeled by 
r_|_ and r_. These radii are in turn related to the mass per unit p - volume 
T and the charge per unit volume Q, as in the case of Reissner-Nordstrom 
black holes. These solutions have an event horizon at r = r + and an inner 
horizon at r = r_. The mass per unit volume and charge of the black 
Dp-brane are related to the radii r± by 



^ 8 -p 
• Ik 2 



(8 — p)r' + p — r 7 _ p 



(12.38) 
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and 

Q = ^^(r+r_)( 7 -P)/ 2 , (12.39) 

respectively. The charge is determined by the asymptotic behavior of the 
gauge field in the usual way. The mass density is determined by the asymp- 
totic behavior of the geometry by a standard prescription of general relativ- 
ity known as the ADM mass formula. 

As in the case of the Reissner-Nordstrom black hole, the singularity at 
r = 0 is shielded by the horizon provided that r+ > 0. In the case of 
Dp-branes, the inequality r+ > r_ is equivalent to the Bogomolny bound 

T > NT Dp , (12.40) 

where Td p is the tension of a single BPS D-brane, given in Chapter 6. Thus, 
extremal black Dp-branes saturate the bound and are supersymmetric. 

Gregory- Laflamme instability 

Under certain circumstances, nonextremal black p-branes can be unstable to 
break up into black branes of lower dimension. This instability is caused by 
the different shapes that horizons of black branes can have in string theory. 
Accordingly, there are different entropies. Indeed, in four dimensions event 
horizons are always spherically symmetric, but in higher dimensions the 
event horizons can have different topologies, as discussed in Chapter 11. A 
higher-dimensional black brane decays into lower- dimensional branes, if in 
the process the entropy increases. This is the basic idea of the Gregory- 
Laflamme instability. 




2nR 



Fig. 12.2. A black string breaks into black holes if the entropy becomes larger in 
this process. 

Let us illustrate the idea with the example illustrated in Fig. 12.2. Imagine 
that one considers an uncharged five-dimensional black string, which is given 
by the product of a four-dimensional Schwarzschild solution times the real 
line. Imagine wrapping this string on a circle of radius R. Denoting the 
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Schwarzschild radius by r \ , the mass is proportional to r\R and the entropy 
is iS'i ~ r\R. Now consider a black hole that is localized on the circle. This 
can be constructed by starting with a periodic array with spacing 2nR on 
the covering space. Denoting the radius of this black hole by ro, its mass 
is proportional to and the entropy is Sq ~ rg. Now let us equate the 
masses. We then obtain the following relation for the entropies 

I - k w < 12 - 41 > 

where A: is a numerical constant that is not relevant for the present discus- 
sion. Thus, holding the mass fixed, 5i > Sq for R < R c and S\ < So for 
R > R c , where R c is the critical radius at which the entropies are equal. 

Intuitively, the lower-entropy configuration is unstable and decays into 
the higher-entropy configuration. In other words, for large enough radius, 
the black string decays into an array of black holes. More generally, a long 
enough segment of black string must break. This is somewhat like a QCD 
string, which can break if a quark-antiquark pair is formed at the endpoints. 
The existence of this instability has been confirmed by studying the world- 
volume theory of the black string and showing that it develops a tachyonic 
mode for R > R c . 



S-branes 

The black-brane solutions that have been described so far are static solutions 
of the low-energy effective action of string theory. However, since space and 
time appear on an equal footing in relativity, one should also be able to 
construct time-dependent solutions. This is the case, and there are solutions 
called S-branes that are quite similar to Dp-branes. They satisfy Dirichlet 
boundary conditions, but now in the time direction. Like conventional Dp- 
branes, they have a perturbative interpretation as hyperplanes on which 
strings can end, and they can be obtained as solutions of the equations of 
motion. 



S-branes in field theory 

The simplest example of an S-brane can be found in a four-dimensional held 
theory with one scalar held and the potential 

V(fi) = (</> 2 - a 2 ) 2 , (12.42) 

where </> is real. There are two classical minima located at 



<j) = (f>± = ±a. 



(12.43) 
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A time-dependent configuration is constructed by choosing initial conditions 

4>(x, 0) = 0 and <j)(x,0) = v. (12.44) 

If v is chosen to be positive, then after a sufficient amount of time, that is, 
for t — > +oo, the scalar approaches the </>+ minimum. The time-reversed 
process would start at </> = (/>_ for t = — oo and then evolve to 4>{x, 0) = 0. 
Altogether, for the desired solution, (f> ±a for t —> ±oo. This solution is 
called a space-like brane, or S-brane, to contrast it with a D-brane which 
would take <f> —> ±a for x — > Too. 

S-branes couple to tensor fields, pretty much as D-branes do. For example, 
an SO-brane, which is defined to have one spatial dimension, couples in 
four dimensions to an electromagnetic field. The corresponding Maxwell 
equations are 

dF = 0 and Sf = dz6(t)6(x)6(y). (12.45) 

This corresponds to an SO-brane extended in the ^-direction. Note the S(t ) 
on the right-hand side of the second equation. This describes the fact that 
S-branes are localized in time and underscores the difference from D-branes. 
The solution of Maxwell equations in this case is 




(12.46) 



S-branes in string theory 

There are several ways of describing S-branes in string theory. In pertur- 
bation theory they can be represented as branes with Dirichlet boundary 
conditions in the time direction. They can also be obtained as Euclidean 
analogs of the black-brane solutions. The simplest example of such a con- 
struction is an SO-brane solution in four dimensions, which can be obtained 
from the Schwarzschild solution by analytic continuation. The SO( 3) radial 
symmetry of the black-hole solution is replaced by the hyperbolic symmetry 
50(2,1). 

Starting with 



ds 2 = — ( 1 dt 2 + ( 1 - — dr 2 + r 2 (sin 2 9d<j) 2 + dd 2 ), (12.47) 
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where 



dT, 2 = sinh 2 Qd(j> 2 + d6 2 


(12.49) 


is the metric of the hyperbolic space in two dimensions, 
of coordinates given by 


Making a change 


t = 2P cosh 2 (5/2), 


(12.50) 


with —00 < 7/ < 00, the metric takes the form 




ds 2 = C 2 (r)) [—dr] 2 + dE 2 ) + D 2 {rf)dr 2 , 


(12.51) 


with 




C(i]) = t(r]) and D{ifj = tanh 


) . (12.52) 



The SO-brane is localized at the horizon where i] = 0. Solutions for Sp-branes 
have also been constructed. They provide time-dependent backgrounds, 
which could play an interesting role in cosmology. However, they are difficult 
to study, since they are not supersymmetric. S-branes play a prominent 
role in the dS/CFT correspondence, which is an interesting analog of the 
AdS/CFT correspondence discussed in this chapter. Since the Universe has 
a positive cosmological constant, it is natural to search for such an analog. 
Defining a quantum theory of gravity in dS space is difficult, and it is not 
described in this book, but it is a promising direction to explore. 



Exercises 



Exercise 12.1 

Relate the horizon radius r2 in Eq. (12.6) to the number of M2-branes AB- 



SOLUTION 



The rule for computing the mass of a black hole given in Chapter 1 1 needs to 
be slightly generalized. The generalization is to ignore the spatial dimensions 
along the brane and interpret the result as a tension (mass per unit volume) . 
In the present case this gives 



Sho ~ 



-! + \{r 2 /rf 



167tG'i i ABTm2 

9077 -6 



Here, G\\ = 167rUp is Newton’s constant in 11 dimensions, O7 = 7r 4 /3 is 
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the volume of a unit seven-sphere, 7 and Tm 2 = (2vr) 2 i p 3 is the tension of 
an M2-brane. Putting these together gives 

r% = 327r 2 N 2 £ e p . 

□ 



Exercise 12.2 

Describe the zero-charge limit of the nonextremal black p-brane solution. 

Solution 

In the special case of an uncharged black p-brane, which can be achieved 
by starting with an equal number of branes and antibranes, r_ = 0, so that 
A_ = 1. Then the solution collapses to 

ds 2 = —A + (r)dt 2 + dx l dx l + A + (r) _1 dr 2 + r 2 d£l\_ p , 

which is the (10 — p)-dimensional Schwarzschild metric times p-dimensional 
Euclidean space. In this case the dilaton is a constant, the tension of the 
brane is proportional to r+ p /G \q and the entropy per unit p- volume is 
proportional to /G\q. □ 



12.2 Matrix theory 

The analysis of brane configurations and their near-horizon geometry leads 
to some extremely remarkable duality conjectures. Historically, the first 
one of these dualities was Matrix theory , 8 so let us begin our discussion of 
gauge/gravity dualities with this example. 

As discussed in Chapter 8, M-theory is believed to be a consistent quan- 
tum theory of gravity in 11 dimensions. Although we do not have a precise 
formulation of quantum M-theory, several aspects are well understood: 

• There are numerous dualities relating superstring theories to specific com- 
pactifications of M-theory. 

• At low energies and large distances M-theory reduces to 11-dimensional 
super gravity. 

Matrix theory constitutes an important step towards understanding quan- 
tum M-theory when all 11 dimensions are noncompact, and it has general- 
izations that characterize certain compactifications. 

7 As explained in Chapter 11, f2 n = 27 r("+ 1 )/ 2 [r((n + l)/2)] 1 . 

8 The originators (Banks, Fischler, Shenker and Susskind) called it M(atrix) theory , since it 
relates to M-theory. We choose to omit the parentheses. 
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Matrix theory in the infinite-momentum frame 

The Matrix-theory conjecture states that M-theory in the infinite-momentum 
frame is described by a specific supersymmetric matrix model. The only dy- 
namical degrees of freedom (or partons ) are identified as the DO-branes of 
type IIA superstring theory, so that the calculation of any physical quantity 
in M-theory can be reduced to a calculation in the Matrix-model quantum 
mechanics. Recall that type IIA superstring theory corresponds to M-theory 
compactified on a circle of radius R, and the DO-brane corresponds to the 
first Kaluza-Klein excitation of the massless fields (or supergraviton) of M- 
theory on this circle. A general Kaluza-Klein excitation is a point-like object 
whose 11-component of momentum is 

N 

Pu = (12.53) 

where N is an integer. From the ten-dimensional perspective, this is in- 
terpreted as a threshold bound state of N DO-branes. The term infinite- 
momentum frame refers to the limit in which pu and N go to infinity. 

Chapter 6 described the world- volume theories of various D-branes and 
collections of D-branes. In particular, the action describing a system of 
N DO-branes is ten-dimensional super Yang-Mills theory dimensionally re- 
duced to 0+1 dimensions supplemented by higher-order corrections (of the 
Born-Infeld type). The claim, however, is that these higher-order terms do 
not contribute in the infinite-momentum frame, and therefore the bosonic 
part of the Lagrangian is given precisely by 

£ = ^Tr (-(ZVC) 2 + \[X\X^ , (12.54) 

where i = 1, . . . , 9 labels the transverse directions. This quantum mechanical 
system has a U(N ) gauge symmetry. 

Matrix theory and DLCQ 

In the original formulation of the conjecture, which relates M-theory to 
Matrix theory, an N — > oo limit was required. Later, a somewhat stronger 
version of the conjecture was formulated for finite N. This version states 
that the discrete light-cone quantization (DLCQ) of M-theory is exactly 
described by the U(N ) Matrix theory in Eq. (12.54) supplemented by the 
usual fermion terms. In the DLCQ approach, the circle is chosen to be in 
a null direction rather than space-like. For a null circle, the radius R has 
no invariant meaning, but the integer N does. The DLCQ predictions agree 
with the infinite- momentum frame ones in the limit N — + oo. 
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To test this conjecture, some quantities can be computed in both Mi- 
theory and Matrix theory and can then be compared for finite N. This can 
be done by computing the effective action for the scattering of two (groups 
of) DO-branes. This conjecture has been verified up to two loops in the gauge 
theory, beyond which calculations in Matrix theory become very difficult, 
though they are well defined. 



Super Yang-Mills action in 0 + 1 dimensions 

To compute the effective action for two DO-branes, the background-field 
method is used. This is a technique that allows a gauge choice to be made 
and quantum computations to be carried out without sacrificing manifest 
gauge invariance. The complete gauge-theory action is obtained from ten- 
dimensional super Yang-Mills theory dimensionally reduced to 0 + 1 dimen- 
sions. 



The Matrix-theory action 

After covariant gauge fixing, the Lagrangian contains a 17(2) gauge field A^, 
a gauge-fixing term and ghost fields. The complete Lagrangian is 

£ = TV (J-F^ - + - g (D^A^ + Cg, (12.55) 

where F^ IU is a 17(2) field strength with /j, v = 0, ...,9, ip is a real 16- 
component spinor in the adjoint of U (2) and Cg is the ghost Lagrangian, 
whose explicit form is given in Problem 12.14. For the gauge- fixing term, it 
is convenient to use the background-field gauge condition 

D< M A ll = & i A ll + [Bi x ,A ll ], (12.56) 

where B ^ is the background field. After dimensional reduction to 0+1 di- 
mensions, the field strength and the derivative of the fermionic fields can be 
expressed in terms of the matrices 7Q as 



F 0i =d r X i + [A,X i ], 
Fij =[Xi,Xj], 

D T 1p = d T 1p + [A,1p\, 
DuP = [Xi,ipj. 



(12.57) 



Here, A denotes the zero component of the gauge field in Eq. (12.55). Setting 
g = 2 R in Eq. (12.55), we recover Eq. (12.54). 
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This action can be expanded around a classical background B l by setting 

X i = B i + (12.58) 

where Y l represents the quantum degrees of freedom. For example, to de- 
scribe the motion of two DO-branes on straight lines, one chooses the back- 
ground fields 

B 1 = i^-cr 3 and B 2 = j 3 . (12.59) 

Here, v is the relative velocity of the two DO-branes, b is the impact param- 
eter and cr 3 is a Pauli matrix. Furthermore, B l = 0 for i = 0 and i = 3, ... 9. 
A convenient form of the action is written in terms of U{ 2) generators by 
decomposing the fields in terms of Pauli matrices, 

A= t -(A 0 1 + A a a a ), (12.60) 

and similarly for the fields X 1 and '(/’• The zero components of this decom- 
position describe the motion of the center of mass and are ignored in the 
following. The Lagrangian is now a sum of four terms 

C = Cy + C-A + C-g + Tfermi) (12.61) 

whose explicit form is given in Problem 12.14. 

The field content 

Since A and the X 1 are ten traceless 2x2 matrices, they give 30 bosonic 
fields. Defining 

r 2 = b 2 + (vt) 2 , (12.62) 

one finds that the bosonic Lagrangians Cy and Ca are described in terms of 
16 bosons with mass-squared m| = r 2 , two bosons with = r 2 + 2v, two 
bosons with m ^ = r 2 — 2v and ten massless bosons. All these fields are real. 
The ghost action is described in terms of two complex bosons with nig = r 2 
and one complex massless boson. 



Feynman rules for Matrix theory 

There are two possible approaches to compute the gauge-invariant back- 
ground field effective action. The first one treats the background field ex- 
actly, so that this Held enters in the propagators and vertices of the theory. 
To compute the effective action, one has to sum over all 1PI graphs without 
external lines. The second approach treats the background field perturba- 
tively, so that it appears as external lines in the one-particle irreducible 
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(1PI) graphs of the theory. Here, the first approach is followed, and the 
background held is treated exactly. 

We can now derive the Feynman rules. The explicit form of the vertices 
can be read off from the actions described in Problem 12.14, where cubic and 
quartic vertices appear. The concrete form of the propagators can be easily 
obtained, since the problem can be mapped onto the problem of finding the 
propagators for the one- dimensional harmonic oscillator. By definition, the 
propagators of the bosonic fields solve the equation 

(~d 2 + p 2 + ( vt) 2 )A b (t, t ' | p 2 + (vt ) 2 ) = 8{t - r'), (12.63) 

where p 2 = b 2 or b 2 ± 2v depending on the type of boson that one is consid- 
ering. This is nothing but the propagator for a one-dimensional harmonic 
oscillator, so that the propagators of all the bosonic fields take the form 

Ab (t, T | p 2 + (VT) 2 ) 

v ( ( r 2 + t' 2 ) cosh 2 sv — 2tt') \ 

2 \ sinh 2sv J 

(12.64) 

The propagator of the fermionic helds is the solution to the equation 

(~d T + mjr) A jr (r, t'\ raff) = 5(r - r'), (12.65) 

where m^r = vrji + 672 is the fermionic mass matrix. Using gamma matrix 
algebra, it is verified in Exercise 12.13 that the fermionic propagator can be 
expressed in terms of the bosonic propagator by 

A j?(t, t' I m?) = (d T + mr) A B (r, r'| r 2 - uyi) . ( 12 . 66 ) 

This is a Dirac-like operator acting on a bosonic propagator of a particle 
with mass r 2 — vji. Since Eq. (12.64) provides a closed expression for A g, 
one can use Eq. (12.66) to obtain an exact expression for the fermionic 
propagator Ajp. Diagonalizing the mass matrix we find that our theory 
contains eight real fermions with mass m^p = r 2 + v and eight real fermions 
with vrijp = r 2 — v. The third component of ifr is massless. The effective 
action can be derived using these Feynman rules. The one-loop effective 
action is considered first. 



dse 



— flS 



2i r sinh 2 sv 



exp 



One-loop effective action 

The one-loop effective action can be characterized by a potential V (?’), which 
is related to the phase shift 5 in the scattering amplitude of the two DO- 
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branes by 

5(b,v) = — j dr V (b 2 + v 2 r 2 ) . (12.67) 

The phase shift is obtained from the determinants of the operators — d 2 +M 2 
that originate from integrating out the massive degrees of freedom at one- 
loop. The result for the one- loop determinants is 

det 4 (— <9 2 + r 2 + v) det 4 (— d 2 + r 2 — v) 

det~ 4 (-<9 2 + r 2 + 2v) det _1 (-<9 2 + r 2 - 2v) det~ 6 (-d 2 + r 2 ), (12.68) 

where the first line is the fermionic contribution and the second line is the 
bosonic contribution. In a proper-time representation of the determinants 
the phase shift is written as 

ds e~ sb2 

5= - (3 — 4 cosh sv + cosh 2sv) . (12.69) 

J o s smh sv 

The integrand can be expanded for large impact parameter, and one ob- 
tains to leading order in inverse powers of r 

v (r) = ~. (12.70) 

16 r‘ 

As shown in the next section, this is precisely the result expected for a single 
supergraviton exchange in 11 dimensions. Therefore, (0 + l)-dimensional 
Matrix theory seems to know about the propagation of massless modes in 
11 dimensions! Of course, one would like to check if this agreement holds 
beyond one- loop order, so the two- loop effective action is computed next. 



Two-loop effective action 

Feynman diagrams that contribute 

The two-loop effective action is given by the sum of all diagrams of the form 
contained in Fig. 12.3. The propagators for the fluctuations Y and the gauge 
field A are indicated by wavy lines, ghost propagators by dashed lines and 
the solid lines indicate the fermion propagators. The explicit expression is 

J drA 4 Ai(r, t|toi)A 2 (t, r|m 2 ) (12.71) 

for the diagram involving the quartic vertex A 4 , where A 4 and A 2 are the 
propagators of the corresponding particles with masses rn i and m 2 , respec- 





Fig. 12.3. Feynman diagrams that contribute to the two-loop effective action. The 
different types of lines represent different fields, as explained in the text. 



tively. Similarly, 

r / |m2)A 3 (r, t'|to3) (12.72) 

for the diagram involving the cubic vertices Ag 1 ^ and Ag 2) . 



Massive states that contribute 



Let us see what masses are involved in these diagrams. Equation (12.71) is 
well behaved when m\ and m 2 are both different from zero. If m± = 0, it 
contributes 



/ 



dp 

p2 



(12.73) 



to the relevant integrals. However, this expression vanishes in dimensional 
regularization. Dimensional regularization of ill-defined integrals is defined 
by requiring three properties: translation symmetry, dilatation symmetry 
and factorization. Invariance under dilatations imposes the condition that 
the integral Eq. (12.73) vanishes. Therefore, diagrams containing a quartic 
vertex only contribute when they involve two massive particles. A similar 
argument for Eq. (12.72) leads to the conclusion that exactly one massless 
state is present, as otherwise the corresponding diagram vanishes. 



Nonrenormalization theorem for the u 4 term 

Dimensional analysis of the two- loop effective action gives gC 2 , which has 
an expansion of the form 



(12.74) 
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Odd powers in v in this series are missing because of time-reversal invariance. 
The oti s are numerical coefficients that are determined by computation of the 
Feynman diagrams. This is a cumbersome but straightforward calculation. 
Only the final results are quoted here. First, the coefficient of the v 4 /r 10 
term, which appears at two loops in Matrix theory, turns out to be equal to 
zero once all the contributions coming from bosons and fermions are added 
up. The vanishing of this numerical coefficient is in agreement with the 
nonrenormalization theorem for the v 4 term appearing in Matrix theory and 
is required in order to have agreement with M-theory, as shown in the next 
section. So Matrix theory has passed the first two-loop test: the vanishing 
of the v 4 /r 10 term. However, this is only one term in the effective action for 
two DO-branes. 

Dimensional analysis of the two-loop effective action 

By dimensional analysis, described in Exercise 12.4, the allowed terms have 
a double expansion in v and r of the following form 

00 00 2n+2 

gC = ^2 g' n £m. = C 00 V~ + ^ Cmng m r3m+4n • (12.75) 

m = 0 m,n=l 

Specifically, 



A 

A 


= C 00 v 2 

v 4 

= Cll — y 


+ 


u 6 

C ^ 2 fU 


+ 


v 8 
Cl3 fl5 


+ ... 




A 


v 4 

= ° 21 fw 


+ 


V 6 

C 22^4 


+ 


V S 

C23 fl8 


+ ... 


(12.76) 


A 


v A 

= C31 jU3 


+ 


v e 

C32 jT7 


+ 


V S 

C33 f2l 


+ ... 





The subscript on C n labels the number of Matrix-theory loops. It has just 
been argued that the C 12 vanishes. As a test of the conjectured duality, let 
us now explore how this result arises from the M-theory point of view. 



Comparison with M-theory and more predictions 

In this section M-theory amplitudes are computed and compared to the 
Matrix theory predictions described above. 

Probe and source gravitons 

The calculation is set up in such a way that, when two gravitons scatter, 
one of the gravitons is taken to be heavy and serves as the source graviton. 
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The other graviton is light and is the probe graviton. The way this can make 
sense is for the two gravitons to have momenta p- = N\/R and p- = N 2 /R, 
and for N± to be much larger than N 2 , so that the first graviton is the source 
of the gravitational field. Note that the circle is null, as required for DLCQ. 

The source graviton is taken to have vanishing transverse velocity. Its 
worldline is x~ = x l = 0 and it produces the Aichelburg-Sexl metric 



Gn V — T hju, 



(12.77) 



where the only nonvanishing component of h pu is 



h __ 



m 8 r 7 



5(x ) 



1 5nN\ 
RM$r 7 



5{x ). 



(12.78) 



Here, k\ x = I6ir 5 /M pl where M p is the 11-dimensional Planck mass up to a 
convention-dependent numerical factor, and Hs is the volume of the eight- 
sphere. This metric is obtained from the Schwarzschild metric by taking 
the limit of infinite boost in the + direction while the mass is taken to 
zero. The latter accounts for the absence of higher-order terms in 1/r or Aq 
dependence. The source graviton is in a state of definite so the average 
over the x~ 6 (0, 2nR) direction gives 



15A r i 

2 R 2 M*r 7 ' 



(12.79) 




(a) 




\/\s\r\ 



0 b ) 



Fig. 12.4. Matrix theory Feynman diagrams, (a) illustrates a probe graviton (thin 
straight line) interacting with the metric of the source graviton (heavy straight line) 
at second order in perturbation theory, (b) illustrates a nonvanishing nonlinear 
correction to the metric of the source. 
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Action for probe graviton 

The action of the probe graviton in this field is now determined. To find it, 
it is sufficient to consider the action for a massive scalar, since spin effects 
give a more rapid fall off with r. 

S = —m J dr (— G flv x lx x v ) 1 ^ 2 (12.80) 

= — m f dr (— 2x _ — v 2 — h x~x~Y^ 2 , 



where the form of the Aichelburg-Sexl metric was used with x + = r. A dot 
denotes a r derivative, and v 2 = x i x i . This action vanishes if m — > 0 with 
fixed velocities, but for the process being considered here it is that is to 
be fixed. We therefore carry out a Legendre transformation on x _ : 



P- = m 



1 + h x 

(—2x~ — v 2 — h x~x~) 1 ^ 2 



(12.81) 



The appropriate Lagrangian for x* at fixed is (minus) the Routhian, 



C'(p-) = -K(p-) = £-p-x~(p-). (12.82) 



Equation (12.81) determines x (p - ) ; it is convenient before solving to take 
the limit m — > 0, where it reduces to G^x^x" = 0. Then 



x = 



y/l — h — v 2 — 1 



h __ 



(12.83) 



In the m — > 0 limit at fixed = N 2 / R the effective Lagrangian becomes 



-P-x (p-) =p -< ,- + 



2 h v 4 hf 



16 



+ 



_ N 2 2 , 15 NiN 2 v 4 ( 225 N{N 2 v b 
~ 2R V + 16 R 3 M® 7? + ~64 R 5 Mf s r 44 



+ ... 



(12.84) 



In this formula the explicit dependence on R 3 M p has been restored by di- 
mensional analysis. The second and third terms correspond to the diagrams 
in Fig. 12.4. 

What do we see from this expression? 



• The v and r dependencies exactly match with the diagonal terms (rn = n) 
appearing in the previous section, and the N dependence agrees with the 
leading large - N behavior N L+1 , where L is the number of loops. 

• The coefficient of the v 4 /r 7 term agrees with the one-loop Matrix-theory 
result. 
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• The absence of a two-loop term gv^/r 10 is in agreement with the previous 
Matrix-theory result. It reflects the existence of a nonrenormalization 
theorem for the u 4 term. 

• There appears a new term with a coefficient 225/64 that should correspond 
to a two-loop term in Matrix theory. Can Matrix theory reproduce this 
two-loop coefficient? Computing the u 6 /r 14 -term in Matrix theory by 
extending the calculation of the two-loop u-term, precise agreement has 
been achieved. 



Reproducing the N dependence 

Next, the N dependence of this result needs to be reconstructed. Recall 
that we are considering the scattering of two DO-branes in Matrix theory. 
To get the right N± and N 2 dependence, one must consider the scattering of 
a group of N\ DO-branes against IV 2 DO-branes. One can easily reconstruct 
the iV-dependence of this scattering process. In double line notation, every 
graph involving three index loops is of order N 3 . Terms proportional to Nf 
or N '2 would only involve one block (graviton) and so could not depend on r. 
Symmetry under the interchange of N\ and N 2 determines that the SU (2) 
result is multiplied by 



IViIVf + n?n 2 
2 



(12.85) 



which agrees with the supergravity result for the terms of interest. Finally, 
restoring the dependence on M and R, the two-loop result of Matrix theory 
is precisely the result found in the supergravity calculation Eq. (12.84). 

This highly nontrivial agreement is a strong test of the Matrix theory 
conjecture. As pointed out earlier, calculations become very difficult in the 
Matrix-theory picture at higher orders, but there is no reason to anticipate 
problems. 



Matrix theory for toroidal compactifications 

Let us now consider what happens when p of the transverse dimensions in the 
previous construction are taken to form a torus T p . Requiring consistency 
with some of the dualities discussed in previous chapters provides some 
additional tests of the Matrix-theory conjecture. 

In Chapter 8 it was argued that, when M-theory is compactified on a T p , 
the resulting theory has a nonperturbative U-duality symmetry that is given 
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by E p CZ). Let us recall the first few cases of this group: 



E 2 (%) = SL(2,%), E 3 (%) = SL(3,Z) x SL(2,Z), E±(ft) = SL( 5,Z). 

( 12 . 86 ) 

It is an interesting test of the Matrix-theory proposal to see whether it 
can reproduce these symmetries. First of all, compactification on T p gives 
a modular symmetry SL(p , %) as a straightforward geometric symmetry. 
So this gives the full result for p = 2, but only a subgroup of the desired 
symmetries for p > 2. Recall that Chapter 8 attributed the enhancement of 
SL(p , Z) to EpCEi) to a nongeometric duality of M-theory. So the question 
is whether Matrix theory is smart enough to know about such nongeometric 
dualities. 

Let us now consider the problem from the Matrix-theory side. To start 
with, we have a system of N DO-branes on a geometry containing a torus T p . 
It is very convenient in this case to carry out T-duality transformations along 
all of the torus directions. That leads to a system in which the compact space 
consists of the dual torus T p , which is wrapped by N Dp-branes. The world- 
volume theory of these Dp-branes is maximally supersymmetric Yang-Mills 
theory on the dual torus assuming that it remains true that higher-dimension 
corrections can be dropped in the infinite-momentum frame. Thus, it is a 
gauge theory in p+1 dimensions. So the question arises whether the required 
symmetry enhancement for p > 2 can be understood in terms of these gauge 
theories. 

The first nontrivial case is p = 3. This is our old friend M = 4 super 
Yang-Mills theory in D = 4, which features prominently in the remainder 
of this chapter. In the present setting it is compactified on T 3 , which gives a 
geometric SL( 3, 7E) duality group. However, as was discussed in Chapter 8, 
this gauge theory also has a nonperturbative SL(2, Z) S-duality group. So 
the full duality group is SL( 3, 7L) x SL(2, 7L) exactly as desired. 

Next, let us consider the case p = 4. This leads us to consider super 
Yang-Mills theory in 4 + 1 dimensions. One may be tempted to reject this 
as nonrenormalizable, but let us proceed anyway. The duality group of 
the torus is SL( 4, Z), but the desired group is SL( 5, Z). The clue to what 
happens is given by the observation that the Yang-Mills coupling constant 
Pym hi five dimensions has the dimensions of a length. The claim is that 
this gauge theory generates a fifth spatial dimension, which is a circle, and 
the size of this circle is controlled by <?ym- This is reminiscent of how type 
IIA string theory grows an extra dimension at strong coupling. 

In fact, we already know that this is true. The five- dimensional gauge the- 
ory in question is the world-volume theory of a set of coincident D4-branes 
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in the type IIA theory. However, we know that, from the M-theory view- 
point, D4-branes are really M5-branes that wrap the extra spatial dimension 
that M-theory provides. Thus, the D4-brane system is better viewed as a 
set of M5-branes wrapping a T 5 . The desired SL{ 5, Z) duality group is 
then recognized to be the modular group of this torus. This six-dimensional 
world-volume theory is believed to be a well-defined quantum field theory. 
The reason its discovery was made relatively recently is that it is strongly 
coupled in the UV, and therefore it does not have a simple Lagrangian de- 
scription. 

The situation for p > 4 is even more challenging and has not been worked 
out in detail. However, it should be clear already that Matrix theory is 
capable of capturing a great deal of subtle physics. In fact, its validity can 
be deduced from the gauge theory/string theory dualities considered in the 
next section. 



Exercises 



Exercise 12.3 

Show that the fermionic propagator can be expressed in terms of the bosonic 
propagator as indicated in Eq. (12.65). 

Solution 

Comparing Eqs (12.63), (12.65) and (12.66), we need to show that 

(d T - UT7i - h^ 2 ){d T + VT'y i +672) = dl - r 2 + vji, 

where we have used r 2 = b 2 + (ur) 2 and mjr = vr'ji + 672- This follows from 
some simple gamma matrix algebra and the derivative acting on the r term. 
Thus, one obtains the desired relation between the bosonic and fermionic 
propagators. □ 

Exercise 12.4 

Show that the only terms in the Matrix theory effective action up to three 
loops are the terms appearing in Table (12.76). 



Solution 

The solution follows from dimensional analysis. Since the action is dimen- 
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sionless, it follows that the Lagrangian has dimension [£] = —1. From 
the explicit form of the Lagrangian in Eq. (12.54), it then follows that 
[R] = [g\ = —3, [ X l \ = —1. Also, [r] = [ b } = —1 and [u] = —2. It fol- 
lows that g m v 2n + 2 J r 3m+4n } ias dimension —4 as required. Therefore, these 
dimensions lead to the expansion appearing in Table (12.76). Dimensional 
analysis determines the entire v and r dependence of the effective actions at 
each order in the perturbation expansion. Only the numerical coefficients 
need to be computed by evaluating Feynman diagrams. □ 



12.3 The AdS/CFT correspondence 

The basic idea of the AdS / CFT duality and its generalizations is that string 
theory or M-theory in the near-horizon geometry of a collection of coinci- 
dent D-branes or M-branes is equivalent to the low-energy world-volume 
theory of the corresponding branes. This section explains the AdS/CFT 
correspondence. 



The D3-brane case 

The conjecture 

The AdS/CFT conjecture (for the case of D3-branes) is that type IIB su- 
perstring theory in the AdS§ x S' 5 background described in Section 12.1 is 
dual to M = 4, D = 4 super Yang-Mills theory with gauge group SU(N). 
This string theory background corresponds to the ground state of the gauge 
theory, and excitations and interactions in one description correspond to 
excitations and interactions in the dual description. 

D-brane world- volume theories were studied in considerable detail in Chap- 
ter 6. In the case of type II superstring theories we learned that the world- 
volume theory of N coincident BPS D-branes is a maximally supersymmetric 
U (N) gauge theory. The formulas become complicated when terms that are 
higher order in a' or nontrivial background fields are taken into account. 
However, in the absence of background fields and at lowest order in ol , the 
result is very simple: the low-energy effective action on the world volume 
of N coincident Dp-branes is given by the dimensional reduction of super- 
symmetric U(N ) gauge theory in ten dimensions to p + 1 dimensions. This 
theory is all that is required for the analysis that follows. The 17(1) sub- 
group of U(N) decouples as a free theory and does not participate in the 
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duality. 9 So the gauge group in the duality is really SU(N), not U(N). The 
distinction between the two is a subleading effect in the large- TV limit. 

The coupling constants 

The dimensionless effective coupling of super Yang-Mills theory in p + 1 
dimensions is scale dependent. At an energy scale E, it is determined by 
dimensional analysis to be 

9lffi E ) ~ 9ym neP ~ 3 - (12-87) 

This coupling is small, so that perturbation theory applies, for large E (the 
UV) for p < 3 and for small E (the IR) for p > 3. 

The special case p = 3 corresponds to J\f = 4 super Yang-Mills theory in 
four dimensions, which is known to be a UV finite, conformally invariant field 
theory. In that case g^ s (E) is independent of the scale E and corresponds 
to the ’t Hooft coupling constant 

A = g$ M N. (12.88) 

This is the combination that is held constant in the large- TV expansion of 
the gauge theory discussed below. 

The Yang-Mills coupling constant is the same as the open-string coupling 
constant, since the gauge fields are massless modes of open strings. Using 
the relation between open- and closed-string coupling constants, this gives 
the identification 

<?YM = 4irg s . (12.89) 

Fortunately, the dilaton in Eq. (12.21) is constant, so there is no ambiguity in 
this identification. Indeed, this constancy reflects the fact that the coupling 
is energy independent. Combining this with the identity R 4 = 47rg s TVa /2 , 
obtained in Eq. (12.28), gives the relation 

R = A 1/4 £ s . (12.90) 

The last equation relates R /£ s , which is the radius of both the S 5 and the 
AdS$ in string units, to the ’t Hooft coupling of the dual gauge theory. 
When the field theory is weakly coupled, the dual string theory geometry is 
strongly curved, which makes computations difficult. Conversely, when the 
string-theory geometry is weakly curved, and a supergravity approximation 
is justified, the dual gauge theory is strongly coupled. 

9 More precisely, the U( 1) lives on the boundary and the SU(N) lives in the bulk, which is why 
the £/( 1) is not relevant. 
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Rank of the gauge group 

Another important fact about the duality is that the rank of the gauge group 
corresponds to the five-form flux through the five-sphere 




F 5 = N. 



(12.91) 



To understand this, recall that the extremal D3-brane construction started 
with N coincident D3-branes, which carry a total of N units of D3-brane 
charge. This charge is measured by enclosing the D3-branes with a five- 
sphere and computing the five-form flux. Thus, the parameter N, which 
labels the gauge-theory group, corresponds to the five-form flux in the dual 
type IIB description. 



Symmetry matching 

If the proposed correspondence is true, it is necessary that the two dual the- 
ories should have the same symmetry. This requirement is relatively easy to 
test, because the symmetry in each case is independent of the parameters A 
and N . So it doesn’t matter which theory is in a strongly coupled regime. In 
each case the complete symmetry is given by the superalgebra PSU( 2, 2 1 4) , 
as we explain below. 10 This supergroup group has a bosonic subgroup that 
is SU( 2,2) x 5t/(4). In addition, it contains 32 fermionic generators that 
transform as (4, 4) + (4, 4) under this group. This supergroup is described 
in more detail in Exercise 12.8. 

Let us discuss the symmetry of the string theory solution first. The AdS$ 
geometry has the isometry 30(4,2) and the S 5 geometry has the isometry 
50(6). The theory has fermions that belong to spinor representations, so 
it is better to refer to the covering groups which are SU( 2,2) and SU( 4), 
respectively. Thus the bosonic subgroup of the supergroup is realized by 
the geometry. This background realizes all 32 supersymmetries of the type 
IIB superstring theory as vacuum symmetries. In other words, it has just 
as much supersymmetry as the ten-dimensional Minkowski vacuum, which 
corresponds to R — > oo. The conserved supercharges transform as (4,4) + 
(4,4) under SU( 2,2) x 517(4) and combine with the space-time isometries 
to give PSU( 2,2|4). 

Now let us turn to the symmetry of the dual J\f = 4 super Yang-Mills 
theory. First of all, as we have already asserted, this is a conformally in- 
variant held theory. This has been proved to be an exact property of the 

10 A superalgebra of the form SU(m\n) has a bosonic subalgebra SU(m) x SU(n) x U( 1). When 
m = n the £7(1) factor decouples from the rest of the algebra. The letter P indicates that this 
£7(1) factor is absent. 
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quantum theory, not just a feature of the classical field theory. This is a 
very special feature, which implies in particular, that there is an exact can- 
cellation of ultraviolet divergences to all orders in perturbation theory, so 
that no renormalization scale needs to be introduced to define the theory. 
One is still free, however, to define the theory at a given energy scale by 
integrating out all degrees of freedom above that scale. However, since the 
theory is conformal, the effective coupling defined in this way is independent 
of the energy scale. 

The SU (4) symmetry arises as the global SU (4) R symmetry of the dual 
J\f = 4 super Yang-Mills theory. By definition, an R symmetry is a sym- 
metry that does not commute with the supersymmetries. In particular, the 
four fermions of one chirality transform as a 4 and those of the opposite 
chirality transform as a 4, and the six scalar fields form a 6. The linearly 
realized supersymmetries account for 16 fermionic symmetries. However, 
there are 16 additional nonlinear ly realized fermionic symmetries. One way 
of discovering these is to compute the commutators of the linearly realized 
supersymmetries with the conformal transformations. Putting all this to- 
gether, one is led to the desired superconformal algebra PSU( 2, 2|4). 

Large-N limit 

The large - N limit, at fixed A, is of particular interest. Large - N gauge-theory 
amplitudes have a convenient topological expansion. Specifically, using a 
double-line notation for adjoint U(N ) fields, and filling in the space between 
the lines so that propagators look like ribbons, the Feynman diagrams can 
be viewed as two-dimensional surfaces and assigned an Euler characteristic 
X- As described in Exercise 12.7, the contribution of diagrams of genus g (or 
Euler characteristic x = 2 — 2 g) to field-theory amplitudes scales for large N 
and fixed A as N x . The proof uses Euler’s theorem that a two-dimensional 
simplicial complex with V vertices, E edges, and F faces has 

X = V - E + F. (12.92) 

Since g s corresponds to A/TV. the 1/TV expansion at fixed A corresponds to 
the loop expansion of the dual string description. 

Planar diagrams 

The leading terms in the large-TV fixed-A expansion of the gauge theory 
define the planar (or genus 0) approximation. It is conjectured that N = 4 
super Yang-Mills theory is integrable in this approximation. There is quite 
a bit of circumstantial evidence for this conjecture, including the existence 
of an infinite number of conserved charges, but it has not yet been proved. 
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There is hope that exact analytic computations of correlation functions in 
the planar approximation may be possible some day. In any case, in the 
planar approximation they can be computed perturbatively in A. There 
is also hope of carrying out exact tree-level calculations of the type IIB 
superstring theory in the AdS 5 x S 5 background. According to the duality, 
this would predict the complete planar approximation to the gauge theory. 
Unfortunately, this computation also is not yet tractable with currently 
known methods. So the tests of the duality that have been carried out to 
date are more limited than this, but still very impressive. 

Stringy corrections 

The preceding discussion shows that, in the string-theory description, stringy 
effects are suppressed for A 3> 1 (so that the radius R is much larger than 
the string length scale). Similarly, quantum corrections (given by string 
loops) are small when N 3> 1, provided that the limit is carried out at fixed 
A. Geometrically, this means that R is much larger than the Planck length. 
To understand this, recall that Chapter 8 showed that the ten-dimensional 
Planck length is given by 

t v = g l J%. (12.93) 

Combining this with A = Aitg s N gives 

N=±(R/e p) 4 . (12.94) 

The dictionary 

Now that we have described the basic features of the D3-brane correspon- 
dence, let us summarize the conclusions for this case: 11 

• The integer N gives the rank of the gauge group, which corresponds to 
the flux of the five-form R-R gauge field threading the five-sphere. 

• The Yang-Mills coupling constant g\M is related to the string coupling 
constant by <?ym = 47rg s . The fact that </ym does not depend on the 
energy scale corresponds to the fact the dilaton is a constant for the black 
D3-brane solution. 

• The supergroup PSU( 2, 2| 4) is the isometry group of the superstring the- 
ory background, and it is also the super conformal symmetry group of the 
M = 4 gauge theory. All of the generators correspond to Killing vectors 
and Killing spinors of the space-time geometry. In the gauge theory, some 

11 All of this can be generalized to other Dp-branes, but this is the simplest, most symmetrical, 
example for the reasons that have been explained. 
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of the operators generate the super-Poincare subgroup, and the rest gen- 
erate other conformal transformations. In particular, 16 of the fermionic 
operators generate linearly realized Poincare supersymmetries and the 
other 16 generate super conformal symmetries. 

• The common radius R of the AdS§ and S 5 geometries is related to the ‘t 
Hooft parameter A = <7 ym-^ °f the gauge theory by R = A 1//4 f s . 



Duality for M-branes 

There are similar AdS/CFT conjectures for the two M-theory cases for which 
extremal black-brane solutions were constructed in Section 12.1. However, 
they have been explored in much less detail than the D3-brane case. There 
are at least three reasons for this: (1) computations are much more difficult 
in M-theory than in type IIB superstring theory; (2) the dual conformal field 
theories are much more elusive than the M = 4 super Yang-Mills theory; 
(3) there is great interest in using AdS/CFT dualities to learn more about 
four- dimensional gauge theories. 

The M2-brane conjecture 

A stack of M2-branes has an AdS 4 x S 7 near-horizon geometry, and M- 
theory for this geometry (with N units of *F . 4 flux through the sphere) is 
dual to a conformally invariant SU(N) gauge theory in three dimensions. 
One significant difference from the type IIB superstring example, is that 
the M-theory background does not contain a dilaton field, and therefore 
there is no weak-coupling limit. Correspondingly, the three-dimensional 
conformal field theory does not have an adjustable coupling constant, and 
it is necessarily strongly coupled. As a result, it does not need to have a 
classical Lagrangian description. In fact, there does not appear to be one. 
Therefore, this three-dimensional CFT is much more difficult to analyze 
than J\[ = 4 super Yang-Mills theory. 

CFT for the M2-brane case 

One way of thinking about the three-dimensional CFT is as follows. The 
low-energy effective world-volume theory on a collection of N coincident 
D2-branes of type IIA superstring theory is a maximally supersymmetric 
U(N) Yang-Mills theory in three dimensions. This theory is not conformal 
because the Yang-Mills coupling in three dimensions is dimensionful and 
introduces a scale. Recall that the type IIA coupling constant is proportional 
to the radius of a circular eleventh dimension. When this coupling becomes 
large, the gauge-theory coupling constant also becomes large. In view of 
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Eq. (12.87), this corresponds to a flow to the infrared in the gauge theory. It 
also corresponds to the radius of the circular eleventh dimension increasing 
giving an 11-dimensional M-theory geometry in the limit. Therefore, in 
the limit, the coupling becomes infinite, and one reaches the conformally- 
invariant fixed-point theory that describes a collection of coincident M2- 
branes in 11 dimensions. This theory should have an 50( 8) R symmetry 
corresponding to rotations in the eight dimensions that are transverse to the 
M2-branes in 11 dimensions. 

The AdSi x 5 7 metric has the isometry group 

50(3, 2) x 50(8) « 5p(4) x Spin{ 8 ). (12.95) 

As before, the first factor is the symmetry of the AdS space, which corre- 
sponds to the conformal symmetry group of the dual gauge theory. Also, 
the second factor is the symmetry of the sphere, which corresponds to the R 
symmetry of the dual gauge theory. This solution is maximally supersym- 
metric, which means that there are 32 conserved supercharges. In the dual 
gauge theory 16 supersymmetries are realized linearly, and the other 16 are 
conformal supersymmetries. Including the supersymmetries, the complete 
isometry superalgebra is 05p(8|4). This contains 32 fermionic generators 
(the supercharges) transforming as ( 8 , 4 ) under Spin( 8 ) x Sp( 4). 



The M5-brane case 

Similar remarks apply to the six-dimensional CFT associated with a stack 
of M5-branes that is dual to M-theory with an AdS 7 x 5 4 geometry. The 
AdS 7 x 5 4 metric has the isometry group 

50(6, 2) x 50(5) « Spin( 6 , 2 ) x USp{ 4). (12.96) 

Including the supersymmetries, the complete isometry superalgebra in this 
case is OSp{ 6 , 2|4). This superalgebra contains 32 fermionic generators 
transforming as ( 8 , 4 ) under Spin( 6 ,2) x USp( 4). 

The problem of defining the conformal field theory on the M5-branes is 
more severe than in the M2-brane case. To define a field theory, a weak- 
coupling description in the UV is required. Unlike the M2-brane case, there 
is no such description in the M5-brane case, because it is a six-dimensional 
theory. Still, there must be a CFT associated with the M5-brane system. 
The problem is that we don’t know how to describe it other than via the 
AdS/CFT duality. 
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The structure of anti-de Sitter space 

In Section 8.1, AdS^+i, where d = p + 1, has been described in Poincare 
coordinates. In these coordinates, the AdS^+i metric is given by 

d2 

ds 2 = — [(dx 2 )d + 1 + dz 2 ) , z >0. (12.97) 

Recall that the boundary at spatial infinity (r — » oo) corresponds to z = 0, 
since z ~ R 2 /r. Similarly, the horizon at r = 0 corresponds to z = oo. 

From AdS to CAdS 




Fig. 12.5. AdS p+ 2 is a hyperboloid in R 2,p+1 with a closed time-like curve in the 9 
direction. 

Poincare coordinates do not give a complete description of the Lorentzian 
AdSd- ri space-time. To understand this, it is useful to consider a hypersur- 
face in a (d + 2)-dimensional Lorentzian space of signature (d, 2), describing 
a hyperboloid 

Vi + . . . + yj — 1 1 — t 2 = —R 2 = —1, (12.98) 

as depicted in Fig. 12.5. In the last step the radius R has been set equal 
to one, for convenience. This description makes the SO{p+ 1,2) symmetry 
manifest. The relation between the coordinates introduced here and the 
Poincare coordinates given earlier is 

(• z , x°, x l ) = ((ti + ?/d) _ \ t 2 z, yi(h + ydY 1 ) ■ (12.99) 

To pass to spherical coordinates for both the y s and the t s, the notation 
(yi, ■ ■ >’i..y d ) ->• and (ti,t 2 ) ->■ (r, 0) (12.100) 
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is introduced. In these coordinates the hypersurface is v 2 — r 2 = —1, and 
the metric on this surface is 

ds 2 = ^ dy 2 — ^ dt 2 = ^ — 2 + v 2 dVt 2 p — (1 + v 2 )d8 2 . (12.101) 

Note that the time-like coordinate 9 is periodic! This would imply that 
the conjugate energy eigenvalues are quantized as multiples of a basic unit. 
This is definitely not what type IIB superstring theory on AdS$ x S 5 gives. 
The energy quantization does hold for the supergravity modes and their 
Kaluza-Klein excitations, but it is not true for the stringy excitations. 

CAdS/CFT correspondence 

The solution to this problem is to replace the AdS space-time with its 
covering space CAdS. Therefore, strictly speaking, one should speak of 
CAdS/CFT duality, but that is not usually done. To describe the covering 
space, let us replace the circle parametrized by 9 by a real line parametrized 
by t. This gives a global description of the desired space-time geometry. 
Letting v = tan p , the metric becomes 

ds 2 = — (dp 2 + sin 2 pdCL 2 — dt 2 ). (12.102) 

cos^ p ‘ 

This has topology B p+ \ x R which can be visualized as a solid cylinder. The 
R factor, which is a real line, corresponds to the global time coordinate t, and 
B p+ 1 denotes a solid ball whose boundary is the sphere S p . The boundary of 
the CAdS space-time at spatial infinity (p = 7t/ 2) is S p x R. The Poincare 
coordinates cover a subspace of the global space-time, called the Poincare 
patch, as shown in Fig. 12.6. This diagram, which shows the global causal 
structure of the geometry, is called a Penrose diagram. All light rays travel 
at 45 degrees in a Penrose diagram. 

When one uses the covering space CAdS to describe the bulk theory, the 
spatial coordinates of the dual gauge theory are naturally taken to form 
a sphere S p . This does have a significant technical advantage: when the 
spatial coordinates form a sphere, the Hamiltonian has a discrete spectrum 
rather than a continuous one. This can be traced to the fact that the 
time coordinate in global coordinates differs from the time coordinate in the 
Poincare patch. Thus, if Pq denotes the Yang-Mills Hamiltonian appropriate 
to the Poincare patch time coordinate, then 

H=^(P 0 + K 0 ), (12.103) 

is the Hamiltonian appropriate to global time, and it has a discrete spec- 
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Z = 0 



Z=const. 



Fig. 12.6. This diagram shows how the Poincare patch is embedded in global CAdS 
for the special case of AdS?- 

trum. 12 Geometrically, it is as though the geometry in Eq. (12.102) is cre- 
ating a potential well so that the center point p = 0 is at a minimum. 

It should also be noted that, in global coordinates, there is no horizon. 
The horizon is a feature of the description in terms of the coordinates of the 
Poincare patch but not of the global space-time. One can see in Fig. 12.6 
that there is nothing special about the horizon of the Poincare patch in 
the global description. In case this sounds surprising, recall that even flat 
space-time appears to have a horizon for a uniformly accelerating observer, 
who sees a Rindler space. 

Euclideanized AdS geometry 

As discussed in the next subsection, it is useful to consider the Euclideanized 
AdS geometry (EAdS) to test the AdS/CFT correspondence more precisely. 
This can be obtained by Wick-rotating the t? coordinate: 

Vi + . . . + y d — t\ + t 2 = —1. (12.104) 

The symmetry is now SO(d + 1,1). This manifold should not be confused 
with Lorentzian signature de Sitter space, which would have +1 on the 
right-hand side. As before, EAdS can be described in Poincare coordinates 
by 

ds 2 = \(dz 2 + (dx 2 )d), (12.105) 

z z 

where now (dx 2 )d = dx\ + . . . + dx 2 d . Unlike the Lorentzian case, these 
coordinates describe the space globally. They give a description that is 



12 Kq is one of the conformal group generators. 
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equivalent to the one given by the metric 

ds 2 = dp 2 + sinh 2 pdtij, (12.106) 



which is the analog of Eq. (12.102). Another equivalent metric in terms of 
d + 1 coordinates it* is 



ds 2 



(i-E^) 2 ’ 



(12.107) 



where Y2 uf < 1 . The latter form shows that the topology is that of a ball 
Bd+i, whose boundary is a sphere S d . Thus the dual Euclideanized gauge 
theory should be compactified on a sphere — S 4 for our main example. In 
this case the 50(5) subgroup of the 50(5, 1) conformal group is realized as 
the symmetry of the 5 4 . 



Holographic duality 

The notion of holography was first introduced into gravitational physics in 
the context of trying to encode the degrees of freedom of a black hole on its 
horizon, with roughly one degree of freedom (or Q-bit, to be more precise) 
per Planck area, as suggested by the Bekenstein-Hawking entropy formula. 
While that may be possible, it is not understood in detail how to do that; 
if it were, we would have a more general understanding of the microscopic 
origin of the entropy formula than currently exists. 

Holography in AdS space 

The holographic duality considered here is somewhat similar, except that it 
applies to the entire space-time rather than to a black hole. The AdS/CFT 
duality is holographic in the sense that the physics of the (d+ l)-dimensional 
bulk - or even the ten or 11-dimensional bulk, if the sphere is taken into 
account - is encoded in the dual d-dimensional gauge theory. 

How does the hologram work? 

The basic idea is that d-dimensional x ^ coordinates of a point in the bulk 
correspond to the x ^ position in the field theory. The more subtle question 
is how the radial coordinate r or z is encoded in the gauge theory. 

One approach to defining the gauge theory as a quantum theory is to 
define it as a function of an energy (or momentum) scale E. as discussed 
earlier. This should be interpreted (in the Wilsonian sense) to mean that 
fields with momenta above this scale have been integrated out. For theories 
that are conformal, the resulting effective theory at the scale E is indepen- 
dent of E, since there is no other scale to which E can be compared. Let us 
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consider a scale transformation of the gauge theory x M — > ax Scale invari- 
ance implies that, if this is accompanied by a rescaling of the energy scale 
E — > E/a, this is a symmetry. Since x ^ in the gauge theory is identified with 
in the bulk, this scaling can be performed in the AdS metric Eq. (12.97). 
However, there we see that, when x M — > ax M is accompanied by z —* z/ a, 
this is a symmetry of the metric. Thus, we are led to the identification 

E~l/z~ r . (12.108) 

This reasoning shows that the radial coordinate in the bulk corresponds 
to the energy scale in the dual gauge theory, but it does not establish the 
constant of proportionality. Dimensional analysis suggests that one should 
identify 

E = kr£~ 2 , (12.109) 

where k is a dimensionless constant. For example, if one identifies the en- 
ergy of a string stretched from the horizon at r = 0 to a point with ra- 
dial coordinate r with the scale E, this would determine a value of /c. 13 
However, other analyses can lead to different constants of proportionality. 
Perhaps this reflects the ambiguity in defining the energy scale of the field 
theory in the first place. The important, and unambiguous, fact is that in 
any scheme for defining energy scales there is a correspondence of ratios 
Ei/E -2 = zi/z\ = ri/r 2 . 

This identification of radial coordinate in the bulk with energy scale in 
the gauge theory is very striking, and one might wonder how it could be 
reconciled with any notion of locality in the bulk theory. It is difficult 
to define gauge-invariant local observables in a gravitational theory with 
diffeomorphism symmetry. So it is not clear that locality should be an 
exact principle for the bulk theory. However, one would expect it to hold 
for scales larger than the string scale, when local field theory in a fixed 
gravitational background is a reasonable approximation. One reason the 
holographic correspondence proposed here is not in manifest conflict with 
locality is the observation that changes in energy scale in the gauge theory 
are given by the renormalization group equation, which is local in the energy 
scale. 

Given the holographic identification, one can ask where the dual gauge 
theory is located. If one regards the theory without any degrees of freedom 
integrated out as the most fundamental, this corresponds to E — * oo. Then 
one can say that the dual gauge theory is located at the boundary r = oo 

13 This energy is finite, and proportional to r, even though the proper distance is infinite, due to 

the compensating effect of the red-shift factor. 
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or z = 0. As one integrates out high-momentum degrees of freedom, it gets 
translated inwards toward the horizon. 

The correspondence can be generalized to bulk theories that are only AdS 
asymptotically as r — ► oo. In such a case, the dual gauge theory is not con- 
formal, but (according to the holographic principle) it should approach a 
conformal fixed point in the ultraviolet. It is often convenient to work in 
a small curvature regime of the bulk theory, where a supergravity approx- 
imation can be used. In cases where the dual gauge theory is not exactly 
conformal, the ’t Hooft coupling constant may not be large, for a sufficiently 
large range of energies, for there to be a large fifth dimension in the dual 
description. 



S- duality 

Section 8.2 described the S-duality of type IIB superstring theory. In flat 
ten-dimensional space-time the S-duality group was shown to be SL( 2, Z). 
In particular, it was shown that the complex scalar held 

r//B = C 0 + m- $ , (12.110) 

transforms as a modular parameter under SL( 2, Z) transformations. 

Section 8.2 also described an SL( 2,Z) S-duality of U(N ) N = 4 super 
Yang-Mills theory. As explained there, if one includes a topological 6 term 
in the Lagrangian, one can define a complexified gauge theory coupling 

6 Airi 

tym = - — h ~ 2 — • (12.111) 

27r 9 ym 

Now one is led to an important implication of the AdS/CFT duality. 
Namely, the S-duality of the gauge theory is induced by the S-duality of the 
string theory. Since the AdS/CFT correspondence requires the S-duality of 
the gauge theory, any test of this S-duality is also a test of the correspon- 
dence. Conversely, the existing evidence in support of the S-duality of M = 4 
super Yang-Mills theory can be regarded as support for the AdS / CFT con- 
jecture. 

The identification g‘y M = 47rg s , where e® = g s for the extremal D3-brane 
solution, naturally generalizes to 

tym = tub, (12.112) 

provided one makes the identification 6 = 2-kCq. The black D3-brane so- 
lution can be generalized to allow a constant nonzero value of Co without 
making any other changes, and this corresponds to adding a 9 term to the 
dual gauge theory. The conclusion is that the value of the complex coupling 
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in the gauge theory is identified with the vacuum expectation value of the 
complex scalar field of the string theory. Each of them is defined on a space 
that is identical to the moduli space of complex structures of a torus, which 
was described in Chapter 3 and utilized several times in Chapter 8. 



A more precise correspondence 

The tests of AdS/CFT duality described so far only required analyzing per- 
turbations of AdS§ x S 5 . Another successful test in this framework, which we 
have not explained, was to show that all the linearized supergravity states 
correspond to states in the dual gauge theory. However, there is more than 
this perturbative framework that needs to be understood to define a precise 
map between a CFT and its AdS dual, since this set-up is only sensitive 
to the supergravity states and their Kaluza-Klein excitations, but does not 
probe the underlying string-theory structure of the theory. 

A conformal field theory does not have particle states or an S-matrix. The 
only physical observables, that is, well-defined and meaningful quantities, in 
a CFT are correlation functions of gauge-invariant operators. Thus, what 
is required is an explicit prescription for relating such correlation functions 
to computable quantities in the AdS string-theory background. These are 
very similar to ordinary S-matrix elements, with the definition suitably gen- 
eralized to AdS boundary conditions at infinity. Since the dimension of the 
AdS exceeds that of the CFT by one, it is sensible that off-shell quantities 
in the CFT should correspond to on-shell quantities in AdS. 

The gauge-invariant operators are defined at a point, which corresponds 
to perturbing the gauge theory in the ultraviolet. Therefore, according to 
the holographic energy /radius correspondence, the gauge theory should be 
considered to be at the AdS boundary. 

It is technically easier to work with the Euclideanized conformal field the- 
ory and to relate its correlation functions to quantities in the Euclideanized 
anti-de Sitter geometry. So this is a good place to start. After that, we 
discuss the case of Lorentzian-signature case. The prescription requires a 
one-to-one correspondence of bulk fields 4> and gauge-invariant operators O 
of the boundary CFT. 



The path integral 

Schematically the correspondence works as follows. Denoting boundary val- 
ues of 4> by one computes the bulk-theory path integral with these bound- 
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ary values to define a partition function 

Zs tringOo) = f D<f>e~ s,lMa *. (12.113) 

J <p 0 

Then this is identified with the field theory expression 

(exp J s /° 0) cft , (12.114) 

which is the generating function of correlation functions. To complete the 
explanation one should carefully explain how one removes the divergences 
that occur in these formal expressions. Even then, these formulas are hard 
to evaluate in practice, except in regimes where perturbation theory is ap- 
plicable, as illustrated in Fig. 12.7. The Feynman rules require interaction 
vertices in the bulk and three types of propagators: bulk to bulk, bulk to 
boundary, and boundary to boundary. 




Fig. 12.7. Correlation functions in strongly coupled gauge theories can be calculated 
in terms of ordinary Feynman diagrams in the bulk theory with propagators that 
terminate on the boundary. 

One of the bulk fields is the metric g^ u . It corresponds to the energy- 
momentum tensor T^ u of the CFT, which is always a gauge-invariant op- 
erator. For this reason the AdS/CFT correspondence always involves a 
gravitational theory for the bulk. The asymptotic behavior of the metric 
as the boundary is approached is well defined up to a conformal rescaling 
(g^ u ~ Agy^.) Thus, 4> 0 in this case denotes the boundary value of the 
conformal class of the metric. Another example for which the bulk field 
to boundary operator correspondence is known is the dilaton. The dila- 
ton corresponds to the Lagrangian of the CFT, because a small change in 
the gauge coupling, which is dual to the string coupling determined by the 
dilaton, adds an operator proportional to the Lagrangian. 14 

14 The analogous M-theory backgrounds do not have a dilaton, so maybe it is not surprising that 

one is unable to construct a Lagrangian for the dual CFT in those cases. 
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Anomalous dimensions 

As an example, consider a scalar field (j) of mass m in EAdSs, whose metric 
is given in Eq. (12.105). The quadratic terms in the action are 

S ~ J d^y dz[z 2 (d y (f>) 2 + z 2 (d z 4>) 2 + m 2 R 2 (j) 2 ]/z 5 . (12.115) 

Considering five dimensions rather than ten implies a truncation to the low- 
est Kaluza-Klein mode on the five-sphere. The classical field equation de- 
rived from this action has two independent solutions that are given by Bessel 
functions. To decide which solutions are normalizable, we are particularly 
interested in the asymptotic behavior at the boundary, which corresponds 
to z = 0. The two solutions both give power behavior of the form (j> ~ z a , 
and the two values of a, determined by the equation of motion, are the roots 
of 15 

a(a-4) = m 2 R 2 , (12.116) 

which are 

a± = 2± a/4 + m 2 R 2 . (12.117) 

You are asked to derive this result from the equation of motion in Prob- 
lem 12.8. 

In defining the boundary value (j>o that enters in Eq. (12.113), a singular 
factor must be removed. The reason for this is that the more singular 
solution goes as 0 ~ z a ~ near the boundary. Since the boundary theory is 
conformal, a conformal rescaling that is x independent is allowed. Thus, the 
regularized boundary value of the field is 

4>o(x) = lim z~ a ~(f>(x, z). (12.118) 

z^O 

As a result of this renormalization , the corresponding boundary operator 
acquires a scaling dimension. The naive scaling dimension would be four for 
a scalar field. However, one also has to take account of the scaling property of 
z ~ a - 5 recalling that z scales like x. This contributes an anomalous dimension 
— a- >0. As a result, one obtains the scaling dimension for the dual gauge 
theory operator 

A = 4 — a_=2 + V4 + m 2 R 2 . (12.119) 

For example, the dilaton has m = 0, which agrees with the fact that the 
SYM Lagrangian has A = 4. The corresponding analysis for the graviton 
“predicts” that the stress tensor should have A = 4, which is also correct. 



15 When the boundary theory has d dimensions, this generalizes to a(a — d) = m 2 R 2 . 
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As an aside, and for completeness, let us note the following. The restric- 
tion to the a_ solution is correct for the AdS 5 x S 5 case, but it is not always 
correct. In AdS^+i space-time the mass-squared parameter m 2 can be neg- 
ative without making the vacuum unstable, as it would in flat space-time. 
In fact, the stability bound, known as the Breitenlohner-Freedman bound , 
can be deduced from the d-dimensional generalization of Eq. (12.115). It is 

m 2 R 2 > -d 2 /A. (12.120) 

For m 2 R 2 > 1 — d 2 /A there is a unique admissible boundary condition, which 
is the case for all fields in the theory under consideration here. However, 
some theories have fields with masses in the window 

1 - d 2 /A > ™ 2 R 2 > -d 2 / 4, (12.121) 

and then both solutions a± are admissible, since they both satisfy the uni- 
tarity bound A > (d — 2)/2. 

Lorentzian signature and the Hamiltonian 
The CAdS/CFT duality for Lorentzian signature entails new issues. The 
boundary-value problem in this case no longer has unique solutions, be- 
cause one can add normalizable (propagating) modes. Nonnormalizable 
bulk modes correspond to backgrounds that couple to gauge-invariant lo- 
cal operators of the boundary gauge theory, as in the Euclidean case. In 
addition, the normalizable modes of the Lorentzian case correspond to lo- 
calized fluctuations of the gauge theory. 

From the point of view of the dual CFT, there is a Hamiltonian that 
generates the time evolution. This is conceptually cleanest when the spatial 
dimensions form a p-dimensional sphere, as is natural in the global CAdS 
formulation. In this case, if one imagines expanding all fields in Fourier 
modes on the sphere, one has a quantum mechanical theory with an infinite 
number of degrees of freedom. However, there are only a finite number of 
states below any fixed energy. 

The AdS$ x S 5 solution (for example) corresponds to the ground state of 
this Hamiltonian, whereas nonnormalizable modes in the bulk correspond 
to excited states of the gauge theory. Generic excited states of the gauge 
theory correspond to bulk geometries with string-scale curvatures for which 
the supergravity approximation is not valid. Smooth geometries correspond 
to highly excited states of the gauge theory with a smooth distribution of 
excitations. This correspondence has been worked out in complete detail for 
the half-BPS states. While this is far from the whole story, it is a highly 
instructive starting point. In this case the excitations of the CFT correspond 




12.3 The AdS/CFT correspondence 



655 



to placing N free fermions in a harmonic oscillator potential. That study 
makes it clear how the energy eigenvalues of the fermions in the gauge theory 
encode the geometry of the dual string theory. Generically, unless N is very 
large and the eigenvalues are smoothly distributed, one obtains a turbulent 
quantum-foam-like geometry. The term bubbling AdS has been introduced 
in this context. 

The modification of the bulk solution obtained by the addition of normal- 
izable modes, on the other hand, corresponds to changing the Hamiltonian 
of the boundary CFT by the addition of relevant perturbations. Relevant 
perturbations are defined to be ones with dimension less than four, which 
are important in the IR and unimportant in the UV. For example, the ad- 
dition of a mass term for one (or more) of the six scalar fields is a relevant 
perturbation of the gauge theory. 

Chiral primary operators 

An alternative to analyzing the gauge theory on S p and using the Hamil- 
tonian approach is to consider the gauge theory on R p , as is natural in 
the Poincare patch description of the AdS space. In this case the physi- 
cal observables are correlation functions of gauge- invariant operators. The 
gauge-invariant operators correspond to the various states in the Hamil- 
tonian description by a state-operator correspondence that is a higher- 
dimensional analog of that described for two-dimensional conformal field 
theories in Chapter 3. 

Testing the AdS/CFT correspondence in this set-up involves finding the 
correspondence between gauge-invariant operators in the gauge theory and 
particle states in the string theory. In each case these are classified by rep- 
resentations of the super conformal symmetry algebra. Such representations 
include three types: long, short, and ultrashort. As explained in Chapters 8 
and 11, the M = 4 supersymmetry algebra provides lower bounds (BPS 
bounds) on allowed masses or energies. If neither bound is saturated, the 
representation is long and all 16 of the linearly realized supersymmetry gen- 
erators are effective in building up the multiplet structure. In this case the 
allowed helicities cover a range of eight units, since each charge can shift the 
helicity by one half. If one of the bounds is saturated and the other is not, 
the representation is called short and eight of the supersymmetry generators 
are effective. Then the helicities in the multiplet cover a range of four units. 
In the ultrashort case, both bounds are saturated, and the helicities cover 
a range of two units. The M = 4 super Yang-Mills fields themselves have 
helicities ranging from —1 to +1 and form an ultrashort multiplet. However, 
they are not gauge-invariant operators. 
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In the string description short multiplets arise as the five-dimensional 
supergravity multiplet and all of its Kaluza-Klein excitations on the five- 
sphere. The harmonics on the five-sphere give 517(4) irreducible represen- 
tations denoted (0, re, 0) in Dynkin notation. In 50(6) language, these cor- 
respond to rank-re tensors that are totally symmetric and traceless. Clearly, 
the helicities range from —2 to +2 for these multiplets, since the five-sphere 
harmonic does not contribute to the helicity. All of the excited string states 
belong to long multiplets, which are much more difficult to analyze. How- 
ever, it is possible to say something about a certain class of them in the 
plane- wave limit, as is done in Section 12.5. 

Let us now consider some local operators in the gauge theory that be- 
long to short multiplets. The SU(N) super Yang-Mills fields are described 
as traceless N x N hermitian matrices. The way to form gauge-invariant 
combinations is to consider traces of various products. The quantities that 
are allowed inside the traces are the six scalars, four spinors, and Yang- 
Mills field strength, as well as arbitrary covariant derivatives of these fields. 
One can also consider products of such traces. However, it turns out that 
single-trace operators correspond to single-particle states and multi-trace 
operators correspond to multi-particle states in leading order. At higher 
orders in A and 1/N, there can be mixing between operators with differing 
numbers of traces. 

A convenient way of characterizing a supermultiplet is by finding the pri- 
mary operator of lowest dimension. By definition, this operator is annihi- 
lated by all of the conformal symmetries S a and K ^ . The other operators in 
the supermultiplet are reached by commuting or anticommuting the primary 
operator with the super-Poincare generators Q a and P^. These operators 
are called descendants and are characterized by the fact that they can be 
expressed as Q acting on some operator. In the case of short multiplets, 
the primary operator is also annihilated by half of the Q supersymmetry 
generators. Such operators are called chiral primary operators. 

As an example, consider the trace of a product of re scalar fields 

O hh ~ In = Ti-jV 1 ^ 2 • • • </"). (12.122) 

It turns out that if any of the indices are antisymmetrized this operator is a 
descendant. A commutator [tpj, cpj] is a descendant field because it appears 
in the supersymmetry transformation of fermion fields. To understand this, 
recall that in ten dimensions Sip ~ F^T^e. On reduction to four dimensions 
Fij — ► [(pi, 4>j}. 

The way to make a primary operator is to totally symmetrize all re indices 
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and remove all traces to make a traceless symmetric tensor. However, this 
is not quite the whole story. These operators can be related to multi-trace 
operators when n > N. By a multi-trace operator , we mean an operator 
that is a product of operators of the form in Eq. (12.122). Thus, to state 
the final conclusion, these operators provide a complete list of single-trace 
chiral primary operators for n = 2, 3, . . . , N. This rule reflects the fact that 
these are the orders of the independent Casimir invariants of SU(N). This 
is explored further in Exercise 12.9. 

These chiral primary operators form the (0, n, 0) representation of SU( 4). 
In the large - N limit this matches perfectly with what one finds from Kaluza- 
Klein reduction on the five-sphere in the dual string-theory picture. It has 
been shown that the masses of these bulk scalar fields match the conformal 
dimensions of the chiral primary operators in the way required by the duality 
that was described earlier. It is interesting, though, that for finite N the 
Kaluza-Klein excitations with n > N seem to be missing in the dual gauge- 
theory description. This is how it should be, however. The infinite tower 
of Kaluza-Klein excitations actually is truncated at N. The reason will be 
explained later. 



Anomalies 

In general, it is difficult to compare gauge theory and string theory correla- 
tion functions, because the AdS/CFT correspondence relates weak coupling 
to strong coupling. However, there are certain quantities that are controlled 
by anomalies that can be computed exactly enabling the comparison to be 
made. Let us describe an example. 

The SU (4) R symmetry is a chiral symmetry of J\f = 4 super Yang- 
Mills theory. This is evident because left-handed and right-handed fermions 
belong to complex-conjugate representations (4 and 4 ). If one were to add 
SU( 4) gauge fields and make this symmetry into a local symmetry, one 
would obtain an inconsistent quantum theory, because the SU (4) currents 
would acquire an anomalous divergence 

AT 2 — 1 

(V%)“ = < 12 - 123 ' 

Such SU (4) gauge fields are not present in the super Yang-Mills theory, 
so there is no inconsistency. However, they do exist in the bulk theory, 
where they arise by the Kaluza-Klein mechanism as a consequence of the 
isometry of the five-sphere. The anomaly means that if one turns on nonzero 
held strengths for these gauge fields the bulk theory would no longer be 
gauge invariant. The associated anomaly can be computed from the bulk 
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perspective and compared to the gauge theory anomaly described above as 
a nontrivial test of the AdS/CFT correspondence. 

The way to see the anomaly in the string-theory description is to consider 
the Chern-Simons term in the low-energy effective five-dimensional action 
of the bulk theory 

? N 2 f 

Scs = ^2 J Ads d 5 x{d abc e^ x °A“d„A b p d x A c a + ...). (12.124) 

Under a gauge transformation 5A p = A“, the Chern-Simons term changes 

by a boundary term 



iN 2 

384vr 2 



d 4 xd ahc e IJMpX A a F b v F pX . 



(12.125) 



Identifying this with — f d 4 xA a (\/ p J fJ ,) a in the dual gauge theory, one ob- 
tains exact agreement with the gauge theory calculation to leading order in 
large N. A more refined analysis, at one-loop order in the string theory, has 
been carried out. It shows that the factor really is N 2 — 1 rather than N 2 . 
This agreement is a very nontrivial test of the AdS/CFT correspondence, 
since the two computations look completely different. 

A similar anomaly analysis can be carried out for the conformal (or Weyl) 
anomaly that arises from coupling the gauge theory to gravity. Agreement 
is again found at leading order in large N . 



Near-extremal black D3-brane 

Nonextremal black D-branes solutions were presented in Section 12.1. Like 
nonextrenral black-hole solutions, they have thermodynamic properties in- 
cluding temperature and entropy. This section explores these properties 
for the near-extremal black D3-brane and interprets them in the context 
of the AdS/CFT duality. The analysis is carried out for an asymptotically 
AdS$ x S 5 space-time, where the radius of each factor is R. 

The metric for a nonextremal black D-brane is given in Eq. (12.31). Here, 
we specialize that formula to the case p = 3 and re-express it terms of the 
coordinate z = R 2 /r, which was introduced earlier. It has a horizon at 
z = zq that encloses a singularity. Including the five-sphere, the metric in 
Poincare coordinates for a near-extremal black 3-brane in an asymptotically 
AdS$ x S 5 space-time is 



ds 2 = — f(z)dt 2 + dx ■ dx + / 1 (z)dz 2 ^j 



+ R 2 dn 2 5 , 



(12.126) 
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where 

f(z) = 1 - ( z/z 0 ) 4 . (12.127) 

This space-time approaches AdS$ x S 5 asymptotically at infinity, which in 
these coordinates is given by z — > 0. 

The temperature 

The temperature of this black 3-brane can be determined in the standard 
way. Specifically, one introduces a Euclidean time coordinate r = it and 
requires that the periodicity of r is such that there is no conical singularity 
at the horizon (z = zq). Substituting z = Zq — e in Eq. (12.126) and 
expanding in e, one obtains 

ds 2 = ( —dr 2 + dx l dx l + — (fe 2 ) + R 2 dVt\. (12.128) 

Zq \zq 4e ) 

Now making the change of variables e = zqp 2 /R 2 , one sees that p and 
8 = 2t/zq parametrize a plane in polar coordinates. Thus, the required 
period of r is (3 = nzo. As usual, fi is identified as the inverse temperature 
of the black D3-brane. 



The entropy 

The entropy of this black 3-brane per unit three- volume (as measured in the 
x l coordinates) is given by the Bekenstein-Hawking formula (horizon area 
divided by 4Gio), is 

One can try to test this result with a dual CFT computation of the entropy 
carried out for the M = 4 gauge theory at temperature T. However, exact 
agreement should not be expected. The preceding analysis is based on a 
supergravity approximation to the string-theory geometry. This is valid 
when the string is weakly coupled and the curvature is small, in other words 
for large N and large A. The CFT computation can be carried out for small 
A by simply adding up the contributions of the individual free fields. Since 
these are opposite limits, the results need not agree. Nonetheless, let us 
carry out the comparison. The small A CFT computation gives 

Q 2t r 2 

- = —N 2 T 3 . (12.130) 

V 3 V ; 

The T 3 dependence was inevitable because the theory is conformal and there 
is no other scale. The N 2 factor is also obvious, because each of the fields in 
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the CFT is an N x N matrix, and the entropy is proportional to the number 
of fields. 16 So only the numerical coefficient requires care. It is determined 
by adding the contributions of one vector, four spinors and six scalars in 
each supermultiplet. 

The two preceding results differ by a factor of 4/3, but it was already 
emphasized that agreement should not be expected. One result corresponds 
to the limit A — > 0 and the other one to the limit A — > oo. The results 
for these two limits suggest that there should be a formula for the entropy 
density of the large - N limit of the gauge theory of the form 

| = c(A)^iV 2 T 3 , (12.131) 

where A = gy M N and gy M = 47n/ s , as before. The gravity calculation then 
implies that c(oo) = 1, while the CFT calculation implies that c(0) = 4/3. 
It is conjectured that the function c(A) extrapolates smoothly between these 
two values. The complete function c(A) is not known yet, but the next-to- 
leading terms in the two limits have been computed and are given by 

4 2A 

c(A) = y + . . . forsmallA, (12.132) 

3 ir z 



c(A) 



15C(3) 

8A3/2 



+ ... 



for large A. 



(12.133) 



Giant gravitons and the stringy exclusion principle 

In Chapter 6 we discussed the Myers effect, in which a DO-brane in an electric 
four- form flux is polarized into a spherical D2-brane. A similar phenomenon 
can be realized in the present setting by considering a massless particle, such 
as a graviton, moving along a great circle of the S' 5 . These are BPS solutions 
that are included in the Kaluza-Klein spectrum discussed earlier. As the 
momentum of the particle is increased the effect of the background five- 
form flux becomes more important, and the particle becomes polarized into 
a sphere. What we are discussing here can be viewed as the polarization of a 
graviton by a five-form flux into a spherical D3-brane. Such a configuration 
is sometimes called a giant graviton. 

Giant gravitons can occur inside the anti-de Sitter space, localized on the 
five-sphere, or inside the five-sphere, localized in the anti-de Sitter space. 
The two cases differ in one interesting respect. In the latter case the radius 
of the giant graviton is bounded by the radius R of the five-sphere. This 
fact, referred to as the stringy exclusion principle , implies that the tower of 

16 Since we are interested in large N, we do not distinguish between N 2 and N 2 — 1. 
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Kaluza-Klein excitations is actually cut off at N. This is a string-theoretic 
effect that is not visible in the supergravity approximation. 

In the previous section, this stringy exclusion principle was anticipated 
by classifying the single-trace chiral primary operators in the dual gauge 
theory. What we are finding now is exactly what is required for agreement 
of the two pictures. This success of AdS/CFT duality is highly significant 
in that it is nonperturbative in the 1/IV expansion. 



Confinement /deconfinement phase transition 

One can explore whether gauge theories are confining or not by evaluat- 
ing Wilson loops. These are gauge-invariant operators, and thus physical 
observables, of the boundary gauge theory. Given a closed contour C in 
IR 4 and a representation D of the gauge group (usually chosen to be the 
fundamental), one defines the Wilson-loop operator 

W(C) = Tr exp j) . (12.134) 

Here, the gauge field A is a matrix of one forms in the representation D , and 
P denotes that the integral is path ordered. The choice of starting point 
for the path does not matter once the trace is taken. Physically, one can 
think of C as the world line of a heavy external quark. The usual assertion 
is that, for a square contour with sides of length L , one finds for large L that 
W ~ exp(— cL) for a nonconfining theory. This behavior is referred to as a 
perimeter law. On the other hand, W ~ exp(— cL 2 ) for a confining theory. 
This behavior is referred to as an area law. 

In a conformally invariant theory, such as M = 4 SYM theory, dimensional 
analysis together with a large - N limit requires that the potential for a quark- 
antiquark pair with separation L should be of the form V(L) = v(X)/L. 
This is a nonconfining (Coulomb-like) behavior corresponding to a perime- 
ter law. 1 ' Perturbation theory implies that, for small coupling, v(X) is 
proportional to A. 

The dual string picture can be used to derive the behavior of v(X) for 
large A, the limit in which the AdS curvature is small compared to the 
string tension T. In other words, TR 2 ~ \/X 3> 1. In the string picture one 
views the contour C as the boundary of a string world sheet. Then, in the 
large tension limit, the Wilson loop is given to good approximation by 

(IT) ~ exp (— T • Area). 



17 An area law would correspond to a linear potential V ~ L. 



(12.135) 
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Here, the area is that of the minimal area surface (embedded in AdS 5 ) with 
boundary C. The fact that this is an area might seem to contradict what 
was said previously. However, because of the curvature of the AdS space, 
this area actually grows linearly for large L, and one finds for large A that 
«(A) TR 2 ~ y/\. One subtlety in this analysis is that the area of the world 
sheet is actually divergent, because the proper distance to the boundary of 
AdS is infinite. However, the divergent part has a universal behavior that 
can be subtracted as part of a consistent regularization procedure. Then 
the results asserted above can be obtained. 

Compactification on a circle 

An example of a confining gauge theory is pure Yang-Mills in three dimen- 
sions. We can make contact with that theory starting from J\f = 4 SYM 
in two steps. The first step is to take one of the three spatial dimensions 
to be a circle of radius ?’o- Then, for energies below 1/ro, the theory is 
effectively three-dimensional. The second step is to get rid of all massless 
particles other than the gauge fields. A convenient way to achieve this is to 
require the fermi fields to be antiperiodic on the circle, so that their masses 
are of order 1/ro- The bosons are given periodic boundary conditions. Even 
so, the scalars of the SYM-theory also get masses of order 1/ro induced by 
radiative corrections. So do the three-dimensional scalars corresponding to 
the component of the gauge fields along the compact direction. 

The next problem is to identify the bulk supergravity geometry that has 
this geometry for its boundary. A trick for finding the answer is to start 
with the black 3-brane solution and perform a double Wick rotation (t — ► iy 
and X 3 —> it) giving 

r>2 . . 

ds 2 = — 2 ~ ^ — dt 2 + f(z)dy 2 + dx 2 + dx\ + f~ 1 (z)dz 2 J , (12.136) 

where R is the AdS radius and 

f(z) = 1 - ( z/z 0 ) 4 . (12.137) 

This solution does not have a horizon, and it is only defined for z < zq. This 
means that zo is the end of space. As a result, the warp factor (1 / z) cannot 
go to zero. This changes the analysis of the Wilson loop asymptotics, and 
one concludes that there is an area law (confinement) in this case. 

Recall that the y coordinate is periodic with period 27rro- For the metric 
to be nonsingular for z — > 20 , one needs to take zo = 2 tq. This geometry is 
topologically B 2 x IR 2,1 , and its boundary has the topology S ' 1 x IR 2 ’ 1 . The 
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y circle on the boundary (where z = 0) is the boundary of a disk whose 
interior corresponds to z > 0. 

Finite temperature 

The preceding compactified theory can be studied at finite temperature by 
Euclideanizing the time coordinate t and imposing periodicity (3, as usual. 
The boundary topology of the finite temperature theory is R 2 x5'x S 1 , 
where the first circle is the spatial circle of radius ro and the second circle 
is the periodic Euclidean time of circumference /3. There are two choices 
for the topology of the finite temperature bulk theory that could give this 
boundary. The one implied by the analysis given above is R 2 x B 2 x S 1 . 
An alternative possibility is R 2 x S 1 x f? 2 - In the latter solution the disk 
has the time circle as its boundary. Since it has a perimeter law, it does not 
give confinement. In the bulk-boundary correspondence, one should include 
all possible bulk configurations that give a specified boundary configuration. 
In this case there are two of them. The Wilson-loop analysis for one case 
indicates confinement and for the other indicates deconfinement. So what 
should we conclude? 

In a saddle-point approximation, the string-theory partition function has 
roughly the form 

String ~e- 5l +e- 52 , (12.138) 

where the two terms represent the contributions of the two possible bulk 
topologies. Actually, both S± and S -2 contain an infinite factor - the volume 
of the space-time. However, one can compute the difference S 2 — Si, which 
is finite. It is a positive function of f3 and ro times (3 2 — rg. Therefore, 
one or the other is dominant as N — > 00 depending on the ratio of (3 to 
ro- This implies that, for large N, there is a phase transition, which is 
known as the Hawking-Page phase transition. The interpretation of this 
phase transition in the dual field theory is that the low-temperature phase 
(in which the first term dominates) exhibits confinement and a mass gap, 
whereas the high-temperature phase (in which the second term dominates) 
has deconfinement. In other words, there are physical unconfined quanta 
(gluons, etc.) carrying color quantum numbers. 

This is roughly the same picture one expects for QCD. Even though the 
bulk theory that should be dual to QCD is not known, it is now reasonably 
clear that there should be a dual five-dimensional string theory that contains 
gravity. At low temperature, one bulk geometry dominates, and at high 
temperature there should be a different dual geometry. The quark-gluon 
deconfinement phase transition should be analogous to the Hawking-Page 
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phase transition. In fact, there have been qualitative successes in account- 
ing for data on high-energy collisions of large nuclei in the RHIC collider 
at Brookhaven National Laboratory using this type of a holographic model. 
More specifically, when heavy nuclei collide at high energies, it is believed 
that a quark-gluon plasma is formed, which quickly cools due to expansion. 
However, before it cools through the deconfinement phase transition temper- 
ature, high-energy partons (deconfined quarks or gluons) can travel through 
the plasma with an effective viscosity that one can try to deduce from the 
observations. This is an example of a parameter that has been estimated 
using the string theory/gauge theory duality. It is quite remarkable that 
members of the nuclear physics community are now becoming interested in 
black holes in five-dimensional anti-de Sitter space-time! 



Proving the conjecture 

We have presented many pieces of evidence that support the validity of 
the AdS/CFT conjecture. Some of them are highly nontrivial and very 
impressive. So one might wonder whether the construction of a proof that 
it is correct is a reasonable goal. One problem with this is that there is no 
other known way of giving a complete definition of string theory. We know 
pretty well how to define the perturbation expansion, and we know many 
facts about the nonperturbative physics in various string vacua. Certainly, 
the duality should reproduce, or at least not contradict, what is known. So 
a falsification of the conjecture would be straightforward. 

Perhaps, the right attitude at this point is to assume that the conjecture is 
correct, as long as this does not lead to contradictions or paradoxes. Since, at 
least in four dimensions, the dual gauge theories are unambiguously defined, 
this means that the duality can be taken as the definition of string theory (or 
M-theory) for the class of background configurations where it applies. There 
is also room for further progress in precisely specifying how the duality map 
works. 

One might hope that some completely independent fundamental formula- 
tion of string theory would be found some day. If this were to happen, then 
the goal of proving AdS/CFT would become better formulated. A more 
modest goal is to learn how to apply AdS/CFT ideas to a larger class of 
backgrounds. 

To be specific, there is a lot of interest in space-times that are asymp- 
totically de Sitter, rather than anti-de Sitter, mostly motivated by the as- 
trophysical/cosmological observations that point to a positive cosmological 
constant. One idea has been to try to formulate dS/CFT dualities. Another 
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idea that is being explored is to formulate dualities for asymptotically AdS 
space-times that have large regions within them that are nearly de Sitter. 



Exercises 



Exercise 12.5 

Explain why the superpotential of an A f = 1 supersymmetric theory with 
an unbroken R symmetry should have R charge equal to two. 

Solution 

The four Grassmann coordinates of J\f = 1 superspace decompose into two 
chiral components 9 a and two antichiral components 9^. The superfield 
formulation of J\f = 1 gauge theories contains two types of terms, called 
D terms and F terms, where D terms are given by integrals over the full 
superspace and F terms are given by integrals over chiral superspace. The 
Lagrangian density has the general structure 

C = Ck + Cy + £-w-> 

where the first term is a D term and the last two terms are F terms and 
their complex conjugates. For example, 

C w = J d 2 9W + J d 2 eW, 

where the superpotential IT is a holomorphic function of chiral superfields. 

Under an R-symmetry transformation, the different components of a su- 
perfield carry different charges. One can assign uniform R-charge assign- 
ment to the entire superfield if one adopts the rule that 9 carries R-charge 
+1 and 9 carries R-charge —1. These statements are a consequence of the 
commutation relations 

[R, Qa] Q a and [R, Q&. 

Integration over 9 is like differentiation, and therefore d 2 9 carries R.-charge 
—2. Therefore, for Cw to be R-invariant, it is necessary that the superpo- 
tential IT have R-charge equal to 2. This entails finding suitable R-charge 
assignments for all the chiral superfields so that each term in the superpo- 
tential has R-charge equal to 2. □ 




666 



Gauge theory/string theory dualities 



Exercise 12.6 

Formulate J\f = 4 super Yang-Mills theory in terms of M = 1 superfields. 

Solution 

Expressed in terms of J\f = 1 superfields, the M = 4 theory can be recast 
as a theory with a vector superfield V and three adjoint chiral superfields 
i = 1,2,3. The Lagrangian consists of a kinetic term for the chiral 
superfields 

C K = f tr 

i= 1 

a kinetic term for the gauge superfields 18 

C v = -L J d 2 0 tr(W a W a ) + h.c., 
and a superpotential term 

C w = J d 2 6W + h.c.. 

The first two terms are completely determined by the choice of gauge group 
and representations, so that all that remains is to specify the superpotential 
W. 

The only parameter of the theory is the dimensionless coupling constant 
g. Therefore, the superpotential must be cubic in the chiral superfields, 
since these are the terms with dimensionless coefficients. By formulating 
the theory using J\f = 1 superfields, only one of the four supersymmetries 
is manifest and only a subgroup of the 517 ( 4) R-symmetry group can be 
made manifest. Specifically, an 577(3) x 17(1) subgroup of the 577(4) R- 
symmetry group is manifest in this formulation. The three chiral superfields 
transform as a 3 of the 577 ( 3). The 17(1) factor is the usual R symmetry of 
an M = 1 theory. From these considerations the superpotential is completely 
determined up to an overall normalization 

W ~ e* jfc tr (<Fj<f>j<Ffc) ~ tr($i[$ 2 , $ 3 ])- 

The normalization is uniquely determined by the requirement of M = 4 
supersymmetry or SU (4) R symmetry. The correct result turns out to be 

W = V / 2tr($i[4>2, 4> 3 ]). (12.139) 

18 The adjoint fields V, W a , <&i are all written as matrices. For example V = The 

matrices t a give a representation of the Lie algebra [T a ,T b ] = if abc T c for which tr (t a t b ) = 
kS ab . The formulas are written for the fundamental representation of SU(N ), which has k = 1. 
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Using the result of the previous exercise, one learns that the three chiral 
superfields have U( 1) R charge 2/3. Since they are chiral, their scaling 
dimension is A = 3R/2 = 1, which receives no quantum corrections. □ 



Exercise 12.7 

Consider a four-dimensional U(N ) gauge theory with only adjoint represen- 
tation fields. Verify that a Feynman diagram with Euler characteristic x (i n 
the same sense as in Eq. (12.92) scales as N x for large N. 






N 



0 



Fig. 12.8. Two-loop planar and nonplanar vacuum diagrams. 



Solution 

In this case vertices, propagators and loops of the Feynman diagram cor- 
respond to the vertices, edges and faces of the two-dimensional surfaces, 
respectively. Each vertex contributes a factor 1/g 2 , each propagator con- 
tributes a factor g 2 and each loop contributes a factor N. So the Feynman 
diagram is proportional to 

(g 2 ) E ~ v N F = ( X/N) e ~ v N f = N x X e ~ v . 

For fixed A, the diagram scales as N x . A couple of examples are shown in 
Fig. 12.8. □ 

Exercise 12.8 

Describe the Lie superalgebra for the supergroup PSU( 2, 2|4). 

Solution 

The discussion that follows is relevant to all four-dimensional superconfor- 
mal groups SU (2, 2| N). There is a similar analysis for three-dimensional su- 
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perconformal groups OSp(N\4) and six-dimensional superconformal groups 
OSp(6,2\2N). 

Conformal groups in arbitrary dimension were described in Chapter 3. 
The generators consist of the Poincare generators M )jm and P^ t as well as 
the conformal generator K ^ and the dilatation generator D. Generators can 
be assigned conformal weights determined by their commutation with D. 
Thus, since 



[D, M jJAJ \ = 0, [D, P/,] = -iPp, [D, K,,] = iKfj, 

M and D have weight 0, P has weight 1 and K has weight —1. This 
immediately determines which terms can appear in a commutation relation. 
For example, 

[P/i, K v \ = 2iM ltl/ - 2 ip^D. 



For ^-extended supersymmetry in four dimensions, one adjoins super- 
charges Q A and their complex conjugates Qaa ■ An upper A labels an 
N of SU(N) and a lower A labels the conjugate N representation. Since 
{ Q , Q } P, Q has conformal weight 1/2. It follows that the commutators 

[Q,K] should generate weight —1/2 generators. These are the superconfor- 
mal supercharges denoted S a A and S//. The SU(N) group theory requires 
that {Qa,S?} = 0, but 

{Qa j Sf3B} = C 1 a a0^B^^ + C 2^a/3^ A B + c 3 e a/3^B^- 

In the special case of N = 4 one can impose R a a = 0, so that the R- 
symmetry group is 517(4). The supergroup is then called PSU( 2, 2|4). 
Given normalization conventions, the coefficients Ci can be determined by 
analyzing the Jacobi identities. 

An alternative approach is to use the defining representation of the su- 
peralgebra in terms of supermatrices. In the case of SU(M\N) they have 
M + N rows and columns which can be written in block form 



X = 



A B 
C D 



where A is M x M hernritian, D is N x N hermitian and B = is M x N 
fermionic. Also, the supertrace vanishes: 



StrX = trA — tr D = 0. 

You are asked to explore this algebra in a homework problem. In this no- 
tation, the generators of the supergroup PSU( 2, 2|4) are assembled in a 
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supermatrix of the form 

nM lxv {a^) a p + DS a p K^) a $ S a B \ 

X = P^Tp g - D5° $ Q« b . 

v Q A P s A p r a b) 

□ 

Exercise 12.9 

Explain why the operators defined in Eq. (12.122) can be related to multi- 
trace operators for n > N. 

Solution 

The operators 

0 hh-in = Tr (V 1 / 2 • • • & In ) + • ■ • 

are totally symmetric and traceless, which ensures that these are chiral pri- 
mary operators. For example, 




These conditions imply that O belongs to an irreducible representation of 
the SU( 4) R-symmetry group. The case n = 1 vanishes because the fields 
are N x N traceless hermitian matrices as appropriate for the Lie algebra 
of SU{N). The claim is that for n > N operators of this type can be re- 
expressed as products of traces up to terms that involve commutators, which 
can be ignored since they are descendent operators. 

To make the argument, one can assume that the fields are commuting, 
since this only involves dropping commutators. Since each field has N — l in- 
dependent eigenvalues, there are N—l algebraically independent symmetric 
monomials made from these eigenvalues. In the case of SU(N ) these inde- 
pendent monomials have order n = 2, 3, . . . , N. This is the same reasoning 
by which one argues that these are the orders of the independent Casimir 
invariants of SU(N). □ 

12.4 Gauge/string duality for the conifold and generalizations 

The duality between type IIB superstring theory in an AdS^ x S 5 background 
with N units of flux and N = 4 super Yang-Mills theory with gauge group 
SU(N ) is the simplest example of a large class of string theory/gauge theory 
dualities. This section says a little bit about some other examples. 
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Other gauge/ string dualities 

In Section 12.1 we found that the metric for an extremal black D3-brane is 

ds 2 = H/^^dx ■ dx + H^ 2 (dr 2 + r 2 dVl\), (12.140) 

where H% = 1 + ( R/r ) 4 and dx ■ dx is the four-dimensional Minkowski metric 
on the brane. The horizon is at r = 0, and the near-horizon geometry is 
AdS$ x S 5 . There are also N units of five- form flux, and 

R 4 = A£g, (12.141) 

where A = gy^N = 47rg s TV. In this section we wish to consider general- 
izations of this construction that are obtained by replacing the S' 5 by other 
compact Einstein spaces. 19 In other words, 

ds 2 = H 3 l ^ 2 dx ■ dx + H\J 2 (dr 2 + ?’ 2 ds|), (12.142) 

where ds 2 is the metric of the Einstein space. 

Other M = 4 examples 

The six-dimensional metric dr 2 + r 2 ds 2 describes a cone. In fact, for any 
choice of ds 2 , other than a unit five-sphere, there is a singularity at the tip 
of the cone, r = 0. The physical interpretation is that N D3-branes are 
localized at this conical singularity. Another example that is still maximally 
supersymmetric is obtained by making antipodal identifications of the five- 
sphere, which amounts to replacing it by the smooth space R P 5 . There are 
actually a few distinct ways to carry out this construction. Depending on 
this choice, the dual M = 4 super Yang-Mills theory has a gauge group that 
is either SO(2N), SO(2N + 1) or USp(2N). 

M = 2 examples 

Another class of possibilities is to replace the sphere by an orbifold of the 
sphere <S 5 /T, where T is a suitably chosen discrete group of SU( 2) such as 
7L n . In this case, half the supersymmetry is broken so that the dual gauge 
is an H = 2 superconformal Yang-Mills theory. In such examples the gauge 
group is typically a product group Yl SU(Ni). In addition to the vector 
multiplets it contains hypermultiplets that transform as bifundmentals of 
the form (Ni,Nj). For example, in the case of Z 2 one obtains the gauge 
group SU(N ) x SU(N) with hypermultiplets that transform as (N,N) and 
(N,N). 



19 An Einstein space is one for which Rmn = cgmn, that is, the Ricci tensor is proportional to 
the metric tensor. 
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J\f = 1 examples 

The five-dimensional space X§ is called a Sasaki-Einstein space , if it is an 
Einstein space and if the six- dimensional cone over X 5 is a noncompact 
Calabi-Yau space (with a conical singularity). Then 3/4 of the supersym- 
metry is broken. Therefore, the dual gauge theory on the world-volume 
of the D3-branes should be an J\f = 1 superconformal gauge theory. The 
formula for the AdS radius is modified to 

st=Me ‘w}B- iua43) 

For this ratio to be meaningful, it is important to choose coordinates in 
which R rnn = 9mn for the Sasaki-Einstein space. 



T 1 1 and the conifold 

Chapter 10 introduced a noncompact Calabi-Yau space, called the conifold, 
with this structure. Recall that it was defined as a hypersurface in C 4 by the 
simple equation Yl ( wA ) 2 = 0 - I R this case, the five-dimensional space A 5 
is T 1,1 = 517(2) x SU(2)/U(1), which has SU( 2) x 577(2) x 17(1) isometry. 
T i ’ 1 is the simplest nontrivial case of a Sasaki-Einstein space. Its metric was 
given in Chapter 10. As was explained there, it has the topology S 3 x S 2 . 
This example is the simplest case of an infinite family of possible choices. 
This section explores this example in some detail, and then comments very 
briefly on the other ones. The bulk theory contains vector superfields that 
realize the 517(2) x 517(2) symmetry. There is also a 17(1) gauge held in the 
AdS$ supergravity multiplet. As is always the case, these local symmetries 
of the bulk theory correspond to global symmetries of the dual gauge theory. 
In particular, the part coming from the supergravity multiplet, which is 17(1) 
in this case, is dual to the global R symmetry of the gauge theory. This R 
symmetry is contained in the superconformal algebra 517(2, 2 1 1) . 

The dual gauge theory 

Let us now describe the gauge theory in more detail. The T 1,1 space can be 
obtained by smoothing out the 7 L -2 orbifold theory described above. This fact 
allows us to deduce that this is also an SU(N) x SU(N) gauge theory. Each 
J\f = 2 hypermultiplet decomposes into two J\f = 1 chiral supermultiplets. 
Thus, the gauge theory has two chiral superfields, denoted Aj, transforming 
under the gauge group as (N.N) and two chiral superfields, denoted Bi, 
transforming as (N, N) . The Aj fields form a doublet of one SU (2) symmetry 
and the Bi fields form a doublet of the other 517(2). All four fields A,; and 




672 Gauge theory/string theory dualities 

Bi have R-charge equal to 1/2, a result that is determined by anomaly 
cancellation. 

The super conformal symmetry group implies an inequality between the 
R-charge and the dimension 

A > 3R/2, (12.144) 

which is analogous to a BPS bound. The A s and B s are chiral fields that 
saturate this bound, and therefore their dimensions are determined by their 
R-charges. Thus, they have dimension A = 3/4. 20 Since the naive dimension 
is 1, this means that these fields have anomalous dimension A a = —1/4. The 
superpotential, which is required to have dimension equal to three and R- 
charge equal to two, is of the form 

W ~ tv(AiBiA2B2 — A 1 B 2 A 2 B 1 ). (12.145) 

This is the unique structure with these values that respects all the local and 
global symmetries. 



A test of the duality 

Many tests of this duality have been carried out successfully. Let us describe 
one of these results. To make a comparison to the bulk theory, one must 
form gauge- invariant operators. The appropriate ones in this case are 

O k = tr (A h B n . . . A ik B jk ) . ( 12. 146) 

These are chiral primary operators if the i s and j s are separately sym- 
metrized. Then this operator belongs to the (k + 1, k + 1) representation 
of the global SU( 2) x SU( 2). The R-charge of these operators is k and 
the dimension is A^ = 3k/ 2. The duality requires that the bulk theory 
should have corresponding scalar fields belonging to short supermultiplets 
with mass given by ml = Ajt(Afc — 4) as in Eq. (12.116). The Kaluza-Klein 
analysis of the scalar modes on T 1,1 gives precisely such states with the 
correct SU{2 ) X SU( 2) X U( 1) quantum numbers. 



Adding fractional D3-branes 

The fun really starts when we add wrapped D5-branes to the previous con- 
struction. This breaks the AdS symmetry and take us out of the realm of 
conformal symmetry for the dual gauge theory. This is significant, because 
then many physically important phenomena appear. There are various ways 

20 These fields are allowed to violate the unitarity bound A > 1, because that bound only applies 
to gauge-invariant operators. 
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one can add D5-branes. They could wrap the entire T 11 , its three-cycle or 
its two cycle. As in Section 10.2, we wish to consider the case in which M 
D5-branes wrap the two-cycle at the base of the deformed conifold geome- 
try. As was explained there, when such fractional D3-branes are included, 
the geometry undergoes a logarithmic warping, but supersymmetry remains 
unbroken, since the relevant three-form flux is primitive. 

The effect of the D5-branes on the gauge symmetry can be understood 
as follows. Suppose that there is only one of them and it is somehow held 
at a nonzero value r = r$. Then it forms a domain wall in five dimensions 
separating the regions r < ro and r > r o- As one crosses the domain 
wall, the gauge symmetry changes from SU(N) x SU(N) for r < r o to 
SU(N) x SU(N + 1) for r > ro. Iterating this M times, and letting ro — > 0, 
one deduces that, when there are M D5-branes, in addition to the usual N 
D3-branes, at the tip of the conifold the gauge symmetry is 

SU(M + N) x SU(N). (12.147) 

More precisely, this is the gauge symmetry in the ultraviolet, which corre- 
sponds to large r. The four chiral superfields then belong to the representa- 
tion (M + N, N) and its complex conjugate. It was shown in Section 10.2 
that the warp factor is modified to the form 21 

e . tAM = & u%(r/r,), L 2 = 9 ~^f- (12.148) 

This logarithmic warping of the AdS geometry implies that the dual J\f = 1 
gauge theory with M > 0 is no longer conformal, and therefore it has a 
nontrivial renormalization group flow. The details are described below. 

R-symmetry breaking 

One consequence of the addition of the fractional D3-branes is to break 
the U{ 1) gauge symmetry of the bulk theory and the dual global U( 1) R 
symmetry of the gauge theory. These phenomena can be explored separately 
and shown to match as required. 

In the gauge theory with M > 0 the U( 1) R-symmetry current develops 
an anomaly. By computing the appropriate one-loop triangle diagrams, as 
described in Exercise 12.8, one finds that 

d n Jfl = ^2 {V a,JV ~ G%,&‘ u ') , (12.149) 

where are SU(M+N ) field strengths and G'|) iy are SU(N) field strengths. 



21 Various constants that were presented in Section 10.2 are absorbed in the parameter r s here. 
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The integrated expression is the same as what one gets by shifting a 6 
parameter by 7 r/M, and therefore the R symmetry is broken to the discrete 
group 7L-2M- 

In the bulk theory, the U (1) gauge field eats a scalar field, thereby breaking 
the U{ 1) gauge symmetry spontaneously. The scalar field that is eaten 
is the one that is dual to the operator Fjf J/ F aiiV — G b lxv G blX1 ' . In terms of 
the geometry, the 17(1) symmetry appears as symmetry under shifts of the 
coordinate (3 introduced in Section 10.2. However, after the fractional D3- 
branes are introduced, there is also a nonzero R R potential C 2 that shifts 
by C *2 — » C *2 + Ma'euj 2 when (3 —> (3 + e. Integrating this over the S 2 inside 
T 1,1 , one deduces that the symmetry is broken to discrete shifts by multiples 
of 7 r/M, that is, 7L 2 m- 



The duality cascade 

The warp factor in Eq. (12.148) contains the factor log(r/r s ). Using the rule 
that r is proportional to energy scale in the gauge theory, this corresponds 
to log(/i/A), where g is the running scale and A is the fundamental scale of 
the gauge theory. These formulas are well defined for large r and large g. So 
the question arises as to what happens as these are decreased and approach 
the singularity. This is referred to as the flow to the infrared. 

In the M = 4 theory, we had the relation gy M = 3ng s , which can be 
re-expressed as a = g s , where a = The generalization of this to 

the J\f = 1 theory described by the warped conifold is 



1 1 _ 1 

ai(fl) a 2 {g) g s ' 



(12.150) 



The index 1 refers to SU(M + N ) and the index 2 refers to SU(N). The 
dilaton is a constant in the warped conifold geometry, so this implies the 
constancy of the left-hand side. This can be verified by computing the 
one-loop beta functions of the gauge theory. The difference of the inverse 
couplings exhibits the expected logarithmic running 



1 1 

aflg) a 2 (g) 



3 M 
7 r 



log(///A) + const. 



(12.151) 



The coefficient on the right-hand side is easily computed in the gauge theory, 
and it has been verified in the dual string geometry. 

These formulas show that, as g decreases, which corresponds to decreasing 
r, 1 / a 1 decreases and l/a 2 increases. What happens when 1/aq — > 0? This 
question needs to be answered both in the framework of the gauge theory 
and the string theory. There is a beautiful answer in the gauge theory, 
known as Seiberg duality. 
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To cut a long story short, Seiberg showed that one can continue A f = 
1 gauge theories of this type across the singularity, provided one replaces 
the gauge theory by a different one, called the Seiberg dual , on the other 
side! For an SU(N C ) theory with N c colors and Nf > N c flavors (meaning 
chiral superfields in the fundamental representation), the Seiberg dual is 
an SU (Nf — N c ) gauge theory with Nf flavors. 22 In the present context, 
N c = M + N and Nf = 2 N. Therefore, the SU(M + N) gauge group 
gets replaced with an SU ( N — M) gauge group. Altogether, when the dust 
settles, one has an SU(N ) x SU(N — M ) gauge theory that is isomorphic 
to the theory one started with in the UV, with N replaced by N — M. This 
process repeats k times as one flows to the infrared so long as N — kM 
remains positive, and then it ends. For example, if N is an integer multiple 
of M, the final gauge theory in the IR is N = 1 SU(M ) gauge theory with 
no chiral matter. The renormalization group flow is plotted in Fig. 12.9. 



Confinement 

J\f = 1 SU (M) gauge theory with no chiral matter is well known to exhibit 
confinement and a mass gap. Also, it has a gaugino condensate that breaks 
the discrete R symmetry TL^m — > Z 2 . So the question arises how these 
features are manifested in the bulk string theory. The basic mechanism was 
already hinted at in Chapter 10. The naked singularity in the metric at r s is 
removed because the conifold becomes a deformed conifold. Recall that this 
corresponds to a manifold given by an equation of the form ^2(w A ) 2 = e 2 . 
The parameter e is related to r s by e ~ r s • This smooths out the tip of 
the conifold and cuts off the space-time before one reaches a horizon. In 
other words, r = 0 is no longer part of the space-time. 

22 There are also some other fields that are not relevant to the present discussion. 




Fig. 12.9. The renormalization group flow of the duality cascade. 
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Sasaki Einstein spaces 

As stated earlier, Sasaki-Einstein spaces in five dimensions are defined to 
be Einstein spaces, whose cones are Calabi-Yau three-folds. Such manifolds 
can also be expressed as circle bundles over a four-dimensional Kahler base. 
In the case of T 1,1 the explicit metric in Chapter 10 shows that the base is 
S 2 x 5 2 , and the metric has 517 ( 2) x 577(2) x U{ 1) isometry. 

In 2004 an infinite family of new Sasaki-Einstein spaces, called Y p,q , where 
p and q are coprime integers, were discovered. All of these spaces are topo- 
logically S' 2 x 5 3 , but their isometry is only SU (2) x 17(1) x 17(1). Each of the 
Y p ' q Sasaki-Einstein spaces give rise to a dual Af = 1 conformal field theory, 
all of which have been identified. Moreover, the phenomena discussed above, 
including a duality cascade when fractional D3-branes are present, occur for 
each of these theories. In 2005 an even larger set of Sasaki-Einstein spaces, 
denoted L p,q,r , was constructed. These are also topologically 5 3 x 5 2 , but 
their isometry is further reduced to 17(1) x 17(1) x 17(1). One now has a rich 
set of examples with which to carry out many interesting studies of string 
theory/gauge theory duality. 



Exercises 



Exercise 12.10 

Verify the R-symmetry anomaly Eq. (12.149). 



Solution 



If a classical Lagrangian has a chiral 17(1) global symmetry, there can be 
an anomaly due to one-loop triangle diagrams, which have one 17(1) current 
and two gauge fields attached. Each chiral fermion circulating in the loop 
gives a contribution to the anomaly that is proportional to its 17(1) charge. 
In the case of a single gauge group G with field strength F ^ u , the formula is 






K 

z r>a rpaau 

32^ F “- F ' 



where K = )T) n m R m . Here, n m is the number of chiral fermions with 
R-charge R m . More precisely, in the case of 517 (IV), each fundamental rep- 
resentation chiral fermion counts as n m = 1 and each adjoint representation 
chiral fermion counts as n m = 2 N. 
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The chiral superfields A t and Bi each have R = 1/2. The chiral fermions 
in these multiplets, which are coefficients of 6 a , therefore have R-charge 
— 1/2. Similarly, the chiral gluinos have R = 1. Thus, in the case of the 
SU ( M + N ) the total contribution is 

K = AN • (-1/2) + 2 (M + N) • 1 = 2M 
and in the case of SU ( N ) 

K = 4 (M + IV) • (-1/2) + 21V • 1 = -2M. 

There are the required results. □ 



12.5 Plane-wave space-times and their duals 

As was explained earlier, the tree-level approximation to the type IIB super- 
string theory in an AdS 5 x S 5 background, with N units of R-R flux through 
the five-sphere, corresponds to the planar approximation to the dual J\f = 4 
super Yang-Mills theory with an SU(N ) gauge group. Both sides of this 
duality, even for the planar /tree-level approximation, are difficult. With 
great effort, one can compute a few order in A in the field theory and a few 
orders in a ' in the string theory. However, these are expansions in opposite 
limits and cannot be compared. 

Compared with superstring theory in flat space, there are two severe com- 
plications. One is that the background geometry causes the world-sheet 
theory to be a nonlinear system. Thus, solving classical string theory in 
this geometry is mathematically the same as solving a complicated inter- 
acting two-dimensional quantum field theory. The second difficulty is that 
the background includes nonzero R-R gauge fields, specifically the self-dual 
five-form field strength that threads the five-sphere with N units of flux. 
The RNS formalism is not capable of handling R-R backgrounds, so one 
is forced to use the GS formalism. This formalism is notoriously difficult 
to quantize, especially if one wants to keep the symmetries of the geometry 
manifest. 



The type IIB plane-wave 

There is a plane-wave limit of AdS§ x S 5 geometry that can be defined that 
gives a space-time of intermediate complexity between AdS and flat space- 
time, which is also maximally supersymmetric. In this geometry it is more 
difficult to define the duality, because there is not a well-defined dual gauge- 
theory. Instead, one has to consider limits of appropriately defined families 
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of correlation functions. This can be done analytically, however, and the 
duality can be subjected to nontrivial tests. Let us discuss the string theory 
side of the story first. 

The geometry is a product of two factors, one for the AdS space and one 
for the sphere: 

ds 2 (AdS 5 ) = R 2 (— cosh 2 pdt 2 + dp 2 + sinh 2 pdPt\), (12.152) 

ds 2 (S 5 ) = R 2 ( cos 2 9 dcj) 2 + dO 2 + sin 2 9 dPl\). (12.153) 

The appropriate limit to consider is an example of a type of limit proposed 
by Penrose and therefore called a Penrose limit. The idea is to blow up the 
neighborhood of a light-like trajectory in the space-time in such a way as to 
obtain a nontrivial limit. Specifically, we wish to focus on the neighborhood 
of a point moving around a circumference of the sphere with the speed of 
light. 

In order to implement the desired Penrose limit, let us define new coor- 
dinates as follows: 



r = i?sinh / o, y = RsinO, (12.154) 

x + = t/p, x~ = yR 2 ((j) — t). (12.155) 

Here, /i is an arbitrary mass scale introduced so that x± have dimensions 
of length. By rescaling x + and x~ , p could be set equal to one without loss 
of generality, but this won’t be done. The coordinate x~ has period 27 t pR 2 
as a consequence of its dependence on q !>, and so the conjugate (angular) 
momentum is P 1 = J/pR 2 , where J is an integer. This integer is interpreted 
in the dual gauge theory as the R charge associated with an arbitrarily 
chosen U( 1) subgroup of the 577(4) R symmetry. 

Now consider the infinite-radius limit R — ■> 00 , holding r, y, x± fixed. This 
gives the plane-wave geometry 23 

8 

ds 2 = 2 dx + dx~ + g ++ {x I ){dx + ) 2 + dx 1 dx 1 , (12.156) 

1=1 

where 

9++(x I ) = ~P 2 (r 2 + y 2 ). (12.157) 

23 This is a special case of a plane wave. The general definition allows g++ = Aj j(x Jr )x I x J . The 
term pp-wave is frequently used. 




